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BIOMETRIKA 


ON THE REMAINING TABLES FOR DETERMINING THE 
VOLUMES OF A BI-VARIATE NORMAL SURFACE. 


Editorial 


We start with the fundamental tctracherie table 


a 

h 

«+A 

c 

d 

c+d 

a+e 

A+d 

it 


and assume the frequency diatributiun to bo normal ; wo suppose 


(S + dnif - - 4(1 - 

+ -a.) 


(i). 


and we bake as our standard case h and k both positive. Wo can always arrange 
our table so that this shall be so. But having done this the correlation will some- 
times be positive and sometimes negative. 

The equation for r is known to be 


(k) To (&) + Tj (A) Tr (k) r + T|| (A) Ti (A) r* -f . . . + (A) t„ (A) + . . . (ii), 


whore is the tetrachoric function of the 71th order, and to(A)«<*I[( 1 —aj,), 
to(A)‘« J(l-tffc). 

d 

Tables of ^ for the triple entry A, k, r, r being positive, have been published 

in Butnietrika* , and for r««-'80 to -I'OO in- the same Joumalf. Both these 
tables were computed by Dr Alice Lee, The present tables complete the whole 
series by providing the values of d/N from r«'00 to — *76. They have been 
comput^ by Margaret Moul, Ethel M. Eldcrton, E. C. Fieller, J, Pretorlus and 
A. E, R. Church, all members of the Qalton Laboratory, Up to rw-*60 the values 
of d/ff were obtained by aid of Dr Lee’s table of the first twenty tetrachoric func- 
tions| , After r « - *60 it was found that twenty tetrachoric functions to only seven 
figures were not adequate and the integral value of d/iV was obtained by quadrature, 
Weddle's formnla being used, in the manner indicated in BiometriJm, Vol. viii. 


• Vol. Xtt, (1«37), pp. 8«i-40i. t Vol, * 1 . pp. 281-391. 

J Biomtrikti, Vol, xto, pp. 845— SM. 
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2 raito fir Btirmming rrrfwmw »/ .Vor»K>^ 

i>.S88 ThoaiffimniwW-Mo «»'•«• *rt. |».«W “i «>• l<«> l-ix* 

f l!!r 

i the* 5 ll» »W tAh IiMiog f* **“ 

' Tb. ooBpto ttM- ib« hm-w -.11 M ’“r'T 

m to find r ftom uij *«i«d toM», <>» i« (M - -f -« »< • >"»- -b'» <1» 
tobte i> town « momii to I* »™*l « cW-tot. «.! «...! <« *-1 •>•"■■ ♦ W 
bem Mcart^ *» » toW^ for •»a.pl« % ‘l.r |«Ml«ri o.»'b -l. «1«> 

BliOttld be the theoreticel oomeol* of a giww* 

The geaerel »eth«jd of infesrpohniiig mV* «f hhr n V nt 

hM beea di«tt«wd at edeqoeu leagth io tfc*- pf^ 

ese of these methoAi^ew p*o«i4«4,bttt rt *pp«r<«i »H«< mi'ly 

by these methods the amteau of sJi th<r a ubk 

the d/if tsblflfl for r negsii»s. Thfiee am m** siw 

tables pttbUshed in this Joamsl, Vol, si. j»|*- 2A4.~-f9f| 

It must be retaembwtsd that io wtr »4«ittd*M uW«- 1- ^U 

coateata of the qaedtaat for «hich the hintm of 3r -* 

to 00 , A and fe being posiUm It may h« at t»m«* »« fijwi <i h^t c ^ 4, 

or on the contrwy d fawn o, fc or «. Smeo A an4 * w*' ho «*« *h«- 

oonneoting eqaatiomi dwAy are *. 

“«*)♦ jli^l 


h 


HI 


*«k)~ 


nn> 


Now let 7 Ih be the contenVi of the oell in Uw iih row nn4 nh eoloom »f a 
correlation table. 
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Let n* equal the total frequency or volume of the normal surface in the quadrant 
standing on YAXi\ that in the quadrant Y^BXt) n# that in the quadrant 
YCXi'; and that in Y‘DXi\ Then »o--n„a:n,(+ V, where V is the volume 
standing on XiBDXi. But tJb' - n«'. 

Accordingly nu »■ n, — n„ -■»„'+ n (iv). 

Now it is clear that the hi, h% giving the lines FFi and Y'Yi, and the ku kt 
giving the lines XXi and X*Xi, will be known ; also r, the correlation coefficient, 
will he known^ Thus either n,, riq, n*', n„' form the d’a of four tetrachoric tables 
and arc known, or, if they be the a, b or c's, the corresponding d cem be obtained 
from the tables and their values found from Equations (iii) above. 

Thus we deduce the ** normal value ” of n,<. We propose first to illustrate this 
process. 

Illustration L In a table for the correlation of Father and Son for stature we 
find, for the heights of Fathers 68"‘875 — 69"*875, twelve Sons of the heights 
66"*875— 67"‘875. This is a perfectly arbitrary cell taken out of a table of 
20 X 17 cells*. The correlation coefficient of this table worked by the product- 
moment method is '5189. The problem we put before ourselves is this : Supposing 
the table corresponds to a normal surface, are twelve individuals a reasonable 
frequency for this coll 1 As much of the table as concerns our present purpose can 
be written as follows : 


Elons' atalare 

leathers’ Btatnie 

t 

Totals 

Below 08"'e76 

08"'876— e9"'876 

Above 6fl"*876 

Mow ee"'876 

S06 

9 

10 

226 

66"'876— 67"'870 

106 

m 

12 

129 

Above 67"'876 

336 

104 

310 

646 

Totals 

637 

136 

336 

1000 


Clearly nu'*-10, «b=» 43, n/»*22, 

and ■■ 1 2 ■* n, — jju — ♦»(,' + ttu* «« 43 >- 19 “ 22 + 10. 

We can now examine the requisito four tables which have to he solved to obtain 
11 , t for the normal surface. They are : 


(i) 

(ii) 

(iii) 

(Iv) 

206 

(nu) 

18 

226 

216 

M 

10 

226 

311 

(«.) 

43 

354 

332 

(O 

22 

354 

431 

344 

776 

647 

338 

776 

326 

330 

646 

430 

216 

646 

637 

363 

1000 

762 

338 

1000 

637 

363 

1000 

762 

338 

1000 


* Bw Biometrihi, Vol. xir. p. 161, Table XV. 
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Tablm/or Mtrtnimng Vdmi*v ((f Xormni Surfm* 


If we re-awange theae UWe« in slwnfenri r««n, »» 



(i) 






<13* 


*48 

1 

1 

(«l) 

431 

(li.) 

344 

773 

(ttd 

347 

CM 

taa 

TJt 

C**»5 

m : 

N 1 

1 eea 

»»» 

' 'f. 

1 S'il« 

' *iHG 1 

(ed 

(di-ji,) 


to») 








800 

1» 

386 

iia 

10 

... 

m 

311 

« 1 s,U 


‘ tst 

637 

.363 

1000 

7«* 


\m 

837 

■MMAWMtoWMi 

383 1 I<*#7 


*3* 

4 

: ?ivw» ^ 


and we see at once that oifx&c is aegalfae for tali **f tht'm. m Jh<w X »«. !•» Hp 
found from the present issns of tables; i.«. r* -"SUIS. In ibp nfit* »n 
case the 7l,^, }»«', «#, n/ of the quadrant to be fimiid i* ibir d wf iHp 
H ence we have, by Equation 



where the d(N*B are to be found &om our proeent tiiblp. T» u»r tlir«p, hon< trr. wp 
require to ascertain the h and It oorroMpondtng to tbp abnvp fr*ur iAUv* Tbtit }» 
moat easily done by the use at the firat and hut oolimiiu in T«bl»' XXJX «f *h» 
Tables far SUOuticianB, Part I, which give h (or k) f*«r |(J -n), In Ibw |»t*w»'nt 
case we have : 


or:Jbi--35W«. 

i (!-«».)«* ‘288, or J *71*75. 75541. 

i(l~aA,)-‘863, i(l-aj^)-'3S4, or; A|» *85045. 

i<l-<ts,)-*3«4. or; 5,* -71*76. 37i54, 


For most cases i and fc to five decimal figarea are fiilly adequate*. 

If the four tables be now worked out by the interpolation fomiwla for tj) «*r 
of four entries, and (ii) for twelve entries (U. formulae (a) and (19) «f Hmmtrilm, 
Yol. XIX. p. 866), we find; 


(15) 

4i 

<fy 



27-118 

12-76* 

66487 

*H6|K 

(a) 

27*318 

12*847 

86674 

*6467 

Observed values ; 

19 

10 

4S 

** 


In both cases linear interpoUtion alone has been used to dedoee ^ 

fonbflstt fr rri^rt, After the r^ing* have been obtained 

Incf ^ ® f ^7 <«> W)< It will be m^n at 

!!* t f agreement, and that, at any mta tn thia 

Sol. ^ f-' 


* A tAtle of A to |<l - «*) with fcr niMi# tgwm will abottly U 


Editorial 


0 

But tho deviations from the observed values of d in the four coses are very 
conaiderable. Notwithstanding, if we proceed to determine n,t wo have ; 

front (/9) : n,i •» <4 - rfi - <2* + 

« 66*487 - 27*113 - 28*348 + 12*762 » 13*728, 

from (a) : » 56*674 - 27*313 - 28*467 + 12*847 « 13*741, 

or (^) only improves on (a) by *013, a quantity of no practical importance. 

Now the standard error of 13*74 in 1000 = 3*68 nearly, 

corresponding to a probable error of 2*48. 

Clearly 13*74 ±2*48 easily covers the probability of 12 arising in a random 
sample. Or, tho observed cell content of 12 is quite consistent with the table for 
the correlation of father’s and son's statures being of a normal type. 

Illuatraiion II, We will take another example from the same correlation table, 
which indicates a greater variety in the methods of treatment; namely, the cell 
for fttthera of stature 07"*875 — 68"*875 and for sons 67"*876 — 68" *876, It contains 
27 cases, and the full table condensed for our purposes is as follows : 


Sons' Stature 

Fktbem' Stature 

ToUle 

Below 67''*876 

67"’87t-e8"-87fi 

Above e8"'876 

Below 67"*876 

277 

*34 

43 

354 

67"*875-68"-87» 

8S 


65 

181 

Above 68"*87J5 

132 

78 

255 

465 

TotftlH 

4«H 

130 

363 

lOOD 


Wo have at once : 

nB*77, «b'« 48, n»"160, 
Thus our four tables take tho forms : 


(i) 

(ii) 

(iii) 

(iv) 

277 

(«m) 

77 

364 

311 

«) 

43 

354 

366 

(«*) 

169 

536 

427 

«) 

108 

635 

221 

425 

646 

326 

320 

646 

132 

333 

465 

210 

255 

466 

498 

DOS 

1000 

637 

363 

1000 

498 

502 

1000 

687 

363 

1000 
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Dttmnmt^ Vdnm* «/ 


Or. arranged in atendiuti fona : 


10 


ai«*4Se 

6i«iai 

wWI 


• aw ( 

(aj 
«,» n 

iq-un 

sai 


' * 1 * 

1 

43 'j 1 

ana 1 

m 

4ae 

1000 

S3? 


(Sri) 

1 

(a.) 

<i}»ie9 

6,-aOQ 

636 

1 

1 

t<l i 1 

j aaa 1 

d^mtSSA , 4tt£) ! 

) ' 'I 

a«3 '1 looo 1 

a*333 


466 


603 

m 

lOQQ 

«3? 


We see at once that; 

•-(ii. aodr »ponU¥«in‘M^Ct) 

V *• d», and ♦* la oagaidva in liidda <«) « « 5i»8, 
n, « ot. and r is negatif a in IMtla iiii)« * 5 I 8 ». 
n,' »& 4 , and r ia pontive in l^bie (tv) m 4 '5{89. 

WehavethuBJ + 

There are thus two tahlee to be woAed ttm the tabtoa in Bmm»tnka. 

Yol. XU. pp. SV8— 404, U (i) and (ivX and two tablei fro» liM twiwni IaMm. 
i.e, (u) and (Hi). 


Accordingly, in only one oaae is the », or n, equal ta d, namely FW 

the other oases we require to use the formutaa given » B^u^ioni im% 

Further, we shall ne^ to use special inturpolation formulae Ibr thm of the 
^as we are at the edges of our table, for W. We may amaga our wnrit aa 
shown on the ollowtng page, where y, yhiii and « refer to femiulao in 
BmMftnka, Vol. xix. pp. 866—868. «»«•«*«» *» 

imnoiteni! In f the order <m8 ie not of mnoli atatfetimi 

importance in a cell containing 28. and thus the formula a mu^t have been mmd 

thmughout. We give the work up to third dififetenoes. whufo much 

Older to Aew fto rouon.bl, effi«tirai«, of the diorttc bjr,M&x 



Kditokial 
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TaMes for Determining Volume of Normal tSur/are 


The following table ehowft the order of diflerenceii fotira the ohacrved VH]ue« ; 




4* 


^ i 

i '' 

(j) From ^ and Y fonmUae 

t58*68l 



1 #.Vl“3,V» 1 
s avu'ifas 1 

(ii) Flroin « formula 

8W01il 

58'fi74 

14**171 

(iii) Obuerrod values 

ni 

43 

I3!t 

I 1 

(iv) Difference ... 

+ '030 

- >«37 

- ‘fitt;! 

\ + -Ilia? 1 

(v) Difference ... 

-mis 

+l»*437 

+ 13HK« 

j - 4*<HA ; 

(vi) S,D.of(i> 

IS'BIS 

7'att? 

It'UT 

1 ia*7«s» 1 

(vii) Eatio of (v) to (vi) ... 

- 1*47 

■fllWl 

+ I'lH 

1 *34 j 


The ratio (vii) is in no case bejfond the bounds of random Knmidmg, and «iieo 
% oontains , nj contains n^' and n, coutains n^, nj «ttd «*' wo «h'»nld v’*iK‘Cl a 
high correlation between all these deviations, If we ctmaidor iho ftplusl ii»n»ib«*r t1 
in the chosen cell it is clearly an easy nutdom i»ttin{de from a is^^rnktiiin eonUining 
either 28*4 or 28*8 in this cell. 

We will now take illaetratione of the reverse procoas of dmltng r from lh« 
observed d/H, 

ItUistration III, The following table indicatee the relation between Athletic 
Capacity and Intelligence in 1708 Schoolboy; 



“IntolUgeDt” 
and too vt 

‘'Stow Iclellitwni'' 
aadtdow 

Toial« 

Athletic 

■ 

581 *£& 

m'76 

iua 

Nan>athlstio 

SOS’Sfi 


Mo 

Totals 

700'fi 

«17‘« 

1708 


Ee-arranged in standard form j 


*»»666'76 
e= 360*76 

J«681**6 

d«909'S6 



1148 

MO 

917*6 

780’6 

1706 


Md the correlation in this form is negaihe, ie. in the origmal table it ta poeitiva 
or the more intelligent boys are the more athletic. 















Editoeui, 


9 


We have : 

'122,51 17; '4112, 822, J{1 -«*)=» ‘327, 8(19. 

Hence by linear interpolation from Table XXIX of fahtea for Statvstidans, 

A -‘00333, A « '4*680. 

Our present tables show that, for d/K lying between ‘115 and *125, and k 
between '0 and *1 and k between *4 and *5, we must deal with the vahtes of r, 
- '20 and - '26. We have first then to find the value of d/N for the above values 
of h and k when r — — '20 and — ‘26. 

We need here a “ single finial ” formula for x (h) because we are for this variate 
on the border of our table. The appropriate formula is 7 Ms*, or : 

s«, X — <p‘^Xa,o + + dx^i,i 

— \6(f> {(4 + (-^S* si,o + ^ 1 . 1 ) "* (I + ^) •J'ao + x^ 

“ i i'X 1(1 + ■^) + (! + %) (i>S'*rc,t + 

In our case ; 

6 -'0383, <^-‘0667; f-‘6420; 

= ‘03616, <t>x» 0Z0BB, 6^fr«-60686, '42746; 

*01038, ifx“ '04137. 

For r = — '20 : 

soo*= -142,7384, sio = '129,2840, *126,0368, '114,0834; 

8*s„-4266, 8 >s« = 5421, 8 *su= 8979, 8 « 4999, 

S'*soo«9863, 8 '»sio = 9221, 8'*soi « 10914, S'*su- 10163. 

For r~ — '26: 

Sflo== -136.2805, siB- '121,8861, sqi- ' 118,8766, s„ « '106,9947 ; 

8 *s,o= 6012, S»SK-6n3, 8 »su- 4684, 8 *sii= 6644, 

8'*Sflo- 10608, 8'>sio-9851, 8'»soi-H470, 8'*su- 10691. 

From these two sets of values wo can write down the values of i.e. those of 
d/jV, for the above formula, There results the following numbers : 


When fc- '20 When r as -.*86 

+ + ='1231,6228 —‘USD, 1120 

{(4 + ^) (•'^8* ^1,0 + 1745 — 2062 

+ {(1 + <^) (■'/^8* sj,o-hx^ + 6*^9 + 663 

-itxKl + t)('^S%o + fl8'*si.o)l “ 6909 - 6312 

— i-^X 1(1 + X) ( ^^^*-^0,1 + ^8'*si,i)} — 6160 — 6480 

'1230,1993 '1167,6929 


See Bitmutrika, Vol. xix. p. B68, cmd diagram, p. 857. 



Tables for Delermmbig folunm of Normal Enr/mr 


Hence by linear intei^wlation : 


.-•20‘ 


6082 

‘72501 


X "05-*- aim 


If we use only the first term, the hyperlKfiic fimiMila, wp h»v*« : 

r >20-^^ X '05- - 204*. 

This is not so close to the fall interpolation fotmwU value, bwt wwmM W a 
sufficiently close value of r for moet practiwJ purpoac'S. 

Ehstratim IV, The following tabic* illuatmtes the infineiuee of Wage of Kathc-f 
on the nature of the Mother^s Employment; 


Sfnptoynmt of Mother. 


WogoofFathor 

Homowork 

Ooiwtrrfc 

ToMl# 

i 

f 

Under SS/- 

144 

106 ! 

mbn 

I 

SS/- and over 

188 



1 

Totals 

31S 

m 

w 

V > Afl—aa 



Clearly d is the category 89, and the correlation in the tablo ihwa »mngr«l in 
negative. We have; 

Accordingly 

d/JV- *086,8392, and h-'475S0, ife-'llRSl. 

^-‘2470; x*"'1822, 

^-•20202, ^-*04498, 9^-*81M8, $x^'inn%l 

The above value of d}N, for a value of ^ between *40 and *50, and of Ih»Iw<*c*u 
• 10 and '20, lies between the values for r - - '40 and r - ^45 • 


r— — '40 


so.o* *099,2408, Sj,b*» *085,5481, sjm- *087,0997, -*0748720; 

S* So, 0'S 11868, 8^ai.(i»12827, S^j^i-IKKW, 8* 

8'*s,,o- 7394, S%,- 6896, 8268, 7616. 


f a«»— *46 


'sa»= 091,4776, 078,2880, '079,6841, *067,8782*, 

8* So, 0-12678, 8»s,. 0-12890, 8‘#o,i»U6T6, «• a,.* -11878, 
U'%0- 8266, 7680, 9021, a»0. 
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Accordingly we have the following values for; 


- i {(1 + </i ) (fS* io, 0 + xB* 

“ ix^ {(1 +‘^)(^S'*fo,tt+ 

Hence by linear inberpolation 

.. 14121 

40-^gyggX 06 


When ra - *40 

-f0869,1706 

4524 

6605 

S187 

2281 

•0867,6128 


— •4096, 


When ra - *15 
-.•0795,6185 
4797 
6909 
8529 
2486 
’ •0793,7466 


or the correlation of Mother's increasing Outwork with Father's decreasing Wage is 
‘4096. 


Had we used only the hyperbolic formula, or the first line of the above 
expression for ««,*, we should have found 




-•40 -•0107 


■ - *4107, as above. 

Thus, in all the examples tried in this introduction, it would appear as if the 
hyperholio formula were adequate for either finding a cell content, or determining 
the value of the coefficient of correlation. 



TABLES OF THE VOLUMES OF THE NORMAL SUHFACHi:. 
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0-0 

■2600000 

•2300861 

•2103702 

•1910443 

•1722891 

•1642688 

•1371260 1 -ISOOftlH • •I0S0277 
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VohmvPH of the Normal Surface 
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Volumes of the Normal Surface 
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•0033313 

-mam* 

•0018778- 

0-1 

!£ 

•0136890 

■0108128 

■0086281 

•0066666+ 

•0061648 

•0030666+ 

•0030173 -imnosi 

•QOtOBBO 

0-2 

m 

•0122446 

■0097401 

•0076796 

•0060013 

■0046480 

•0086676 

•0027130 < •0020168 

aotma 

0-3 

2 

•0100544 

■0087100 

■0068660 

•0063638 

•0041628 

■0tai866- 

■msAm 

•0018266 

0018030 


\\ 

•0097283 

■0077334 

•0060936- 

•0047687 

■0036832 

•0028261 

•0021474 

■0018m- 

•0012072 

0-3 


•0086740 

■0068148 

■0068674 

•0041003 

•0082421 

•0024860 

-0018890 

•0014223 

0010612 

041 

3 

■0076006 

■0069686+ 

■0046918 

•0036616 

•0028320 

•0021708 

■ooie4ffi) 

•0012411 

■mmiai 

0-r 


•0066100 

■0061699 

■0040698 

•0081747 

•0024546 

•0018808 

-mimi 

•{X)l074fi* 

IXXWOll 

0-0 

ii 

■0066067 

'0044601 

•0036016 

•0027807 

-0021106 

•0016106 

•001S871 

’t)(X>022B 

mmn 

0-9 


•0047888 

■0087990 

•0029889 

■0028301 

•0018003 

•00137S4 

•0010468 

'0007884 

•(XK15M80 

1-0 

1-1 

•0040669 

■0032188 

■0026806- 

•0010720 

•0016230 

•0011667 

•OQ0884S 

•0006646+ 

•0U04849 

M 

i*/8 

'0034090 

•0027033 

•0021248 

•0016662 

•0012779 

•0009777 

•0007413 

•0006660 

•0U04140 

1-2 

1-3 

•0028407 

•0022618 

■0017693 

•0018778 

•0010683 

•0008182 

•0006188 


•0003446 

1-3 

1-4 

•0028473 


IjMgy 



•0000707 

•0006081 



PH 

1-6 

•0010230 

EM 

EMI 

VtWi 


•0006484 

•0004163 


•0003317 

IS 

.1-6 

•0016620 

•0012368 

•0009706 


•0006820 

•0004446 

•0003366 


•0001876 

i-e 

1-7 

•0012678 

■0009965+ 

•0007810 

SS 

•0004679 

•0008678 

•0002704 


•0001606 

M 

hS 

•0010039 

■0007943 

•0006229 


•0003729 

•0002846 

•0002163 


•0001 IM 

IS 

1-9 


■0006282 

■0004024 


•0002946 

•0002247 

•0001699 


•0000946+ 

1-9 

2-0 

•0006220 

■0004924 

•0003868 

vBS 

•0002306 

•0001769 

•0001329 


•0000739 

ss 

2*1 

*0004841 

•0003826 

■0002906 


•0001790 

•0001364 

•0001031 

•0000772 


2-1 

2-2 

■0003729 

■0002846 

■0002046 

■0002306 


•0001876 

•0001049 

•0000792 

•0000693 


2-2 

2-3 

24 

•0002247 

■0001769 


•0001049 

■0000709 

•0000608 

•0000461 


2S 

*0002153 

*0001898 

■0001329 


•0000702 

•0000603 

•0000453*' 

•OOOOIM) 


2-4 

2-6 

2-6 

■0001614 

■0001198 

•0001273 

•0000046+ 

■0000906 

•00007S0 

•0000772 

•0000672 

•0000693 

•0000489 

•0000461 

•0000334 

•0000840 

4mm 

•0000264 

•ooooiss 

•0000188 

•0000139 

2S 

2S 











Volumes of the Normal Surface 

d/N for r = — *10 
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h = 0-4 h = 0-5 h^OS h = 0-7 h^^O-S 


•2340570 -2142237 
•2142237 -1059834 
■1047447 -1780814 
■1758060 -1606873 
-1676760 -1430869 

-1402068 -1280220 
-1238186 -1130022 
•1085141 -0989832 
•0943638 -0800300 
•08141 lO-* -0741816+ 

•0606744 -0634620 
•0501451 -0638320 
•0497037 •0462057 
•0416716 -0377945+ 
•0344147 ■OSlOeO? 

•0282474 -0266609 
•0229861 -0208607 

•0186426 -oioanii 

-0148273 01344(81 

•0117620 -0106469 

•0002319 -0083678 
•0071876+ '0065029 
■0066460 -0050142 
•0042401 -0038313 
•0032124 •0020000 


•1047447 

■1780814 

•1617382 

•1458604 

•1308166 

•1160997 

•1024242 

•0896694 

•0778926 

•0071276- 

•0.773857 

•0486583 

•0409178 

•0341216+ 

•0282138 

•0231301 

•0187992 

■0161465- 

•0120987 

•(K»95758 

•(KI75129 

•0058417 

•0045014 

•(W34373 

•0026009 


•1768059 

•1606873 

•1468094 

•1314918 

•1176809 

•1046474 

•0921830 

•0806692 

•0700264 

■0603139 

•0616310 

•0436682 

•0366096 

•0306853 

•0252744 

•0207074 

•0168195- 

•0135420 

•0108090 

•0085509 

•0067044 

■0062097 

•0040117 

•0030613 

•0023148 


U -0024117 -0021764 -0019600' •0017343 
U mim •0016178 -0014486 -0012876- 


•1676766 

•1430559 

■1306156 

•1176800 

•1052661 

•0934067 

•0823072 

•0720298 

•0624986 

•0537987 

•0459372 

•0389044 

•0326760 

•0272161 

•0224762 

•0184023 

•0149376 

•0120197 

•tKW5R71 

•0075792 

•00503K6 

•0046116- 

•0036487 

•0027061 

•OOi^S 

•0016310 

•0011367 


•14020!58 

•1280220 

•1100007 

•1046474 

•0934667 

■0829447 

-0730633 

•0638480 

•0653668 

•0476312 


•1238186 

•1130022 

•1024242 

•0921830 

•0823672 

'0730533 

•0043044 

•0661683 

•0480780 

■0418512 


•1086141 

•0089832 

■0890694 

•0806592 

•0720298 

■0038480 

■0661083 

•0400321 

•0424673 

•0364888 


•0406461 -OSOBOie -0310987 
•0344021 -0301896 -0262878 
•0288763 -0263243 -0220309 
•0240362 •0210060- ■0183184 
•0108364 >0173736 -0160983 


•0162311 
•0131665 ^ 
•0106876 
•0084391 
•0066672 

•00.62204 

•0040510- 

•0031162 

•0023739 

•0017926+ 

•0013411 

•0009942 


•0142066+ •0123376 
•0116186- -0099946 
•0092546- -0080260 

•ooesaso-t 



■0036311 
•0027136+ 

•0020663 
•0015691 •0013466 

•0011667 
•0008836+ 


>0943638 
•0860300 
■0778026 
•0700264 
•0624086 0‘4 

•0663668 0-5 
•0486780 0-8 
•0424673 0-7 
•0367686 0-8 
•0315637 0-9 

•0268838 
•0227100 
•0190251 1-2 
■0168042 1-3 
•0130171 1-4 

■0106297 1-5 
•0086061 1-6 
•0069063 
•0064926 
•0043302 

•0033834 
•0026198 
•0020103 
•0016286 
•0011617 2-4 

•0008698 2-5 
•0006360 2-6 


d/N for r - — -10 


hmO-a 


-2 h~l-3 


hml-5 h-l>6 h-1-7 


•0814116+ -0096744 •0591461 •0407987 
•0741816+ -0634620 -0638829 -0462967 
•0671276- -0673867 •0486683 -(MOOm 
•0003139 -OaiOOlO -0436682 <0366996 
•0537987 -0469372 .0389044 -0326769 

-0470312 •0406461 <0344021 -0288763 
•0418612 -OSOOIIIO '0301890 -0263243 
•0364888 -0310987 '0262878 -0220360 
•0316637 •0268838 -0227100 -OlWaol 
•0270856- -0230544 -0194622 -0162932 

•0230544 >0190102 •0166436+ -0138403 
•0194622 •0165435+ -0130468 -0116698 
•0162932 -0138403 '0116598 •0097410 
•0136266 -0114814 -OOOeeOR -0080693 
'0111327 *0094436+ ■0079446+ •0066278 

'0090846 '0077007 •0064737 -0063967 
•0073490 -0062261 -0062294 -0043662 
‘0068932 >0048883 >0041874 •0034866 
•0046842 -0039020 -0033234 -0027644 
•0036902 -0031190 -0026148 -0021729 

‘0028812 -0024334 -0020382 •0016927 
•0082294 -0018816- -0016747 -0013068 
•0017094 -0014416 -0012066 
•00I29S8 •0010046+ -0009147 -0007679 
•0009779 -0008234 -ODOeSTO -0006693 

•0007296+ •0006188 -OOOOIOI *000^ 
•0006892 •0004633 -0003779 -0008124 


•0416716 -0344147 -0282474 -0229861 -0186426 0-0 

•0377046+ -0312697 -0256609 0208007 -0168179 0-1 

•0341216+ -0282138 •0231301 -0187992 •0161466- 0-2 

•0308863 -0262744 -0207074 -0168196" -0136429 0-3 

■0272161 -0224762 -0184023 -0149376 -0120197 0-4 


•0240362 

•0210660- 

•0183184 

•0168042 

•0186266 

•0114814 

•0096668 

•0080683 

•0060707 

•0054823 

•0044608 

•0036081 

•0028768 

•0022799 

•0017907 

•0013989 

•0010768 

•0008220 

•0006227 

•0004673 


•0198364 

•0173736 

•0160683 

•0180171 

•OU1327 

•0094436+ 

•0079446+ 

•0066276 

•0064823 

■0044962 

•0030667 

•0020466+ 

•0023641 

■0018642 

•0014631 

'0011880 

•0008772 

•0006700 

•0006071 

•0003808 


•0102311 •0131666+ -0106876 0-5 
•0142006+ •0116166- •0092646" 0-6 
•0123376 -0099946 •0080260 0-7 
■0106297 •0086061 -OOOOOSS 0-8 
•0000846 -0073490 -0068932 0-9 

•0077007 •0062261 -0049883 
•0064757 •0062294 -0041874 
•0068907 -0043662 •0034866 
•0044608 -0036981 •0028708 
•0036657 -0029466+ >0023641 

•0029701 •0023921 •0019097 


•0016111 

•0011850+ 

■0009210 

•0007094 

•0006414 

•0004096- 

•0008069 


•0003476+ *0002826 
•0002661 *0002081 


*0001676 


•0023921 

*0019261 

•0016867 

•0012142 

•0009615- 

•0007889 

•0006687 

•0004837 

•0008277 

•0002464 

•0001820 

•0001338 


•0019097 
•0016367 
•0012241 
•0000671 1-8 
■0007672 1-0 

•0006876 2-0 
•0004619 2-1 
•0003443 2-2 
•0002600 2-3 
•0001945+ 2-4 

•0001442 2-5 
•0001069 2-5 
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Volwnes of the Normal Surface 


i/N for r « — -10 


k 

h « 1-8 

A- 1-9 

A«2-0 

A»2-f 

A»2*2 

A -'2-3 1 

j 

0-0 

•0148273 

•0117620 

•0092319 

•00718761 

•0056466 

•0042401 1 

0-1 

•0134400 

■0100469 

■0083578 

•0006029 

■(KXS0142 

•0038313 

0-2 

•0120967 

•0096768 

-0076129 

■0088417 

•0046014 

•0034373 

0-3 

•0108000 

•0086609 

•0067044 

•0062007 

•(KM0117 

•0030613 

0-4 

•0096871 

•0078792 

•0069386 

•0046116“ 

•0036487 

•0027061 

0-5 

■0084391 

•0066672 

•0062204 

•0040810 

•0031162 

•0023739 

0-6 

•0073716- 

•0068197 

•0046637 

•0036311 

•0027135* 

•00:^)063 

0-1 

•00638854 

•0060401 

•0039400 

•0030638 

•0023450“ 

•0017844 

0-8 

•0054926 

•0043302 

•0033834 

•0026108 

•0020103 

•0016286 

0-9 

■0046842 

•0036902 

•0028812 

•0022204 

•0017094 

•0012988 ; 

1-0 

•0039820 

•0031190 

•0024334 

•ooiasie- 

•0014416 

•(K)t0945* 

1-1 

•0033234 

•0026143 

•0020382 

■0016747 

•0012056 

•0009147 

1-2 

■0027644 

•0021729 

•0016927 

-0013068 

•{yooms 

•0007879 , 

1-3 

•0022799 

•0017907 

•0013030 

•0010763 

•0008220 

■0006227 

1-4 

•0018642 

•0014631 

■0011380 

■0008772 

•0006700 

■0006071 

1-5 

•0016111 

•0011860)- 

•0000210 

■0007094 

•0005414 

•0004093“ 

1-6 

•0012142 

•0009615- 

•0007380 

•0006687 

'0tX)4337 

•0003277 

1-7 

•0009071 

•0007672 

•0005876 

•0004619 

-0003443 

•0002600 

1-8 

•0007634 

•0006973 

•0004631 

■0003668 

•0002709 

■0002044 ; 

1-9 

•0006073 

•0004669 

■0003618 

•0002777 

•0002113 

■0001693 1 

2-0 

•0004631 

•0003618 

•0002800 

•0002148 

•0001833 

•0001230 j 

2-1 

■0003668 

•0002777 

•0002148 

•0001647 

•0001261 

•0000941 

2-2 

•0002709 

•0002113 

■0001633 

•0001261 

•0000049 

•0000714 

2-3 

•0002044 

•0001693 

•0001230 

•0000941 

•0000714 

•0000636 

2-4 

•0001628 

•0001190 

•0000018 

•0000702 

•0000632 

•0000399 

2-S 

•0001182 

•0000880 

•0000679 

•O0006L0 

•0000393 

•0000294 

2-6 

•0000831 

•0000646 

•0000497 

•0000370 

•0000287 

•0000216* 


h«g-4 I hm2S j 
■l)Q3S324 -(Kmn? '0017039 

■ootaooo wanai I -ooiBna 

•0036009 'OOtHOOtf j HitlimRB 
•W)2314« WlIJMia OOi»»73 
•OOSOMB -TOlfkltO -Oft! 1307 


•0017^^ ! -001341 1 1-0000943 
•OOISIWI j -OOI1037 \ 

'0013466" miQim -4X107441 
'0011617 ! *000851^ -0006360 
•0009779 I -0006382 

'000B334 -OOl^l^ii -0004333 
-OOOdltTB ! -0005121 « -4)003779 
'0003683 i -OlXHim ;! -4)003124 
-1X104673 ’•4X103476''; WOmi 
-0003R03 I -0002X28 ; -mtOmt 

•00030S9 m> 2 m 1 ■mam 

•0002464 -0001820 '> (XXI1338 
•0001946*: -0001442 i ■O001O68 
•ooc)i62« 1 -0001 m ! -floooiisi 
•0001190 \-mmm .-oooooia 


■0000918 

•0000702 

•4X100632 

•0000399 

•0000287 


•0000679 

-ooooeto 

•0000383 

•04100384 

•0000218 


■0000487 ; 
•IKIOOSTO \ 

■ixxxmt 

■ixxxjaiB* 

•4X>00160 


■0000219 

-OOOOlOO 


•OOOOiOt -OOdOUR 
•0000118 -0080086 


k 


00 

Q‘I 

OS 

OS 

Oi 

OS 

INI 

0-7 

0-B 

OS 

U 

hi 

H 

IS 

hi 

hs 

hs 

hi 

14 

19 

•ho 

2-1 

S4 

94 

U 


h - 




d/Jfforr-- 

16 




t 


A = 9-0 

h = 0-l 

h = 0-2 

A-O-J 

h-mO-i 

A ■> 0-8 

A-O-tf 1 

— « * 

A«(^r 1 


K 

0-0 

•2260393 

•2062428 

•1868846 

•1681429 

•1501813 

^ ITl W 

•1171378 i 

•1022603 1 


0-0 

0-1 

•2062428 

•1880630 



•1360364 





0-1 

0-2 

•1868846 

•1702809 

iMiirki 

■1384176 

•1234424 

»5l Mi??* 


CgM;Kai 

■0723i»W* 

0-2 

0-3 

•1681429 

•1680921 

•1884176 

•1242846+ 

•1107231 



•0748422 

■064<95«7 ! 

fl-3 

0-4 


•1366364 

•1234424 

•1107281 

•0986844 

jljjlfijlw 



cgggl: 

O’i 

0-5 

EH9 

•1210386- 


•0979268 

•0871109 


Ilii’ 




0-6 

•1171378 


•0960769 1 

•0860451 

•0763930 

•0673896"’ 


•0612304 

'0441371 

04 

0-7 


•0928162 

•O830496-'- 

■0748422 

•0664667 

•0686797 

BEJESll 



0-7 

0-8 




•0640667 

•0673680 


•0441371 



04 

0-9 

•0760961 

•0689632 


■0664073 

•0491178 



•0326634 

41280602 

0-9 

1-0 

•0648481 

•0687107 

•0627762 

•0470928 

•0417081 

(■ 


•0276660 

•0237330 

hO 

1-1 

•0648072 

•0496769 


•0396948 

•0361226+ 

1 'll 


•0232209 

•0109076* 

hi 

1-2 

•0469342 

•0416138 

•0372496+ 

•0331774 

•0293282 



•0193323 

>0166667 

M 

1-3 

•0381724 

mmM 


•0274960+ 

•0242816 


•0186009 

•0169676” 

•0136622 

14 

1-4 

•0314613 

•0283732 


•0226904 

■0109306 

•0174483 

■0161581 

•0130681 

•0111899 

H 

1-6 

•0266900 

•0231644 

ElMlVIvfl 

•0183990 

•0162174 

■0141832 


•0106926“ 

•0090431 

14 

1-6 

•0208013 


•0167436 

•0148567 

■0130806+ 

•0114281 


•0086189 

•0072633 

14 

1-7 

•0166960+ 



•0118886+ 

■0104678 



•0007874 

•0067821 

1-1 

1-8 

•0132807 

•0119360 

•0106489 

■0004294 

•0082867 

luzMiJ 


•0063608 

•0046618 

14 


•0104706" 

■0094012 

•0083791 


•0066063 

•0066666 


•004IM1 

•0036667 

14 

1^ 

•0081807 

•0073381 

•0066338 


■0060630 

■0044049 


•0032646 

•0027634 

24 


■0063340 

•0056760 

•0050488 

•0044660 

•0039041 

•0033030 


•0026016- 

•0021215“ 

2-1 

'2-3 

■0048696+ 

•0043604 

Kljljij: ijiV 

•0034090 

•0029830 

•0026897 


>0019060- 

•001613$ 

2-2 

•0036942 

•0033039 


■0026836 

■0022683 

■0010684 

•0016847 

•0014374 

■0012163 

2-3 

2*4 

■0027826 

•0024860 


•0019399 

■0016939 

•00U673 


•0010746 

•0009082 

2-4 

2-5 

2-6 

•0020766- 

•0016362 



•0014432 

•0010687 

•0012688 

•0009267 

•0010892 

1 <0008010 

•0009340 

•0006867 

•0007969 

•0006889 

•0006719 

-WOim 

24 

24 













Volumes of the Normal Surface 


h^O-9 h^hO 


0-0 •07(H)961 
01 •0889632 
0-2 ■0020388 
04 '0564073 
04 041)1173 

04 '0432008 
0-6 '0377177 
•0328634 
•0280592 
•0230075- 

•0202016 
•0160272 
•0140633 
•0115830 
•0094501 

•0076566 
•0061430 
•0048848 
14 •0038406 
14 -0030066 

3-0 ■0023267 
2-1 -0017842 
2-2 •0013567 
2-3 -0010206 
24 -0007612 

24 -0006626 
24 -0004117 


•0648481 

•0687107 

•0527752 

•0470028 

•0417081 

•0306670 

•0319880 

•0276560 

■0237339 

•0202016 

•0170625-' 

•0142736 

•0118461 

•(X)fl7472 

■0079500 

•0064286' 





1 

I 


1 


ElKif} 


BiMj. 







II 




•iJHry 


0063617 


•0006326 

•0004668 


0009326+ 


•0006211 

-0003842 

•0002806+ 


dJJf for >• — — -16 


h -^1-2 h=. 1-3 h^M a = 14 h =■- 1-6 

•0460342 -0881724 -OSWeiS -0266900 -0208013 

•0415138 -0344680 0283732 -0231544 -0187307 

•0372495+ -0308989 -0254115- -0207178 -0167430 

•0331774 -0274950' -0225904 -0183990 -0148557 

•0293282 -0242816 -0199300 -0162174 -0130805' 

•0257265' -0212786 -0174483 -0141832 -0114281 

•0223i)07 -0185009 -0161551 -0123006- -0009056 

■0103323 •0159676- -0130581 0106026- -0085169 

-0165607 -0136522 -0111599 '0090431 •(K)72633 

•0140633 -0116839 -0004591 0076586 -0061430 

•0118461 -0007472 -0079506 •0064286+ •0051520 

•00./8945' -0081325- -0060203 ■0063517 -0042842 

•0081940 -0067274 •0054764 •0044172 •0036321 

•0007274 ■0056172 '0044863 •0036144 -0028888 

•0054764 -0044863 -0036422 -0020317 •0023388 
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•{8«8»122 . I-H 
^ 48888)88 h!l 

: 488888)3 ; J-O 
48888)44 ; 2-t 
18888)31 , 2-2 
48888*21 ' 2>3 
‘xmmo 1 2-4 

f 4XKX8HO i 2-S 
, •0000(88JO| 2.6 


d/N totf- *36 


h-^O'O h^O-l 



0-6 
0-6 

0'7 •0769240 
0-8 •0661894 
0-9 4)647821 


10927636+ 

•0798213 

■0680873 

•0676660+ 

•0482324 

■0400468 


•060411S •0487780 
•0421844 ■0804938 


hO •0466699 
I’l 4)375802 -uoaintxv 
1-2 •0307040 -0268460 
J‘3 •0248609 •0216723 
1-4 '0190230 -0173292 

H 4)168197 •0137236+1 
1-6 -0124404 •0107629 
■0096879 -0083686 
•0074704 •0064276 
•0067037 -0048988 

S-0 -0043116 -OOSeBSS 
2>1 4)032267 4)027527 


•0348946 

•0280816+ 

-oimtvi 

•0187380 

•0149429 

•0118016 


A -0.3 


•1109436“ 
•1068820 
•0944794 
•0950584 -0828288 
•0828288 -0720064 

•0716690 .0020006 
•0612874 •06302.13 
•0620282 •0440010 
•0487780 •0376812 
.0804088 -0818341 

•0268166 
•0210706“ 
•0170862 
•0188414 
4)108180 


Ur. OS h-mOS A-0-7 ; h-OS 

•1048271 •0809736- •0769240 ! -0651894 0-0 

•0927635+ '0798213 4)(WO«73 ' •(B7B060+ 0-1 

•0818138 -0702367 .08677(«J -(150411.1 0-2 

•0716590 -Oemi* •0520282 4H37730 «->1 

•0620606 -0530233 ■0440010 -OSTeaW 0-4 

•0633593 -0464760 -0384122 01911634 Q-S 

•0464760 >0386690 •032661)7 -OiTIOOS 0-0 

•0384122 •0326607 -1)273072 -mim 0-7 

•0321524 •0271903 H)22785K -0189196 M 

•0266664 •0224906“ 4)187969 4)156636“ 0-9 


•0071482 

•0064818 

•0041614 

•0031278 


•0017638 .'0014870 
4)012727 •0010762 

4)000144 4)007710 
'000660a >0006467 


•0017141 

>0012497 

>(X)0901S 

•0006441 

•0004668 


•0301467 

•0246704 

•0109998 

•0160694 

•0127718 

•0100706- 
■0078461 
-0000584 
•0046323 
•0036067 ' 

•0026279 

•0019495+ 

■0014316 

•0010408 

■0007486 

•0005381 

•0008766 


•0084967 

•0066078 

4)060881 

•0088791 

•0029278 

•0021876 

■0016180 

•0011846 

•0008684 

•0006166 

•0004370 

•0008070 


•0210113 

•0178882 

•0143798 

•0114S29 

■0090810 

•OOVllW 

•006614&+ 

•0042339 

•0032183 

•0024218 

•0018040 

•0013303 

•0000709 

•0007014 

•0006016“ 

•0003648 

‘0002486- 


0184297 -oisaeoe •0126H24 
0140500 -0124328 -0102364 
■0120277 ■0099675+ -OOSlIISt) 
•0096774 •0079140 •0064781 
•0076623 *0062224 -0060784 

•0013972 >0048444 »0089419 
•0046696” •0037343 -0080298- 
•0034902 •0028600“ •0023049 
■0026480+ •0021633 *0017304 
•0019844 -OOieiOe- -0012946“ 


•0046696” 

•0034902 

■0026480+ 

•0019844 

•0014787 

•0010883 

•0007882 

•0006676 

•0004046 

•0002864 

•0001992 


*0011923 

•0008786“ 

•0008337 

•0004649 

•O0OS282 


•0001681 


>0009664 

•0006979 

•0006046 

•0008611 

•000266? 

•00017ffii 

•0001248 






Volumes of the Normal Surface 
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dlNiotr=>~ 

•36 



IH 

h = 0-9 

h «. 1-0 

h’-l-l 


h « 1-3 

h=.l-4 

A- 1-5 

h’=l-S 


•0547621 

•0455899 

•0376802 

■0307040 

•0248609 

•0190230 

•0168197 

-0124404 

•0096879 

•0482324 

•04(K)453 

•0329419 

•0268400 

•0216723 

•0173292 

•0137236+ 

•0107629 

•0083586 

•0421344 

•0364938 

•0313341 

•0348946 

•0301457 

•0258150 

•02H6316' 

•0246704 

•0210706“ 

{lii 

•0187380 

•0100594 

•0130414 

•0140429 

•0127718 

•0108186 

•0118016 

•0100766- 

•0084067 

•0092301 

•0078461 

•0066078 

•0071482 

•0060684 

•0060881 

•0266664 

•0219113 

•0178352 

•0143798 

•0114829 

•0090810 

•0071116+ 

•00661461 

•0042330 

•0224906“ 

•0184297 

•0149599 

•0120277 

•0096774 

•0076623 

•0068972 

•0045606“ 

•0034002 

■0187959 

•0153696 

•0124328 

•00990761 

•0079140 

•0062224 

•0048444 

•0(137343 

•(X)28600- 

•0165036" 

•0126824 

•0102364 

■0081830 

•0064781 

•0060784 

•0030419 

•0030296- 

•0023040 

•0127007 

•0103736 

•0083488 

•0060644 

•0062624 

•0041062 

•0031768 

•0024340 

•0018462 

•0103738 

•0084048 

•(K)67444 

•0063597 

•0042178 

•0032806 

■0025356 

•0019367 

•0014644 

•008348H 

■0067444 

•0053960 

•0042763 

•0033542 

•0026066 

•0020040 

•0016259 

•0011602 

•0066644 

•0053597 

•0042763 


•0026414 

•0020466+ 

•0016683 

•0011904 

•0008944 

■0052524 

•0042178 

•0033542 

•0020596 

•0016900 

•0012162 

•0009194 

•0006886 

•0041052 

•0032866 

■0026066 

•0020466 + 

•0015900 

•0012236 

•0000322 

•0007031 

■0006249 

•0031768 

•0025356 

•0020040 

■0016683 

•0012152 

•0009322 

•0007079 

•0005322 

•0003960 

•0024340 

•0019387 

•0015269 

■0011904 

•0009194 

•0(X)7031 

•0006322 

•0003088 

•0002968 

•0018482 

•lX)14n44 

•0011602 

■0008944 

•(K)06886 

•0006240 

•0003960 

•0002068 

•0002186 

-0013883 

■0010961 

•{XKI8682 

•0006052 

•0005105+ 

•U(X)3878 

‘0002016 

•0002171 

•0001600 

■(X)10304 

•U008121 

•0006338 

•0004807 

•1X8)3746 

-IXX)2836 

•0002120 

•0001677 

•0001158 

•01X17681 

•0005956 

■0004633 

•000350B 

•0002720 

•(XX)2(I53 

•0001634 

•0001134 

•0000830 

•0005520 

•0004323 

•0(X)3352 

•0002673 

•0001055 + 

•0001471 

•0Q01096+ 

■0000807 

•00(X)68() 

•0003078 

•0003105+ 

•0002400 

•0001830 

•0001391 

•0001043 

•0000774 

•0(X)0568 

•0000413 

•0002838 

•0002208 

•0001701 

•0001207 

•0000970 

•0000731 

•0000641 

■0000306 

•0000287 

•0002003 

•0001663 

•0001193 

•0000000 

•0000682 

•0000608 

•0000374 

•0000273 

•0000197 

•0001399 

•0001081 

•0000828 

•0000027 

•0000470 

•0000340 

•0000267 

■0000186 

•0000134 

•0000967 

•0000746+ 

•0000668 

•0000429 

•0000321 

•0000237 

•0000174 

•0000126 

•0000090 


h~M h-l-B 


•0074704 -0067037 •0048110 
•0064276 •0048938 -DOaeSSS 
■0064813 -0041614 -0031278 
•0040323 •0036067 -0026279 
•0038791 -0029278 -0021876 

•0032183 -0024218 -0018040 
•0026460+ -0019844 •0014737 
•0021633 -0016106" -0011928 
•0017804 -0012946“ -0009664 
•00I3B63 -0010304 -0007681 

•0010961 >0008121 -0006966 
-0008682 -0006338 -0004638 
•0006662 -0004897 -0003668 
•0006106+ -0003746 -0002720 
•0003878 -0002836 -0002063 

•0002916 -0002126 -0001634 
•0002171 -0001677 -0001134 
•0001600 -0001168 -0000880 
•0001166 -0000842 -0000601 
•0000842 -0000606+ -0000481 

•0000601 -0000431 -0000806 
•0000308 -0000216- 
•0000212 -0000149 
•0000146 -0000102 
•0000100 -OOOOOfO 


d/N for f ■« - -36 


*-2-2 h~S-3 


2’4 h’m2‘6 A-2-S 


•0032207 

•0027627 

•0023272 

■0019496+ 

•0016180 

•0013303 

•0010833 

■0008786“ 

-0006979 

•0006620 


■0023905+ 

•0020334 

■0017141 

■1)014316 

•0011846 

•0009700 

•0007882 

•0006337 

■0006046 

•0003978 


•0017632 

■0014870 

■0012497 

■0010406 

•0008684 

■0007014 

•0008676 

•0004649 

•0003611 

•0002888 


•0000007 -0000047 
•0000046“ -0000031 


•0004823 -0003106+ -0002208 
•0003362 -0002400 -0001701 
•0002673 -GOOlSSe -0001297 
•0001966+ ■0001891 -0000970 
•0001471 -0001043 -0000731 

•0001096+ -0000774 -0000641 
•0000807 -OOGOOes -0000396 
•0000689 •0000413 -0000287 
•0000426- -0000297 -0000206 
•0000303 -0000212 -0000146 

-0000216“ -0000149 -0000102 
•0000160- -0000104 -0000071 
•0000104 -0000072 -0000049 
•0000071 -0000049 -OOOOOSS 
•0000048 -0000033 -0000022 

•0000032 -0000022 -0000016- 
•0000021 -OODOOie- -0000010 


•0012727 

•0010762 

•0009018 

•0007486 

•0006166 

•0006016- 

•0004046 

•0003232 

•0002667 

•0002003 

•0001663 

•0001198 

•0000900 

•0000682 

•0000608 

•0000374 

•0000273 

•0000197 

•0000141 

•0000100 


■0009144 

■0007710 

■0006441 

•0006381 

•0004370 

•0003648 

•0002864 

•0002272 

•0001702 

•0001399 

•0001081 

•0000828 

•0000627 

•0000470 

•0000349 

•0000267 

•0000186 

•0000134 

•0000096+ 

•0000067 


•0000070 -0000047 
•0000048 -0000032 
•0000038 -0000022 
•0000022 -0000016“ 
•0000016+ -0000010 

-0000010 -00000006 
•00000066+ -00000043 


•0000603 0-0 

•0006487 0>1 

•0004663 0-2 

■0003766 0-3 

•0003070 0-4 

•0002486“ 0<S 
‘0001002 0 '(i 
•0001681 0'7 

•0001243 O'S 
•0000067 0-9 

•0000746+ 
•0000668 
•0000429 \U 
•0000321 IW 
mmi 

•0000174 
•0000126 M 
•0000090 1’7 
•0000064 M 
1-9 

•0000031 2-0 

•0000021 2-1 
•0000016“ 2-2 
•0000010 2-3 

•00000066+2-4 

•00000043 2-6 

•00000028 2-g 
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Volumes of the Normal Siirfuee 






dim for f “ — ■ 

40 





k 

h = 04 

h 0*1 

h^04 

h “ 04 

A- 0-4 


1 

1 

h^ O-7 ; 




mm 

•1649376+ 

■1462468 

■1286016- 

•1121213 

•Q96D041 

•(J«3t>I()» ! 

•0704688 ; -0502730 | 

04 

0<1 

•1649376+ 

•1470976 

•1301130 

•1141238 

4)002408 

•086M31 

■0730781 

•1I51H86U 

0-1 

04 

•1462468 

•1301130 

•1147903 

•1004304 

•0870697 

■1)74871« 

•0637817 

•(OVShSTIS 

•1H50220 

04 



•1141238 

•1004304 

•0876248 

•0767849 

•0649017 

•wino? j 

•0464303 ! 

■0387180 

04 

04 

•1121213 

■0062408 

•0870997 

■0767840 

•0663598 

•US68034 

•(H73il2 

•OSIWSMW 1 

•032»!M6 

04 

04 


•0S66431 

•0748716 

•0640617 

•0568634 

•0476064 

•0401065‘ 

•0336222 

■0278577 

04 



■0730781 

•0637817 

•0661797 

•0473112 

•040iei»)* 

•0338341 

•021^120 

•023318)1 

04 

11^ 

EiWiriilii'l 

•0618626 

•0638376 

•0464393 

•0396968 

•0336222 

•m2]20 

•0234486 

•0)030!^ 




•0618866 

•0460220 

•0387180 

■0329046 

•0278577 

•0233001 

•010^)28 

■0158373 

64 



•0431106 

•0372963 

•0819748 


•02288U1 

-0190678 

•01573.W 

•01281)73 

04 

1 


•0364798 

•0306998 

•0261623 


•0186770 

•0164358 

•0127023 

■0103511 

14 

hi 


•0286192 

•0248638 

•0211823 

•0178787 

•0149482 

•0123788 

•0101510 

•IK8{2441 

hi 

14 


•0233427 

•0200067 

•0169884 


•0119090 

•0098283 

4KI8()32:{ 

-)8)051K)U 

14 

hi 


•0186666- 

•0169379 

•0134897 


mmm 

■0077240 

•18812011 

•18)50728 

14 

14 

■0171794 

■0147632 

•0126707 

•0106048 


•0073332 

■0060100 

'(H)4HT?1 

•0«39IR6f 

14 

U 

•0136022 

•0116664 

•0098162 

•0082618 

•0068716+ 


•0048280 

•0037422 

■0020057 

14 

16 

■0106064 

•0086689 

•0076880 


imim 

•0043344 

•0036270 

•tX)284l6 

•(Rr22664 

14 

IfS 


•0068846- 

•0068032 

EVr1‘rrM 

•0040067 

•0032809 

•0026(«H 

•0021353 

■0016067 


14 


•0062303 

■0043936 



•0024676 

•0010853 

•U01SH76 

■18)12570 

m! 

14 

•0046534 

•0089326 

-0032920 


•0022408 

•0018217 

•UU1<UKI2 

•181111)82 

•t8X)0213 

l-S' 

24 


•0029262 

•0024409 


•0010496+ 

•oomoo 

•0010713 

•IKK8t604 

•18880)81 

24 

24 


•0021646+ 

•0017908 


•oomi4 

•ooo9oor)< 

•0007748 

•18)06124 

•188)471)3 

2-1, 

24 


■0016897 

•0013000 

•0010662 

•0008668 

•0006060 

•0005630 

•188)4364 

•188)3402 

2-2 • 

24 


•0011316 


•0007630 

•0006178 

•0UU4044 

•0003010 

-188)3076 

■188)2380 

24] 

24 




•0006401 

•0004364 

•0003474 

•0002743 

•0002144 

•0001860 

2-il 

24 






•0002414 

■0001800 

■0001470 

H10UU40 

2-5' 

24 



liliiH 



•0001660 

•0001301 

•0001000 

•0000774 

24 \ 

1 

- imwili 


dIN for f » — '40 


h<=0’9 


'0431106 
'0372653 
'0316746 
0271626- 

|0'5 1 '0228601 
'0180678 
I •0167866 


0-6 

M 

0-8 

04 

1-6 

hi 

H 

14 

14 

14 

14 

hi 

14 

14 

H 

H 

H 

24 

24 

24 

24 


k-hO 


•0104184 

•0088621 


•0062076 

0040496 

•0031168 

•0028740 

0017864 

0013347 

■0009860- 

0007192 

0005196 

■0003713 


•0001836 

•0001270 

•0000869 

■0000688 


■0407727 

■0364798 


h-hl 


■0221454 

■0188770 

0164358 

0127023 

0108511 

0083521 

0066720 

■0062764 

•0041303 


0024636 


0013684 

0010380 

■0007639 

0006666 


■0001396 

■0000962 

■0000666 

•0000442 


0211823 

•0178787 

■0149482 

■0123788 

0101619 

0082441 


■0333360- 

0289192 


h = h2 h-h3 hmhi h<-h5 hml4 hmh7 


■0062764 

■0041676 

•0032427 

■0026032 

■0019128 

•0014467 

•0010815+ 

■0008005+ 

•0006863 

^0004m 

•0003046- 

•0002166 

•0001614 

•0001061 

•0000721 

•0000489 

•0000326 


0233427 

0200057 


•0142916 

•OU9090 


•0066000- 

•0062076 

■0041308 


0026198 

0016879 

0014749 

■0011108 

•0008278 

■0006104 

■0004463 

■0003214 


•0001621 

•0001132 

•0000782 

•0000836' 

•0000861 

•0000242 


•0216403 

■0186686- 

■0166379 

■0134807 

•0118103 

■0098027 

■0077241) 

■0082011 

■0080728 

■0040406 

■0032002 

■0028032 

•0019379 

•0014848 

•0011268 

•0008446 

•0006270 

•0004606+ 

■0003347 

•0002406 

■0001711 

•0001203 

■0000837 

■0000676 

■0000892 

•0000264 

•0000176 


0171794 

0147632 

0126707 

0106043 

■0088600 

■0073332 

•0060100 

•0048771 

‘0089186+ 

-0031168 

•0024639 

•oolom 

■0014749 

•0011258 

•0008603 

•0006366- 

•0004899 

•0003438 

•0002488 

•0001782 

■0001262 

■0000884 

■0000618 

•0000^ 

•0000280 

■0000191 

•0000127 


■0136022 
■0116064 
•0003162 
•0082513 
•00687 10< 

•0066870 

•004628D 

•0037422 

•0020967 

•0023740 

•0018822 

•0014467 

>0011108 

•0008440 

•0006366- 

•0004731 

•0008486- 

•0002839 

•0001831 

•0001306+ 


>0000643 

■0000443 

•OOOOB03 

‘0000204 

•0000137 

•0000090 


0106064 

•0080680 

•0075800 

0063560 

■0063713 

•0043344 

•0035270 

•0028416 

•0022664 

•0017894 

•0013084 

•0010816^ 

•0008278 

•OOOf^O 

•0004609 

•0003486- 

•0002667 

•0001866 

•0001332 

•0000946 

•0000606- 

•0000462 

•0000318 

•0000216 

•0000146+ 

■0000067 

•0000063 


0080910 

•0068846- 

•0058032 

■0U48453 

•0040067 

•0032800 

•0026001 

•0(811353 

•0016067 

•0013347 

•0010390 

•0008006+ 

•oooeioi 

•0004606+ 

•0003433 


•0001856 

•0001342 

•0000059 

•0000679 

•(K)00476- 

•0000320 

• 0000226 + 

•0000152 

•0000102 

•0000008 

•0000044 


04 

04, 

0-3 

04 

04 

04 

04 

04 

04 

14 
hi 
14 ‘ 
hi 
hi 

14] 

14] 

hi' 

hS 

14 

24 

H 

24 

24 

24 


































Yohmm of the Normal Surface 


djN for r = — *40 


0-0 •0061078 
0-1 -0052303 
0-2 -0043936 
0-3 -OOSOOfrfi 
04 -0030121 

0-5 -0024676 
0-0 -0010853 
0-7 -0015878 
0-S -0012670 

0- 9 -0009850- 

1 - 0 
14 

1-2 1 -0004453 
hS 
H 


•(XK)0969 

•0000683 

•WX)0481 


2-2 


24 

24 


2-5 


2-5 

•0000030 


•0046534 

•0030326 

•0032920 

•(KI27293 

•0022408 

•0018217 

•0014602 

•0011682 

-0009213 

•0007192 

•0006566 

•0004248 


•0(K)2408 

•0001782 

•0(XJ130S-t 


•0000021 


1-2-5 


•0034746 

•0026073 

•0029262 

•0021646' 

•0024409 

•00I7JX)8 

•(X)20104 

•0014741 

•0016496+ 

•0012014 

•0013360 

•00096961- 

•0010713 

•0007746- 

•0008604 

•0006124 

•0006681 

•0004793 

•0006190 

•0003713 

-0003998 

-0002840 

•0003045- 

•0002160 

•0002206- 

•0001621 

•0001711 

•0001203 


•0000884 

•0000643 

•0000606- 

•0000462 

•0000476- 

•0000329 

BTOjiM 

•0000231 

•0000161 

•0000102 

•0000111 

•(XXKllll 

•0000076-' 

•0000076- 

•0000061 

•IKXX)060< 

•0000034 

•0000033 

•0000022 

•0000022 

•0000014 

•0000014 

•000<XXK)3 


h = 24 1-2-5 1 = 2-5 



0000782 

0000676 


0000109 


•0006884 
•0005695- 
•0004065“ 
•0003783 
•0003038 

•0002414 
•0001809 
•0001479 
•0001140 
•0000869 

•0000066 
•0000480 
•0000301 
•0000264 
•0000191 

•0000204 1-0000137 
•0000145^ 1-0000097 
•0000068 
•000tK)47 
•0000032 

•00fH)022 
•OtXXKlW 
•00000096 
00000097 I -00000063 
0(XXX)063 I -0000(K)41 

•00000026 
•00000016 


■0004823 0-0 

■0003075-' 04 
•0003244 5-2 

•0002621 5-3 

•0002097 04 

•0001660 5-5 

•0001301 5-5 

•0001009 0-7 

•0000774 0-H 

•0000688 0-9 

•0000442 1-0 

•0000329 14 

•0000242 /•2 

•0000176 14 

•0000127 14 

•0000090 1‘5 

•0000063 H 
•tXX)0044 17 

•0000030 7-5 

•0000021 l-O 

•0000014 2-0 

•0(X)00093 24 
•00000061 2-2 
•(K)000040 24 
•00000020 24 

•00000016 24 
•OOOOOOlO 2-6 


d/N forr — - *46 



1 

hm04 

A - 0-2 

h~04 

A -5-4 

A = 04 

A = 04 

A = 5-7 

0-0 

•1767120 

•1661980 

•1376688 

•1202786 

•1041406 

•0893668 

■0769629 

•0630404 

04 

•1661980 

•1384662 

•1210724 

•1069796- 

•0914776 

•0782830 


•0666144 

0'2 

•1376688 

•1216724 

•1068976 

•0926676- 

•0796341 

•0678782 

•047D215- 

04 

•1202786 

•1060706- 

•0926676- 

•0801067 

•0686927 

•0683623 

■0490962 

■0409059 

04 

•1041466 

■0914770 

•0706341 

•0680927 

•06K7040 

■0496029 

•IH1U6(K) 

•0346H40 

04 

•0893568 

•0782330 

•0078782 

•0683623 

•0490929 

•0419144 

•0360104 

•0280664 

04 

•0760629 

•0662783 

•0673101 

•0490962 

•0410600 

•0360104 

•0201344 

•0240040 

0-7 

•0639494 

•0660144 

•0479216- 

•0409060 

•0346840 

•0289664 

•0241X)40 

•0107002 

04 

•0633260- 

•0402137 

•0396794 

•0337468 

•0284260+ 

•0237083 

•0196770 

•0160044 

04 

•0440316- 

•0380241 

•0326291 

■0276627 

■0231280 

•0192166+ 

•0168063 


14 

14 

1-2 

1 ^^ 

•0309788 

•0249760 

•0199337 

•0203994 

•0212060 

■0108B00 

•0222842 

•0178322 

•0141220 

•0186268- 

•0148467 

■0117108 

•0164146 

■0122376- 

•0096130 

•0126282 

•(X)90846 

■0078114 

•0102400 

•0080629 

•0062816 

14 

•0186067 

•0157461 

•0132663 

■0110069 

•0091402 

•0074726- 

•0060464 

■0048417 

14 

•0146219 

•0123069 

•0103280 

•0086813 

■0070583 

■0067404 

•0046300 

•0036916 

14 

•0112768 

•0005183 

•0079667 

•0066832 

■0068923 

•0043716+ 

•0036072 

•0027843 


•0086629 

•0066846+ 

•0049611 

•0072834 

•0065136 

•0041288 

•0060629 

•0046707 

•0034084 

•0049962 

•0037608 

•0027862 

•0040762 

•0030403 

•0022624 


•0020278 

•0019474 

•0014273 


14 

•0036827 

•0030683 

•0025139 

•0020466+ 

•0016470 

■0010346- 

•0008068 

24 

•0027094 

•0022406 

•0018340 

•0014867 

•0011911 

•0009448 

•0007414 

•0006766 

24 

•0019716+ 

■0016235- 

•0013231 

•0010672 

•0008618 

•0006726 

•0006254 

•0004061 

2-2 

•0014188 

•0011633 

•0009440 

*0007680 

•0006023 

•0004735- 

•0003682 

•0002832 

24 

•0010097 

•0008243 

•0006660 

•0006324 

•0004211 

•0003296+ 

>0002661 

•0001963 

24 

•0007106 

•0006776 

•0004646 

•0008697 

•0002011 

•0002208 

•0001747 

•0001332 

24 

•0004946+ 

•0004002' 

■0008204 

•0002639 

•0001990 

•0001643 

•0001183 

•OOOOB97 

24 

-0003403 

•0002741 

•0002186+ 

•0001728 

•0001344 

•0001088 

•0000792 

•0000608 



0106779 5'5 














































26 


folum£s ofth& Normal Surface 

dlNfQir~~‘^ 



h » 0*9 

11 


he. 1-2 

h-l-B 

|B| 

h^lS 

he. IS 

h- 1-7 



•0440316- 

•0360076 

•0291344 

•0233403 

•0186067 

•0146219 

•0112768 

48)86629 

•0066846+ 

00 


•0380241 

■0309738 

■0249769 

1 

•0167451 

•1)123069 

•0096183 

•(X)72)m 

■(8)86m 

Q-1 

Jr 

■0325291 

•0203994 

•0212009 

1 1 it: MS 

•0132858 

•0103280 

•0070667 

4K)0()6I29 

■tKM67<)7 

0-2 


•0275627 

■0222842 

•0178322 

t ;i fMtW 

•0110669 

•0086813 

•(8)66832 

•(KM0962 

■(*)375(18 

0-3 

0-4 

•0231280 

•0186266- 

•0148467 

< Mill! 

•0091402 

■0070683 

•0053023 

•(8M0752 

'(8)30483 

0-4 

0-5 

•0192166+ 

■0164146 

■0122875- 

•0096136 

•00747^“ 

•0057464 

■0043716+ 

48)32806 

•00'244W)< 

OS 

0-0 

•0168063 

■0125282 

•0009846 

•0078114 

•0060464 

•t«)46300 

•0OS6O72 

-mmv. 

■(K»l«474 

OS 

0-1 

•0128680 

■0102400 

•0080629 

•0062816 

•(8)48417 

•(K)36flie 

•0027843 

4)02(I77(» 

(8116324 

0-7 

0-8 

•0103701 

■0082177 

•0064436 

•0049987 

•0038363 

•18)29124 

•0021870 

•(8116242 

(8)11929 

08 

0-9 

-0082700 

•0066261 

•0060964 

•0030360 

•0030075+ 

•(8)22732 

•0010994 

•0012506- 

■(XX)9I87 

0-9 

1-0 

■0066261 

-0061281 

•0039887 

•0030661 

•0023328 

•0017652 

•0013063 

4)009H15“ 

•I88X199B 

1-0 

1-1 

'0060964 

•0039867 

•0030869 

•0023629 

•0017896 

•0013406 

•(88)9032 

•1X8)7277 

■(88)5272 

1-1 

1-2 

•0039359 

•0030861 

•0023629 

•0018012 

■0013681 

■(8)10128 

•(8)07460 

•(88)6447 

(8)03928 

1-2 

1-3 

•0030075+ 

•0023326 

•0017896 


•0010194 

•(8817567 

•0006655+ 

-00(I4()32 

•(88)2894 

1-3 

1-4 

•0022732 

•0017662 

•0013406 


•0007687 

•(88)5591 

•0004086 

-00029S2 

•(XK^lOO 

H 

IS 

•0016994 

•0013063 

•0009932 


•0006656'* 

•0004086 

•0002971 

4)002137 

•(8)01619 

J-5 

1-6 

•001266S- 

•0009616- 

•0007277 

•0005447 

•0004032 

•0002R62 

•0002137 

4X8)1629 

4X8)1082 

IS 

m 

•0000187 

•0006098 

■0005272 

•0003928 

•0002894 

•(88)21(8) 

•0001619 

•(KX)1082 

4X)007«1 

1-7 

1-8 

•0006643 

•0005037 

•0003777 

•0002801 

•000^34 

•0001490 

•0001068 

•0000767 

•0000631 

1-8 

1-0 

■0004749 

•0003684 

•0002676+ 

•0001075- 

•0001441 

•0001040 

•00()0742 

•0000624 

48)003(16* 

IQ 

2-0 

•0003357 

•0002522 

•0001874 

•0001376 

•0001000 

•0000718 

•0000510 

•(88)0368 

•(X8X)24H 

■2.0 

2 rl 


•0001764 

•0001297 

•0000948 

4KKKM)80 

•0000490 

•0000346 

4888)242 

'(8X8)107 

2-1 

n 

Bi!i> 6 

•0001207 

•Q0QQ888 

■0000646 


•(8)00331 

•0000232 

•()(X)01(12 

4X88)111 

2-2 

2-3 

ei:i!i • (1:1 

•0000820 

•0000601 

■0000436+ 

•0000311 

•0000220 

•0(XK)154 

4KXI0107 

4X888)73 

2-3 

2-4 

•0000748 

■0000661 

•0000402 

■0000290 

•0000200 

•0000146+ 

•0000101 

-oomio 

488)0047 

2-4 

2-6 

•0000499 

■0000366 

•0000266 

•0000191 

•0000136+ 

•0000096- 

•0000066 

•0000046- 

4)000030 

2-5 

2-8 

•0000330 

■0000234 

•0000174 

■0000124 

•0000087 

•0000061 

•0000042 

-<3mm 

'0000019 

2-6 




d/N for f *> — *46 



he. 1-8 

heel-9 

he.2S 

os 

•0049611 


•0027064 

0-1 

•0041288 


•0022406 

0-2 

•0034084 

•0026180 


0-3 

•0027862 

■0020466+ 


0-4 

•0022624 


biiiWoUm 

OS 

■0018025- 



0-6 

■00M27S 



0-7 

•0011181 



0-8 

•0008666+ 



0-9 




IS 




1-1 

■0003777 

■0002676+ 


H 




1-3 


VtYrTf 


H 




1-5 




1-6 


VfcVi’fT 


m 

•0000631 

WT- 


1-8 

•oOooses 


EiiViTtfiH 

1-9 

■0000262 


EjijJjTfol 

m 




2-1 

•0000114 

•0000077 

•0000061 

2-2 

■0000076+ 



2S 

■0000049 



2-i 

•(?OOO032 



2-5 

2-6 

IHI 


•00000088 

■00000066+ 


h-M 


0019716+ 

■0016236“ 

0018231 

•0010072 

■0008618 

•0000726 

0005284 

0004001 

0003104 

■0002347 

■0001764 

■0001297 

■0000048 


0000490 

0000346 

0000242 

■0000187 

■0000114 

■0000077 

•0000051 

0000034 

0000022 

■0000014 

■00000090 

■00000067 

•00000087 


Jk-2-2 


■0014188 

■0011833 

•0009440 

•0007680 

■0000023 

■0004735- 

■0003682 

0002882 

■0002156- 

■0001022 

•0001207 

■0000888 

■0000040 

•0000486" 

■0000331 

•0000232 

•0000162 

•OOOOUl 

■0000076+ 

•0000061 

•0000034 

■0000022 

•0000014 

■00000092 

‘00000068 

■00000036 


h-U 


0010097 -0007100 


0008243 

0006680 

0005324 

■0004211 


h * 2'4 


■0002561 

■0001953 

■0001470 

■0001108 

•0000820 

•0000601 

•0000436+ 

•OOflOSll 

■0000220 

•0000164 

■0000107 

■0000073 

•0000049 

•0000083 

•0000022 

•0000014 


•00000069 

•00000037 

•00000023 

•00000014 


0006778 

•0004646 

0003897 

■0002911 


0001747 

•0001332 

■0001004 

•0000748 

■0000661 

•0000402 

•0000290 

•0000206 

•0000146+ 

•0000101 

•0000070 

•0000047 

•0000032 

•0000021 

•0000014 

•00000090 

•00000068 

•00000087 

•00000023 

•00000014 

•00000009 


h 2'5 


0004945+ 

0004002 

-mam 

•0002639 

•0001090 

Dooms 

•0001183 

•0000897 

0000074 

0000199 

■0000866 

•0000266 

•0000191 

*0000136+ 

•0000096- 

•0000066 

•0000046- 

-0000030 

•0000020 

•0000013 

•00000088 

•00000067 

•00000030 

•00000028 

•00000014 

•00000009 

■•00000008+1 


\-2-6 

•0003403 

•0002741 

•0002186+ 

•0001723 

•0001344 

•oooim 

•0000762 

•0000698 

•0000440 

•0000330 

•0000234 

•0000174 

•0000124 

•0000087 

•0000061 

•0000042 

•0000029 

•0000019 

•0000013 

•00000086-1 

•00000066+1 

•00000087 

•00000022 

•00000014 

•00000009 

•00000006+1 

•00000002 


0-0 

0-1 

9-2 

0-3 

0-4 

OS 

OS 

0-7 

0-8 

0- 9 

1 - 0 
1-1 
1-2 
1-3 
1-4 

1-5 

1-6 

1-7 

1-8 

1- 9 

2 - 0 
2-1 
H 
2-3 
2-4 

S-6 
































Volmnes of the Normal Surface 


d/N for r = — -50 


h = O'O h « 0-1 h - 0-2 h = 0-3 h = 0-4 h ^0-5 i = 0-6 h = 0-7 i - 0>5 


h = 0-0 


■1606607 

■1472109 

■1472100 

■1296KI8 

■12B8643 

■1130216 

■1117443 

■0976650+ 

•0959897 

■08357(8) 

•0818698 

■0708178 

■0687848 

■055)4141 

■0673688 

■0473431 

■0386718 

•0312570 

•0240662 

•0493418 

•0405553 

•0329R63 

•0265442 

■0211319 

•0197727 

■0106407 

•0164710 

■0129603 

■0110721 

•0069821 

■0091816+ 

•007(8)23 

■0069322 

•0067246 

■0061861 

•0042617 

■0038366 

•(8)31363 

■0028042 

•0022814 

■0020266“ 

‘00104(13 

•0014474 

■18)11656 

•0010217 

•(88)8185 ' 

•0(8)7128 

•0(8)608() 

■0004913 

•0003896- 

•0003847 

•0002630 

•0002263 

•0001767 


•lS«Sr)43 

■1130216 

■0im2164 

•(184r>41» 

•0720(165“ 

■0608263 

•0508211 

•0420282 

•0343960 

•0278626 

•()223136•^ 

•0176829 

•0138601 

•0107439 

•0082364 

•0062416 

•(XI46760 

•00:M644 

•(X)25367 

•(K)183r)0 

•(X)13182 

•(MX)9283 

•(X)064H4 

•0004476 

•0003063 

•0002068 

•0001370 


•1117443 

•09765501 

•08454111 

■0724876 

•0615434 

•0617301 

■0430308 

'0354309 

•0288702 

•0232782 

•0185637 

•0146428 

•0114231 

•0088123 

■0067219 

•(KI5U004 

■0037790 

■0027850 

■0020292 

•0014610 

■0010396 

•0007310 

•0005079 

■(KX)3487 

•00023651 

•0001686 

•0001050“ 


•0950897 

•0835700 

•072(Mirr 

•0615434 

■65a)367 

•0435548 

■0380817 

•0295794 

■0239929 

•0192630 

•0162821 

•0119073 

(Kiosm 

•(KI71604 

•0054273 

■0040726 

•(KMIO 

•0022150- 

•0016052 

•(XJ11497 

•iXKIHlSH 

•iXM15692 

•(KX)3034 

•rKJ02686 

•0001812 

•(KH11208 

•0000796- 


•0673688 

•0493418 


■0517301 -0430398 
•0435548 '0360817 

2 '0290376+ 
0200375+ '0246803 
0244321 '0190680 


■0160471 
■0127661 

0124489 I •0100286- 
18)07244 I '0077066 
■0059036- 
•0046653 
■0034227 

•0026422 
•0018663 
•(8)13641 
•0009710 
0008946+ I -(XXIBHHI 

•0004818 
•0003334 
•0002279 
•0001630 
•(8)01027 

■0000677 
•0000441 


•0364309 

•0296794 

•0244321 

•0199680 

•0161464 


•0070918 

•0061823 

•0047286 

•0036760 

•0020728 

•0019748 

•0014421 

•0010408 



•0001704 

•0001144 

•0000769 

•0000498 

-0000323 


■0473431 0-0 

•0406663 0-1 

•0343966 0-2 

•0288762 0-3 

•0239929 0-4 

•0197268 OS 
•0160471 0-8 

•0129134 0-7 

•0102786+ OS 
•0080912 0-0 

•0062984 I-O 
•0048478 1-1 

•0036890 1-2 

•0027761 1-3 

•0020636 1-4 

•0P16167 
■0011017 1-6 
■0007909 1-7 

•0005610 M 
•0003932 

•0002728 2-0 

•0001864 2-1 

•0(8)1260 2-2 
•0000841 2-3 

•0000666+ 2-4 

•0000362 2-5 
•0000233 2-0 


d/Niwf^--BO 


imO-9 h-1-0 


2 1 •0211319 


•0223136+ 

•0188637 


•0124469 

•(88)7244 

•0100286“ 

•(8)77086 


•(8)61823 


•0048478 

•0037687 

•0037823 

•0028814 

•0028814 

‘0021830 

•U02160U 

•0016367 

■0016162 

'0012111 

•0011884 

•0008863 

•0008641 

•0006409 


•0000209 

■0004400 


■0000094 

•0000664 I -0000474 
•0000439 

•0000286 I -0000201 


•0000184 

•0000117 


h = l-2 

&«= 1-3 

U-1-4 

h-l-S 

hml-6 

S 


•0197727 

•0166407 

•0138001 


•0119721 

•0099821 

•0082354 

•0091016+ 

•0076023 

•0062416 

•0060322 

•0067240 

•0040709 

•0051801 

■0042817 

•0034644 

0-0 

0-1 

0-2 

•0114231 

•0088123 

•0067219 

•0060094 

■0037796 

•0027866 

0-3 

•0093142 

•0071604 

•0064273 

•0040720 

•0030210 

•0022160“ 

0-4 

•0076127 
•0060936 ■ 
•0047286 
■0036890 

•0057388 

•0046653 

•(8)36766 

-mmi 

•0043340 

•1)034227 

•002672H 

•0020636 

•r)032367 

•0025422 

•(HH9748 

•0016167 


•0017417 

•0013641 

•0010406 

•0007009 

OS 

0-6 

0-7 

0-8 

•0028466- 

•(K^212D4 

•0016761 

•0011616- 

•0006319 

•0005940 

0-9 

•0021699 

■0016162 

•0011884 

■0008641 

•0006209 

•0004409 

M 

•0010357 

•0012U1 

•0008863 

•0006409 

•0004580 

•0003234 

1-1 

•0012188 

•0008976- 

•0006632 

•0004606 

•0003330 

•0002346- 

1-2 

•0008978- 

■0006574 

•0004768 

•0003403 

•0002408+ 

•0001680 

1-3 

•0006632 

•0004768 

•0003426+ 

•0002436 

•0001712 

•0001189 

1-4 

•0004698 

•000340B 

•0002436 

•0001723 

•0001204 

•0000831 

IS 

•0003339 

•0(Xffi40B+ 

-0001712 

•0001204 

•0000837 

•0000674 

1-8 

•0002346- 

•0001880 

•0001189 

•0000831 

•0000674 

•0000392 

1-7 

•0001627 

•0001169 

•0000816+ 

•0000667 

•0000389 

•0000264 

1-8 

■0001116+ 

■0000790 

•0000563 

•0000383 

•0000201 

•0000176 

1-9 

•0000766- 

•0000632 

•0000370 

•0000264 

•0000173 

•0000116 

2S 

•0000606+ 

•0000364 

•0000246- 

•0000107 

•0000113 

•0000076+ 

2-1 

•0000834 

•0000232 

•0000160 

•0000108 

•0000078 

•0000048 

2-2 

•0000218 

•0000161 

•0000103 

•0000070 

•0000046 

•0000031 

2-3 

•0000140 

•0000097 

•0000066 

•0000044 

>0000029 

•0000019 

2-4 

•0000089 

•0000061 

•0000042 

•0000028 

•0000018 

-0000012 

2-S 

•0000066 

•0000089 

•0000026 

•0000017 

•0000011 

•00000072 

2S 


































to 
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Volumes oftJie Norrml Surface 


(I/2fforr--«S0 


•0028042 
•0022814 
•0018369 
•0020292 -0014610 

•0016062 -0011497 

•0012666 -0008946+ 

•0009710 


0001116+ 


0000816+ 


•0014474 I'OOlOai? 

•00(»188+ 
•0006484 
•0006070 
-0003034 

•0003011 
•00Q2270 

•0003644 -0002607 -{KKUTtW 
•0002723 -0001884 ■0001200 

•0002012 •0001309 -0000020 

4 -oconw 

3 -0000474 

•0000605+ -0000334 
■0000232 
•0000160 

•0000108 
•0000073 
■0000076+ -OGOOIMS 
0000060- -0000032 
0000060+ 1 -(1000032 -0000020 

0000013 
-00000082 
•00000061 
•00000031 
•00000019 

•oooooon 

•00000007 


cijijiViy. 
crixiViEill 


•0007128 

•0006680 

•0004470 

•0003487 

•0002686 

•0002046+ 

•0001639 

•0001144 

•0000841 

•0000611 

•0000439 

•0000311 

•0000218 

•WKWISI 

•0000103 

•0000070 

•0000046 

•0000031 

■0000020 

■(HHXIOIS 

•00000081 

•00000061 

•00000031 

•00000020 

•00000012 

•00000007 

•00000004 




h 2-S 

- 




•0004913 

•0003347 i 

■0(KH;283 

■00im96“ 

HfKKTOO 

•0001767 

•0001370 

•0003053 

•IXX)2n58 

•0002365t 

-0001685 

•1X301060- 

•0001812 

•0001205 * 

•mmm- 

•0001872 

•00009(5) 

•0000596 

•0001027 

•IX)00677 

•0000441 

•0000759 

•0(XXM9« 

•0000323 

•0000665+ 

•0000362 

•(XKKjm 

•0000401 

•0000260 

•0000166 

•0000280 

■(XXX)I84 

•0000117 

•0000201 

•0000129 

•(xxxxma 

•0000140 

•W)00«(9 

•(K)00056 

•0000097 

•(XKKXMll 

•(XXX)039 

•0000068 

•000(XM2 

•(XKKKJ26 

•0000044 

•(XXXXI28 

•(XKXXII? 

•0000020 

•(KXKXllK 

•IKKKXin 

•0000010 

'(XXXX)12 

■(Kxxxxna 

■0000012 

■tXKXXW76 

-IKHIOCXHO 

•oooofxmi 

•0(XX}0045 

•{XXXXX)26- 

'000im)0+ 

•OOOOtX»2» 

•(KXXXWIH 

•ooocxmi 

•(XXMXXIIU 

•(KXKXXin 

■(XXKXXUll 

■OUO(XH)U 

■OfXKXHXn 

•00(XXK1I2 

■(XXXXXKff 

•(XXXXXXH 

•00000007 

•IXXXMXXM 

■mmm 

•00000004 

•OOtXXXXffi 

•OtXXKXKll 

•00000002 

•OQOlKXKll 

•OOOIXKXIO 


d!/JV'forr--.>66 


h^O-0 h = 0'l h = 0-2 h’-O-S h’-O’i 


•1673139 

■1379226+ 

•1197666- 

•1029663 

•0876166 

•0787900 

•0614916- 

•0606918 

•0413324 


•1379225+ 

•1204240 

•1041166 

•0891146 

•0764916 

•0632813 

•0624796 

■0480487 

349227 



•0881696+ 



•0096666 

•0071843 

•0063369 

•003916CV- 

•0028373 


•0222148 

•0174141 

■0134918 

•0103298 

•0078148 

‘0068410 

•0043129 

•0031466 

•0022660 

•0016122 

•0011327 

•0007868 

•0006382 


•0291896 

RTjtM 



•0188697 



•0116486 





•1029663 -0876166 

•0891146 ■0754916 

•0763669 •0643803 
■0847608 -0643300 
•0643306 -0463610 

•0460980 •0374610 
•0308083 
•0247078 
•0197280 
•0155072 

•0121420 


•0071273 

■0063626 

•0039869 

•0020263 

•0021218 

■0016196- 

■0010744 

■0007602 

•0006172 

■0008620 


0001846+ 


m 

33_ 

uT im iK 

• 55)1 


•0000902 

•0000879 



•0737000 

•0632813 

•0637066- 

•0460080 

•0374B10 

•0307766 

•0250014 

•0200806+ 

•0160430 

•0126110 

■0007023 

•0074347 

•0060287 

‘0042098 

•0031101 


•0008176 

•0006673 

•0003886 

•0002627 

•0001764 

•0001166 

•0000762 

•0000482 

•0000306 


•0614016- 

•0624796 

‘0443183 

•0370254 

•0808953 

•0250014 

•0202001 

•0161344 

•0127378 

•0009384 

•0076624 

•0068368 

•0043928+ 

•0U32663 

•0023976+ 

•0017388 

•0012460- 

•0008803 

•0006146 

•0004237 


hmO-7 i 

A « Q-H 

•0606918 

•0413324 

■04aM«7 

•0349227 

•0361895* 

•0291896 

•0300903 

•024130.4 

•0247070 

•0107290 

■02008(»+ 

■0150430 

‘0191344 

■0127378 

■0128143 

•ottxm 

•oloosmi 

•0078495+ 

•0078024 

•0060528 

•0059700 

■0048112 

•0045280 

•0034704 

•0033860 

•0025798 

•0025022 

•0018942 

•0018258 

•0013734 

•0013167 



■0001937 

•0001284 

•0000841 

•0000643 

•0000846 

•0000218 


•0003125- l-(X)O^B 
•0002112 


•0000663 
•0000603 1-0000428 
•0000273 


•0000246+ 


•0000106 













































Vohmm of the Normal Surface 


29 


djN for r = - -66 


h = 0*9 A I'O 


h - f -2 h = 13 h = M h =- 1-5 h~M A =* i-7 


0-0 ■0333271 •O20S69() 

0-1 •0230123 -0222143 

0-2 •0232(KH) •0133007 

fl-3 .0191401 •0160202 

04 •0166072 •0121420 


O'S -OlOOllO 
0‘6 -0000334 
0-7 -0073024 
0-8 *0000628 

0- 9 -0040303 

lO •0035129 
I’l .0020276+ 

1- 2 •0019411 
1-3 -(XIHIOS 
14 •0010205- 

H •0007200 
H -OOlOTn 
1-7 .(KK)353B 
1-8 •0002421 
/■9 


H 

2-61-00(K)073 


•0097023 

•0076024 

•0069799 

•0040112 

•0035120 

•0020430 

•0019061 

•13)14420 

•13)10468 

•(33)7487 

•{3)05202 

•0003093 

•0(3)2544 

•0001730 

•(33)1102 

■(3X3)770 

■(333)603 

■(3X3)326- 

•(3X3)207 

•0000130 

•0(33)081 

l-(333)0.in 


•0200407 

•0174141 

•0143200 

•0110436 

•(3)93686 

•0074347 

•0058368 

•0046280 

•0034704 

•0026276+ 

•0019651 

•0014516- 

•0010688 

•(3317027 

•0(3)5424 

•0003809 

•0002641 

•0001807 

•0001221 

•0000814 

•0000636 

•(3X3)348 

•0000223 

•0000141 

•0000088 

•0000064 

•0000033 


0163136 

0134918 

0110328 


•0066287 

•0043926+ 


•0026798 

•0019411 


•0010688 

■(33)7074 

•(3316402 


0000860+ 


•0126604 

•0103208 

■0083991 

•0067607 

•0053626 

•0042008 

•(3)32663 

•(K)26022 

•0018942 

•0014103 

•0010458 


•0007627 

•0005492 

■0003905 


■0000385- 

•0000260- 


•0095666 
•(K)78148 
•0063174 

•(3)60477 1-0037284 
•0039860 

•0031101 
•0023976 »■ 

•0018268 
•(3)13734 
•0010206- 

•0007487 

•0006424 {-(lOOSSOn 
■0003881 1 •0002707 
•0002741 
•0001911 

•(33)1316 
•00(3)894 
■OOOOOOO 
•00{X)397 
•OOOU269 

•0000167 
■0000106 
•0000006 
•(33)0041 
•0000026+ 

■0000016+ 

•00000091 


•0039160“ O'O 
•0031466 O-l 
•003‘1466- •0024979 0-2 

•0027201 •(MllOOOO 0‘3 
■0021218 -OOIOIOO- 04 

0-5 
0'6 
0-7 

•0004853 0-8 

•0003536 0-.9 

•0003693 1*0002644 1-0 

•0002641 
•0001864 


000(X)46t' 


i/N for r - - -66 


A-W ] A»J-fl h~2-(} A-.2-1 I A-2-2 A -2-5 I A- 2-4 A -2-71 A-2-2 


0-0 -0028373 
04 •0022660 
0-2 .0017884 
0-3 .0013047 
04 *0010744 

0‘B -OOOSnO 
0'6 -ODOOUe 
0'7 -ocoioea 
0-8 .0003846.- 

0- 9 .0002421 

1‘0 •0001730 

14 •ooomi 
H .0000860+ 
1‘3 .0000686- 
14 .0000397 

I'S -0000266 

H -oooona 

1 - 7 -oooons- 

I'S •0000074 
H •0000047 

2- 0 •0000029 
24 .0000018 
2-2 -0000011 
2-3. -00000067 
24 -OOOOOOdO 

2-S 

2'6 1 -00000018 


•0020309 

•0016122 

•0012048+ 

•0000800 

•0007602 

•0005673 

•0004287 

•0003126- 

•0002276 

•0001680 

•0001162 

•0000814 

•0000568 

•0000386- 

•0000269 

•oooom 

•0000113 

■0000078 

•0000047 

•0000080 

•0000018 

•0000011 

•00000069 

•00000041 

•00000024 

•00000016- 

•00000008 


•0014367 

■0011327 

•0008829 

•0006799 

•0006172 

•0003880 

•0002883 

•0002112 

•0001628 

•0001091 

•0000770 

•0000636 

•0000368 

•0000260- 

•0000167 

•0000110 

•0000072 

•0000046 

•0000029 

•0000018 

•OOOOOll 

•00000070 

•00000042 

•00000026+ 

•00000016- 


•0010022 

•0007868 

■0006087 

•0004667 

•0003620 

•0002627 

•0001937 

•0001409 

•0001013 

•0000719 

■0000603 

•0000348 

•0000238 

•0000160 

•0000106 

■0000070 

•0000046+ 

•0000029 

•0000018 

•OOOOOll 

•00000070 

•00000042 

•00000026+ 

■00000016-, 


•0000908 •0004702 -OOCBieO 

•0006382 -0003639 •0002429 

•0004142 0002784 •0001845+ 

•0003160- ■0002103 •0001386 

•0002366- ‘OOOim -0001027 

•0001764 -oooiiee •0000762 
•0001284 -OOdOSil •0000643 

•0000928 -ooooeoa •0000387 

<00(X)6e3 ‘OOOOiBS -(XXIOaTS 
•0000467 -OOOOSOO •0000191 

•0000326- •0000207 'OCOOISO 
•0000223 -OOOOUl 
•0000161 .0000006- 
•0000101 -oooooes 

•0000060 •0000041 

•0000043 -oooooav 
•0000028 -OOOOOl? 

•0000018 <0000011 
•OOOOOll -ooooooe? 

•00000069 -OOOOOOtl 

•00000042 •00000026+ 
•00000026+ •00000016- 
•00000016- -OOOOOOOQ 
•00000009 •00000006+ 


•00000009 -ooooooos- -OOOOOOOS 

•00000008 -OOOOOOOe- -OOOOOOOS .00000002 
•00000006- -OOOOOOOB .OOOOOOOB -OOOOOOOl 



•0002092 

•0001002 

•0(3)1209 

•0000002 

•0000603 

•0000482 

•0000840 

•0000246+ 

•0000172 

•0000118 

•OODOOBl 

•0000064 

•0000036 

•0000024 

•0000016+ 

•00000097 

•00000061 

•00000038 

•00000023 

00000015 

•00000008 

•00000006“ 

•00000003 

•00000002 

•00000001 

•00000001 

•00000000 


•0001372 0-0 
■0001042 04 

•0000781 0-2 

•0000879 0-3 

•0000423 04 

•0000306 OS 
•0000218 0-0 
■0000149 0-7 
•0000106 0-8 
•0000073 0-9 

•0000049 1-0 
•0000033 14 
•0000022 J-2 
•0000014 1-3 \ 
•00000001 1.4 

•00000068 IS 
•00000036 H 
•00000022 1-1 
•00000018 1-8 
•00000008 1-9 

•00000006- 2.6 
'00000003 24 
•00000002 U 
•00000001 2-3 
•00000001 2*4 

•00000000 2S 
2-6 






























Yolurrm of the Normal Surface 


hmO-O h = 0-l h = 0‘2 h = 0-3 h>^0‘S h>^0-6 


0-0 \ 

0-1 
0-2 

0-3 'OdSSSSi 
0-4 '0789827 

OS '0867196+ 
0-6 '0640678 
07 '0436466 
0'« 

0-9 


1-3 '0068066 
H '0073086 

1-5 '0063743 
Il'O <0039001 
•0027928 
•0016732 
•0013764 



•1109204 
•0949036- 
•0803167 
■0672130 

'0666079 
•0464726 
•0367462 
•0263361 '0240602 

■0231362 0188767 

•0180192 '0146060+ 

•0138586 
•0106234 
•0078883 
•0068363 

•0042616 
•0080706 
•0021830 
•0015312 
•0010694 

•0007230 
•0004867 
•0003231 
■0002116+ 

•0001866+ 

•0000869 
•0000646+ 



•0470616+ 

<0384660 

•0310726 

•0247964 



<0068442 

•0040112 

<0036824 



0200039 

<0166633 

0121102 

•0092438 

■0069849 

■0051798- 

•0038012 

•0027526 

•0019667 

•0013862 

<0009638 

•0006609 

■0004470 


•0067196+ 
•0656079 
•0466192 
•0384660 
4321 

3763 
•0202376+ 
■0169396 
•0123970 
-0096193 

•0072166 

-0063984 

•0030869 

-0029040 

■0020876“ 

■0014803 

•0010356 

•0007146+ 

•0004862 

•0003263 

•0002160 

•0001410 

•0000607 

•0000676+ 

•0000360 


•0640678 -I >439466 
•M54726 -0367462 

•0378116' -ososena 

•0310726 >1)247964 

•0262301 -0218)039 

•0202376+ ■0161)3«6 
•016032H •0126430 

■0126430 '{KWilH) 
•0096885+ •0074764 
•0073878 •0066690 


1 •0353029 0-0 
\ -oaossoi 0‘i 
•024(«KI2 0-2 

i •0196147 0-3 
•0166633 O'i 

•0123970 OS 
•OOSH3885+ OS 
•0074764 0’7 

•0066936“ O'S 
■0042798 OS 

•0031749 
48)23239 
•0016783 
•18)116)56 
•«0084«2 


•0065604 -0042294 -0031749 IS 

•0041302 -OailinK 4K)23239 W 

•0030274 ■0022692 -0016783 I>2 

•0021894 -OOlO'iSH * -18)1 19)56 IS 

•0016621 -0011634 -OOOSiOil H 

•0010996 - •0008087 •000)5824 IS 

•0007em -0005560+ 'WlOSttHl !•« 

•0006226 •0003771 •«KK)2684 M 

*0003629 -mnm is 

■0002360' -DOOlOfifl 0001169 t-i 

•0001643 -OOOIOS? •1X810765 ► H 

•0000999 •0000698 -1HKX)481 2-J 

•0000638 •0000442 •{XXX)302 2'i 

•0000813 •0000676+ •0000401 >0000276 mmWI 2‘i 

•0000613 •0000360 •0000240 •0000170 -UODOIU 2-i 

•0000319 •0000222 -OOOOm •0000103 -OODOO^ 2-i 

•0000196+ -OODOlSe- -0000092 •OOOOOffiJ •0000041 2-1 


ilNioitm — • 



0-7 •0066699 
OS >0042798 

0- 9 >0031988 

IS •0023618 
J-1 -0017086 

1- 2 -0012246 
M ‘0008668 
1-4 -0006038 

IS •0004163 
IS •0002816 
17 •0001884 

1- S -0001242 
IS -OODOSO? 

2- 0 -0000616 


h-1-1 


•0170032 


•0111676 


•0116923 
•0092438 

■0072166 

•0056604 I •0041302 
•0042294 




A -IS 

A -1-4 

A -IS 

A -IS 


•0006260 

•0004884 


0002920 •0002026+ 

0001966+ -0001862 


0000660+ 

0000860“ 


•0p00204 I •0000136+ 
‘0000126+ 

•(1000078 i-oooooeo- 

•0000045+ 

•0000027 


mm 
Bxif 

mxiir 


•0001886+ 

•0000917 

•0000690 

•0000385+ 

•0000246+ 

•0000163 

•0000094 

•0000067 

•0000034 

•0000020 

•0000012 

•00000067 


•0098099 

•0078883 

■0062640 

■0049112 

•0088012 

•0029040 

■0021894 

•0016288 

•0011966 

•0008668 

•0006186“ 

•0004868 

•0003028 

•0002076“ 

•00014(» 

•0000984 

•0000614 

•0000897 

•0000264 

•0000160 

•0000099 

•0000060 

•0000086 

-0000022 

■0000018 

•00000078 

•00000042 


•0073086 •0053743 -OOSSOOI •0027928 0-0. 

•0068363 ’0042616 '0030706 -0021830 0-1 

•0046020 '0033364 >0023866 -0016843 0-2 

•0036824 -0026784 -OOISSOO -0012826 0-3 

•0027526 '0019667 -0018862 -0009638 0-4 

■0020875“ -OOliSOa -OOIOSSO •0007146+ 
•0015621 •0010996- -0007633 •0006226 OS 

•0011634 >0008067 ■0006660+ *0008771 0-7 

•0008402 -0006824 •0008081 -mmi OS 

•0006088 <0004163 •0002816 -0001884 OS 

•0004280 ■0002920 •0001066+ •0001804 1-0 

•0002092 >0002026+ ■0001362 -0000890 N 
•0002062 ■0001886+ 'OOGOOl? -OOOOnOO 1-2 
•0001402 •0000084 -0000014 -DOOtm IS 

•0000040 -ooooeai • 0000408 - -oooiwao m 

•0000621 -OOOO^W •0000263 -OOOOieS IS 

•0000406- •0000263 -OCOOIBO -0000107 IS 

'0000260 0000168 •0000107 -0000067 1-7 

•0000164 • 0000106 + -oooooee -OOOOIWI IS 

•0000103 •0000066- •0000041 •0000026+ IS 

•0000063 •0000040 -OOOOlffiO- •0000016+ 2S 

•0000088 •0000024 •0000016“ -OOOOOOSO 2-1 

•0000028 -0000014 •00000086 •00000062 2S 

•0000018 •00000082 ‘00000060+ -00000080 2S 
•00000078 •00000048 •00000029 -OOOOOOn 0-4 

•0001)0046- •00000027 •00000016 •00000010 2S 
•00000026+ •00000016+ -OOOOOOOO •00000006+ SS 





































Volumes of the Normal Surface 


djN for r = — -60 


h = 2-0 h = &‘l A = 2-2 A = 2..!{ 


0-0 •0010732 •0013764 

0‘1 •0016312 -OOIOnOi 

0-2 •0011720 -0008063 

0‘3 •0008863 -0006040 

04 -0000600 ‘0004470 



•0002627 

•0001784 -0001 109 •0000766+ 

0- 9 -0001242 -0000807 -0000616 0000327 

1- 0 -0000863 -0000660+ -0000360- -0000216 

H -0000877 

1-2 '0000386+ -0000246+ 

1-3 •0(X)0254 -0000160 

14 -0000164 -0000103 

1-6 -0000108+ 

1-e -0000066 
H -0000041 
14 -0000026+ 

1- 9 -0000016-< 

24 -00000091 

2- 1 -00000063 
2-2 -00000031 
2-3 -00000018 
24 -00000010 

2-5 -00000006+ 

2-3 -00000002 


0000136+ 


'OIXXIBIS 

■0000576+ 

■0000401 


276 
■(XI00187 
■0000125+ 

■0000082 


■0000023 -OOIXIOIS 

■0000014 -00000082 

■00000086 ■(I0(HXX)50'* 
■(KKX)0052 -(XKXXXISO 
■00000031 •OWXXXllH 
•00000018 '(XIOOOOIO 

•(XKXIOOIO ■0(XKXX)06 
•IXXIOOOOO -(XXXXIOOS 
•00tXX>003 •(XXX)0002 
•00000002 •00000001 
•00000001 -00000001 

00000000 -00000000 



■00(XX)32 

■oaxxffio 


■00(XX)078 

■0(XX}0048 

-(XXXKX)20 

•tXXXKHin 

■OOOIXXIIO 

■OOiXXXXlO 

■0iXXXXX)3 

■()000(X)02 

•OOOlKXXll 

■00000001 

■00000000 


■O(X)OO10 

•0000012 -ooooooe? 

•0000(XJ73 •00<.X)0042 
■00000045-- •00000025'* 


•00<XXX127 

•oocxxKiie 

•OOIXXHJIO 

■(XXX)00«6+ 

■OIKXXKXIS 

•00(XX)002 

•CKXXXXIOl 

•00000001 

•00000000 


■00000016+ 1-5 
■OOlXHXXXI 1-3 
•(KX)01K)06+ i‘7 
■110000002 1-3 
•(XXKXXX12 19 

•(XXXXXXll 24 
•tXXXXXXX) 


H 

2-3 

24 


i/N for r = - -66 


hm04 fc-3-2 h~0-3 h^‘04 Ti-04 h^04 h-0'1 h^04 


04 -13738444 -11814007 
31 -11814007 -10099016+ 
3-2 -10044303 -08631418 
3-3 -08438644 -07120063 
04 -07004026 -06870106+ 

3-6 -06741467 -04778362 
3-3 -04047063 -03830747 
3-7 -08712818“ -08046178 
3-3 ■02027486 -02882012 
3-9 42277480 -01830480 

14 -01747706- -01400800 
1-1 -01322860 -01061473 
1-2 -00987308 -00778314 
1-3 -00726470 -00667016 
1-4 '00626934 -00408430 


1-5 -00876602 -00280468 
1-3 -00266370 -00202140 
M -00184202 -00139071 

1- 3 -00126967 -00004264 
14 -00084868 -00062019 

24 -00066806+ -00041367 

2- 1 -00030794 -00020788 
2-2 -00028678 -00017076- 
2-3 -00016004 -00010718 
2-4 -00000361 -00006624 

2-5 -00006760+ -00004030 
2-3 -00008477 -00002413 


•10044363 

•08631418 

•07169960 

-05036600 

-04888900 

•03920770 

•03182186- 

•02466184 

•01914100 

•01466894 

•01107066 

•00824328 

•00606076 

•00437767 

•00312100 

•00219266- 

•00161762 

•00103476 

•00060404 

■00046966 

•00029041 

-00019206- 

•00012128 

•00007641 

•00004616 

•00002781 

•00001640 


•08438644 -07004020 -05741467 -04647063 -03712815- 

•07120663 •06870108-I -04778362 -03830747 -03046178 

•06036600 -04868900 -03026770 -03132136'- -02466184 

■04880003 -03971028 ■03186490 •02621007 -01060266+ 

•03071028 -03203480 -02660301 -02003120 -01661043 


•03185490 -OXOaOSOl 
■02621607 -02003120 
■01009206+ •01681043 
•01616033 -oimToe)- 
-01162332 -00808361 


-02014634 -01600761 -01206339 
•01660761 -01213266 -00024601 
■01206330 •tK)02460I -00698838 
■00014128 -00694822 -00620632 
•00082012 -00614049 -00382288 

■00602887 -00378609 -00276023 
•00364060 -00270268 '00197226+ 
•00261000 -00101666+ -00138634 
•00183013 -00133767 -00096866" 
•00127666+ -00092010 -00086326 


■02027486 0>0 
•02382012 04 
•01014109 0‘2 
•01618933 
•01186796+ 04 

•00014128 0-5 


•(X)620832 0‘7 
•00884610 04 
•00270866 04 


•00803094 •tX)a68618+ -00602887 
•00637283 '00485747 •00364060 -wayuasoB 'wiBYaao- 
•00463800 -00360460 •00261000 -00101666+ -00138634 
•00382680+ •00240166 •00183013 -00133767 -00096866" 
•00238004 -00174623 -00127666+ -00092010 -00086326 

•00108606+ -001^)428 -00087203 -00002336" -00043846 
•00112284 -00081866+ -00068788 -00041690 -00028080 
•00076864 -00054797 -00038900 -00027326+ -00018800 
•00060488 -00036126 -00026464 -00017677 •00012088- 
•00033082 -00023463 -00016375- -00011260 -00007623 

•00021348 -00014091 -00010367 -00007060 -00004734 
■00013668 -00009434 -00006462 -00004368 -00002894 
•00008484 -00006846" -00003966- -00002648 -00001741 
•00006226- -00003666" -00002394 -00001683 -00001031 
-00008167 -00002140 -00001423 -00000932 -00000601 

•00001800 -00001264 -00000883 -00000640 -00000348- 
•OOOOUIO -00000785+ -00000470 -00000808 -00000104 
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VolvMies of the Normal Surface 




K 

h = 0-9 

0-0 

■02277480 

0-1 

•01839480 

0-2 

■01466894 

0-3 

•01162382 

0-4 

■00893361 

0-6 

•00682012 

0-6 

•00514649 

0-7 

•00382288 

0-8 

•00279866 

0-9 

■00201873 

1-0 

■00143471 

1-1 

•00100446 

1-2 

■00069268 

1-3 

■00047046-t- 

1-4 

■00031466 

1-5 

■000207230 

1-6 

■000134377 

1-7 

•0*86786 

1-8 

■0*63013 

1-9 

■0*83362 

2S 

•0*20308 

2-1 

■0*12170 

2-2 

■0*07178 

2-3 

•0*04166 

2-4 

•0*02380 

2-6 

•0*01387 

2-6 

■0*00740 


d/N for — '68 


Jt 


m 

h = 1-1 

h.^l-2 

b-i-S 


h,^I-S j 

h » 1 

Hi.* f./ 


.01747786- 

■01322869 

•00987308 



iiwDlI 1 ■ 

■ixmniwo i 

■IX)lK4!m 

0-0 

.01400600 

•01061473 

•00778314 




■tMr202140 1 (X)13iXV7} | 

O-I 

,niin7nf)A 

•00824328 

•00605076 




■(K»I517e2 

•(X«0347e 

0-3 

.00863004 

■00637283 

■00463800 




'(XU 12284 : 

■fXX175K64 

0-3 

■00663616+ 

•00485747 

■00360460 


■00174523 


•000«1855+;-tXX)64787 

0-4 

■006028S7 

■00364960 

■00261009 

•00183913 

mm 


■000587«8 1 -tXXKlSOW) 

0-5 

■00376609 

•00270268 

■00101686+ 

mmm 


■1X1062336“ 

■(XXMI.KK) 1 

4X1027325+ 

OS 

•66^6623 

■00197225+ 

■00138534 





4X!l0l««80 

0-1 

■00200701 

•00141806 

■00098699 



BiHIIViklwil 


■00012819 

OS 

■00143471 

•00100446 

■00069268 

•00047045+ 

■tXIU31460 


4)0013438 

4X)lX)}«17ft 

0-0 

■00101038- 

■00070084 

■00047881 


■00021342 


1 f JMl 

•«HXKI(5662 

1-0 

■00070084 

■00048163 

•00032696+ 


■1100142.14 

■(XKXH)2()H 

1 

4KXX).1«tt5 

1-1 

■00047881 

■00032696+ 

•00021861 

•00014423 

mmm 

■IX)0O5B«7 

•00003777 

•txxxvmi 

1-3 

•00032214 

•00021722 

•00014423 

•00009428 

■tX1006068 

■(XKX)3844 

•00002387 

■<XXX1U71 


•00021342 

•000142.14 

‘U0006373 


■000038117 

’IXHXI2426 

•U000148X 

•IKKXXHUO 

1-4 

■000139216 

■0*92084 

•0*69965+ 

•0*38442 

■0*24258 

EillRClM 

■0*0»21l 


H 

■0*86405+ 

■0*68664 

■0*37666+ 

■0*23972 

•0*14078 


■0*06.174 

•wmsbd 

H 

•0*66623 

El! iTi'ifl* V 

■0'2341l 

•0*14714 

Eiijnin>« 

■0*065414 

41*033201 

4HmiK576 

1-7 


El! « 

■0*14284 

•0*08888 

EiuSmI 

■0*03280« 

■OH)l»4.19 

•OHU1367 

IS 

■0*21647 

jfl 

■0*08577 

•0*05284 


■OH)10114 

•0*011222 

■0*(XXMH3 

1-9 



•0*06069 

•0*03091 

■0*018554 


■o*ooe»«H 

■0‘IX)3641 

3-0 

■0*07708 


■0*02948 

•0*01780 

•0*010673 


•(rtxKMMW* 

■0*(X»20I2 

3-1 

■0*04601 


•0*01687 

•0*010081 

•0*006928 


En:ri \usm 

•(mil«04 

3-2 

•0*02686 


■0*009498 

•0*006819 




•0*fXX)6«5+ 

3-3 

■0*01402 


•0*006262 

•0*003081 

•0*001776+ 


Ejlilyrayi 

■0*(XX)308 

2-4 



•0*002868 

•0*001662 

•0*000048 



mmi 

3-6 



•0*001638 

•0*000882 

•0H)00498 




2-6 


& - 

d/Jf for f - .OS 


h-^lS 


11 


&-2'2 

h-2-3 

1 

h - S-S 

0-0 

■00126967 

•00084868 

■00066305+ 

■00036794 

•00028878 

•00016004 

•00000361 

•00006760+ 

0-1 

■00094264 

■00062919 

■00041367 

■00026783 

•00017076- 

■00010718 

•00006624 

•00004030 

0-2 

■00069404 

•00046966 

■00029941 

•00010206- 

•00012128 

•00007641 

•00004616 

•00002781 

OS 

■00050483 

•00033082 

■00021348 

•00013603 

•00008484 

■00006226* 

•00003187 

•00001890 

0-4 

■00036126 

•00023453 

•00014991 

•00009434 

•00006846- 

■00003666- 

■00002140 

•00001264 

OS 

■000264641 

•000163749 

•000103673 

•0*64618 

•0*39847 

■0*23944 

■0*14233 

•0*08327 

0-6 

•000176773 

•000112692 

■0*70000 

•0*43679 

•0*28478 

•0*16836- 

■0N>9320 

•0*08398 

0-7 

■000120847 

•0*76282 

•0*47339 

•0*28936 

•0*17409 

•0*10308 

■0*00007 

•0*03446+ 

OS 

•0*81347 

•0*60818 

•0*81280- 

•0*18014 

■0*11267 

•0*06606 

•0*03811 

•0*02164 

0-9 

•0*68913 

■0*33362 

■0*20308 

■0*12170 

•0*07178 

•0*04166 

•0*02880 

•0*01837 

1-0 

■0*86176 

•0*21647 

■0*12991 

■0*07708 

■0*04801 

•0*02686 

•0*01462 

•0*008136 

1-1 

•0*22693 

•0*13708 

•0*08180 

•0*04806- 

•0*02778 

•0*016800 

•0*008843 

•0*004870 

1-2 

•0*14284 

•0*08677 

■OKieoeo 

•0*02048 

•0*01687 

•0*006408 

•0*006262 

>0*002888 

1-3 

■0*08888 

•0*06284 

■0*03091 

■0*01780 

•0*010081 

•0*006610 

•0*008081 

•0*001662 

1-4 

•0*06444 

■0*03204 

•0*018664 

■0*010673 

-0*006928 

■0*003271 

■0*001776+ 

'0*000948 

1-6 

■0*032808 

■0*019114 

•0*010968 

■0*006181 

•0H)O3480 

-WX)im 

■0*001006 

•0*000632 

IS 

■0*019469 

■0*011222 

•0*006368 

■0*003658+ 

•0*001963 

•0*001066+ 

■0*000661 

0*000293 

1-7 

•0H)11367 

•0*006483 

•0*003641 

•0*002012 

•0*001094 

•0*000686+ 

•0*000308 

•0*000160 

1-8 

■0*006622 

■0*003685- 

•0*002048 

■0*001120 

•0*000603 

•0*000319 

■0*0001661 

■0*0000861 

1-9 

■0*003686- 

■0*002061 

•0*001184 

■0*000614 

•0*000327 

•0*0001712 

•0*0000882 

■0*0000447 

2S 

■09)()2048 

■0*001134 

•0*0008174 

■0*0003807 

•0*0001743 

■0*0000903 

■0*0000461 

•0*0000231 

2-1 

2-2 

2-3 

2-4 

■0*001120 

■0*000603 

•0*000319 

•0*0001661 

■0*000614 

■0*000827 

-wmnn 

■0*0000882 

•0*0003307 

•0*0001743 

•0*0000003 

•0*0000461 

•0*0001768 

■0*0000914 

•0*0000469 

•0*0000914 

■0*0000469 

•0*0000289 

■0*0000120 

•0*0000237 

•0*0000119 

‘0*0000069 

•0*0000117 

'vHK/UU»7« 

■0*0000239 

■o<ooqoo 60 


■0*0000237 

■0*0000119 

•0*0000069 

•0*0000029 

•0*0000014 

2-6 

•0*0000861 

■0*0000447 

■0*0000231 

■0*0000117 

■08X)00069 

•0*0000020 

•0*0000014 

‘0*0000007 

2-< 

•OHX)0042{ 

■0*0000223 

•0*0000114 

•0*0000068 

■0*0000028 

>0*0000014 

•0*0000007 

•0*0000003 


0* indioateB that four zeroa must be placed before the dgntes that follow. 


hm2^ 

•00003477 

•OOOOSM13 

•{X)00164e 

•cxxjon ui 

•tKXKXn’SS'- 

•OK«7M 

•0*08077 

■OH)l»44 

•0*01209 

•0*00740 

•0*0(M463 

•0*002639 

•0*001638 

•0*000882 

-0*000498 

•0*000276 

•0*000161 

•0*0000811 

'0*0000426 

•0*0000223 

•0*0000114 

•0*OOOOW58 

•08X)00028 

•0*0000014 

•0*0000007 

•0*0000008 

• 0*0000001 


k 


0.0 

O’l 

O’S 

0-3 

0>4 

0‘S 

0-6 

0-7 

OS 

0- 9 

10 

H 

1 - 2 
1-3 
1-4 

1-6 

1-0 

1-7 

IS 

1- 9 

2- 0 
2-t 
2-B 
2-3 
2-i 

2-6 

2-6 











Volumes of the Noi'mal Surface 



d/N for r ■» — *70 


h>^0>l ft » 0-2 h=- O'S h « 0‘4 


•mi25!uV 

•(M01H962 

•tl4W0128 

•(>3232461 

■02644562 

•01973133 

•01606763 

•01132840 

•00838360- 

■00610648 

•00437486 

•00308372 

■0021S784 

•00146746> 

•00097694 

•00064376 

•00041698 

•00026646+ 

•00016507 

•00010208 


•04884036-> 

•03970009 

■03106066+ 

•02630404 

•01073133 

•01616204 

•01146612 

•00862612 

•00624477 

•00460030 

■00310030 

•00222466 

•00162636 

•00102839 

•00068161 

•00044408 

•(X)028436‘'- 

•00017893 

•(X)011064 

•00008721 


•00006166 -00004011 
•00003868 •00002362 
•00002182 -O+lSSli 
•0H)7680 
•0+04266+ 


•0+02321 


h « 0-G 

1 

•03872180 

•03026303 

•03127169 

•02420726- 

■02488768 

•01008328 

•01051290 

•01481720 

•01606763 

•01132840 

•01146612 

•00862012 

•00867420 

•00631660 

•00631600 

•00460324 

•00467729 

•00330076 

•00326366- 

•00232790 

•00228806 

•00161471 

•00157838 

•00110124 

•00107028 

•00073838 

•00071349 

•U004866B 

•00046756- 

•00031626+ 

•00030113 

•00020070 

•00019060 

•00012566- 

•00011864 

■00007717 

•00007243 

•00004600 

•00004348 

•00002764 

•00002664 

•0*16104 

•0*14864 

■0*09210 

■0*08461 

•0*06180 

IjiM 

•0*02859 

■0*01640 


•0*00826- 

•0*00739 

■0*00431 



•02328505- 0-0 
•01846664 0-1 
•01440906 O-'i 
•01107722 0-3 
■00838360- 04 

-mmni o-o 

•00467729 0-6 
*00330076 0-7 
•00234126 0’8 
•00163320 0’9 

•00112024 1-0 
•00076644 H 
•00060078 1‘2 
•00032628 1-3 
•00020892 14 

•00013146 I'S 
•0(X)08127 M 
•tKK)04936 M 
•00002946- H 
•00001726 1‘9 



h-0’9 h-io hmH h»l'2 


0-0 •01706282 
0-1 -01386849 

0-2 -oimm 
0-3 -oosieios 
04 -00610648 

O'S •00460080 
0-6 •00328366 
0'7 •00232799 

0- 8 -ooiasasw 

0'9 •00112066* 

M -OOCWCiW 
14 -00060948 
1'2 -00033886+ 
1'3 -00021601 
U .00013607 

14 *00008461 

1- 6 -oodosiea 

1'7 •00003102 

1- S -0*18286- 
1-8 •0*10687 

2- 0 •0*08020 
2-1 •0+08382 
2-2 -OiOm 
2-3 -O+GOOOd 
24 •0*00626“ 

2-6 -0+00272 
2-6 -0*00189 



•01317710 

'01024119 

•00783649 

•00690236 

•00437486 

•00319039 

■00228860 

•00161471 

'OOUiIO-34 

■00070413 

•00061238 

•00083770 

'00021874 

•00013923 

•00008708 


•00988298 •00700303 -OOIOSSSI 
•00744930 •00533269 -00376661 
•00664202 -00399047 •00278404 
•00420509 -00294702 -00203130 
•00308372 -0(2113784 •00145745+ 

•00222466 •00162530 -mim^ 
•00167836 -OOIOTOIW •00071840 
•00110124 -00073838 •00048666 
■00076644 -OOOeOOTO -00032628 
•(XXHK»46 -OGOasasO' *00021801 


■3 h~l-4 h-l-B h-M 


•00348941 •00240314 •00162768 •00108407 0-6 

•00200167 -00177243 •00118742 •00078212 0-1 

•00190826 •00128591 >00085197 'OOOSSiOO 0-2 

•00187881 -OOOOnsS '00060111 ■00038709 

■00097894 •00064376 ■00041698 •00028646+1 


•00033770 -00021874 
•00022000 •OOOI40S4 
•00014084 -00008910 
•00008869 '00005539 
•00006476+ 00003882 


•00006350+ -00003324 -0* 
•00003230 -0*19824 l-O* 
•0*19149 -0*11612 

•0*11152 ■0*06680 

•0*06378 ‘0*03774 

•0*03683 *0*02094 

•o»ome <0*01141 
•0*01070 -0*00610 

•0*00669 -o+oooao 
•0*0(»97 •0*00166+ 

• 0*00162 4mm 

•0*000766 *0*000416+ 


•miQ2m 

•00071840 

•00048666 

•00032628 

*00021801 

•00013923 

•00008860 

•00006639 

•00003402 

•0*20622 


• 0*12161 


• 0*04046 




•00068161 

•00046766” 

•00031828+ 

-00020892 

■00018807 

•00008708 

•00006476+ 

•00003382 

•0*20622 

•0*12232 

•0*07160 

•0*04116 

•0*02324 

•0*01288 

•0*00701 

•0*00376- 

■0*00197 

•0*001013 

•0*000612 

•0*000264 

•0*000124 

■0*000069 


•00044408 •00028435+ 
•00030113 ‘00019060 
•00020070 •00012668- 
•00013146 00008127 
•00003461 -ooooeieo 

•00006360+ 00003230 
•00003324 ■0*10824 
•0*20287 •0*11962 
•0*12161 -(mOTS 
•0+07160 -(mile 


•0*04141 

•0*02361 

•0+01311 

•0*00718 

•0*00386 

•0+00204 

•0*001066- 

•0*000637 

•0*000268 

•0*000131 

•0*000063 

•0*000030 


•0*02361 

•0*01319 

•0*00726 

•0*00303 

•0+00208 

•0*001086 

•0*000666 

•0*000279 

•0*000187 

•0*000066 

•0*000032 

•0*000016" 


•00017803 6‘6 
•00011864 \0‘8 
•00007717 
•00004936 
•00003102 \0-0 

9 \l-0 
2 

•0*06196 1-2 

'0*04040 1-3 

■0*02324 M 

■0*01311 1-6 

•0*00726 1-6, 

•0*00306“ 1-7' 
•0*00211 1-S I 

•0*001108+ 1-9 

•0*000660 2-0 

-mmt 2-1 

•0*000142 2-2 
•0*000069 B’3 
•0*000083 24 

•0*000016+ 2-6 
•0*000007 2*6 


0* iadUofttM lotn iMiro* muil 1» pUoed before the figures thet folknr. 




























ft-W 4 = h^2-0 


00070087 

00050643 


00024499 

00016607 

00011064 

00007243 

'00004660 


•00040696 

•00032232 

•00022362 

•00016237 


Kj] 

m 

{im 

552iz 

fflm 

5555]1 


•00006721 
•00004348 
•00002764 
• 0 * 

•O' 

•0H)6878 


•00028912 -00017978 
•00020161 -00012393 
•00013821 00008397 
•00008312 -00005591 
•00006106 -00003658 

•00004011 •00002362 
•00002664 
•000016104 
•(W)9936- 
-08)6020 

•08)3683 
•08)2094 
•0811202 
•9810677 
•98)0376- 

•08)9204 
•98)01086 
•08)00669 
•08)00292 
•08)00147 


555s 


H -08)00007 *98)00008 
2-B -08)00003 -08)00002 


•09010986 
•00007486+ 
•00008012 
•00003298 
•00002132 

•0‘13544 
•08)8461 
•08)6180 
•08)3118 
>08)1844 

•08)1070 
■08)0610 
•08)0342 
■08)0188 
•08)01013 

•08)00837 
•CH000276 

‘08)00142 

•08)00892 08)00146 -08)00071 
•08)00147 •08)00072 -08)00086+ 

•08)00073 -08)00036+ >08)00017 
•08X10035+ •08)00017 •O'OOOOOS 
•08)00017 -OKIOOOOS -08)00004 
•08)00008 08)00004 •08)00002 
•08)00004 '08)00002 *08)00001 

*0*000002 *08)00001 
•08)00001 


•08)1141 

*08)0647 

■O'OOSOO 

■08)0197 

*08)01066- 

•08)00666 

•08)06287 

•08)00146 

*08)00072 


[5j5T~ 


08X10661 

08)00612 

08X)0268 

•08X)0137 

08)00069 

'08)00034 

'08)00016 

•08)00()08 

•0*000004 

■ 0*000002 

•08)00001 


iiiMlijilH I 






ilN lor f - - *76 


hmQ>l hm0-& hmO-3 h-0-4 h-O-S k-M 


A 


07937492 


•06178732 


■03996170 I 08166836 
'03061764 I -02418803 
•01808369 
■01330089 


•00682714 ' 
•00476664 


•00217076 

•00143371 

•00092476' 

•00068481 


•00013116 

■00007663 

•00004374 


>00000721 

•00009879 

•0*01064 


•07896614 •06893670 06096068 
•06462260 >06178732 -04083268 
■06206686- •04127627 •03218180 
•04127627 <08286663 -02403843 
•03218190 •02493843 -01899393 

•92466872 -OlSSOOeO •01421880 
•01368381 -01406840 ■01044640 
•01876892 •01027667 ■00763871 
•00099731 •00787442 •00684028 
•00718489 •00619488 ■00871286 

•00499786+ •00369100 •00288188 
00343664 •00248660+ 'OOlOflaSi 
•00281690 •00162018 •OOllim 
■00163269 •00106696+ -00071483 
•00099416 •00067606 -00046077 

■ 'Ofloesoao •00042391 •00027801 

•00089422 -ooooooeo *00016876 
■00024090 -00016691 -00010016 
•00014426 •00009260 *00006824 
*00008466+ •00008364 *00003317 

•00004886 •OQOOSOSS -OOOOlSei 
•00002740 -00001682 •00001011 
•00001512 -00000914 ■00000841 
•WOOOBW '00000486 •0*02888+ 
•00000482 •0*02638 *0*01464 

•0*02287 •0*01292 •0HX)780 

•0*01136- -0*00648+ -0*00389 


•03996170 -03081764 -02336334 -OHiOeM 
•03166336 -02413803 >01808369 -01330939 
•02466872 01868381 01376392 ‘00098731 
•01880066 -01408849 •01027667 <00737442 
•01421330 -01044640 -00768871 •00034020 

•01060303 •00762221 -00642047 •00379547 
•00762221 •00646964 -00888772 •00264082 
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A THEORY OF THE SAMPLING DISTRIBUTION 

OF STANDARD DEVIATIONS. 

■ 

Br T. KONDO. 

Seotion I. Moment Coepfioibnts of the Standard Deviations oitTAmEo 
IN Samplino in terms op those of Variance. 

(1) InirodmUon, 

The standard deviation is one of the most important statistical constants, and 
with regard to it numerous researohes have been made. 

Suppose that from an infinite population, in which a ohaiacter is measured by a 
variate ai, samples of size N ate drawn randomly and that this process is re^Ksakd 
indefinitely many times, then the standard deviation cr of the variate x will vary 
from sample to sample, 1 propose to consider here the distribution of a- in such cases. 
Concerning this problem several researohes have already been made* but some of 
them are only for a particular, not a general, parent distribution, and in others the 
degree of approximation in the results is not close enough for many purposes. 
1 want here to deduce some general formulae for the sampling distribution of cr bo 
a degree of approximation higher than that already obtained from a now point of 
view and by a different method of deduction. 

No'w any distribution law of a variate ® can be defined by the moment co- 
efficients for this distribution, If we can find the first four moment coefficients or, 
in the usual notation, /aa' about a fixed origin and /i,, about the mean, then 
we have as a rule enough information to define the distribution of frequency with 
sufficient accuracy for practical purposes. 

The deduction of formulae for and fi^(ra2, 3, 4) of cr in sampling U the 
primary object of this paper, 

(A) The first Method of Deduction. 

(2) Let ^{a) be the probability function of a continuous variate a?, X, the sth 
semi-invariant of the distribution of ®, and jif the fth moment coefficient about a 
fixed origin; then the X*s are defined by the identityf* with respect to w 



• See "Student,’' BiamtHhi, Vol vi. {Match, ISOS); K, Peatson, IWd. Vol. xn. p. 877 (Nov. 1918)5 
0. 0. Oraig, Meftion, Vol. vn, No. 4 (Deo. 1928). 
t Originally due to Thide, 
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Expanding the right-hand side, we have 

f + « to f+tP 

I 0 {») e*" 05® = -rr I ^{x)a}^dfD 

J -GO laQ ^ 1 j *C0 


W It/ 
: 2 
4ai0 ^ * 


Equating the coefficient of the same powers of o, we get the following well- 
known equations between the Vs and jjt!% 

/*! = ^ 

Hi = Xa + 3XaXi + 

ft/ *“ X 4 + 4 X 3 X 1 + 3X.3i* -f- 6 XjXi* -h Xi* * .(2), 


and so on. 


Now let us choose the origin at the mean of as; then since n/ =Xi=0, we have 
/^“Xa, 5 = X 4 ■+• 8 X 3 * 

/ig = Xsd* lOXgXi, /Ufl = X3 -I- 15X3X3 10X3*4- 16X3®, 

= 21X5X3 -h 86X4X3 -J* IO0X3X3*, 

/itg = Xg -|- 28 X 3 X 3 4- 56 X 5 X 3 *f 35 X 3 * -f" 210 X 4 X 3 * "1" 280X8*X3 4- 106 X 3 *, 

/I3 •* Xg -I- 36X7X3 -h 84X3X3 -t" 126X5X4 4 " 378X5X3* -h 1260X4X3X3 H- 28OX3® 4" 1260X3X3* 

(3), 

and so on. 

(3) Let us consider the case where m is the standard deviation cr ; then 

2 ; hrfiir (•+« 

gr»l s| ^(a-)e^“c?or (4). 

J -ta 


But the irequency of 0 - is the same as that of the variance /tg, Therefore, if Jag be 
the mean of ft^ in samples, y the deviation of ft* from fi,, and (y) the frequency 
function of ft,, then since 

<f> (<r) do- = <I> (y) dy, 


we have 
And 


5 Ml! 

gr-l rl , 


'f ‘I>(y)e"*-^^'''*^dy 

J -eft 

❖(y)«"*'^^^>^dy- [ ^(y)e"'^^(^''’5») dy 


.(S). 


dy 


Therefore if we write 


then 


'**”1 


z 

er-J 



<-0 *1 


( 6 ). 

.(7). 
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Differentiating tlie identity (7) with reapeot to a and equating the ewfficionte 
of the same powers of «, we have 

** Xg + ttiXi 

“a (M*)^ =s Xg + SfliXg (/ig)i + dgXi^g, 

On (/^)* = Xg + SoiXa + SwjXg^g + ngXi 


.( 8 ). 


• 

We shall assume that it is justifiable to insert into the integral (6) the 
expansion of the binomial*. Then 

+=« (^) + c« {ff + -.+C,r { 0 + .... 

Avhere cg.^ is the coeflSoient of the (r+ l)th term of (I + 0 :)% or numerically 

11 e n 


1 1 

Cj.g«g, = Ci.i 

21 


0l.8' 


33 


1024* 


5 7 

128* ®^‘“2.56* 
420 


Cgg ^ Cg,8 0 J 

3 1 8 

0a.» ^ g ) Cas Jjg * ” Too * * “ 


82708’ ••• 
3 


128' 


250’ 


Oaa ' 


9 


99 


1024* ®‘’““2048’ ‘^••*”32768'”*’ 

Oag^l, cg.3ac4.« = ...»0; and 80 on ,.{9% 

Now let gJIf^ be the pth moment coefBoient about the mean for the distribution 
of lit due to random sampling, and let us write 


^ tAf, 
^ 2vji^ 


.( 10 ) ; 


then 




rml 

eo 


«! + 5 ^gJlf, 

S»l+ 2 2''Ci.r«V. 
r«l 

But tMt^ 0, consequently mg = 0. Therefore 


a(=l+ 2 S'otrTO,. 


!•=* 


( 11 ) 


* 1 + 4c<.,wi, + SotsWg + leoigwig + . . . ( 1 « 1, 2, 8, 4, . . .> 
* This oonaition it di«onB«ed bter, gee Art. (16). 
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If we eliminate the Vs from the equations (2) and (8), we get 

/il' = Cfi 

fit — a%ptt 
/la' = aa 

(12), 

where the /i"s are the first four moment coefficients of o- about (7« 0 in sampling. 
Now, for simplicity, let us put 

ai«=a, aa = a + a*\ 

then from the equation (11) 

^ mt ma R .7 21 33 429 ^ 

««» 1 - - gm4 + g ins- jgTMa + ^ m, - j^m8+ .... 


6 7 21 33 

a! = 21114 - ina + W4 - 1 7ns+|»ie — ^ WI 7 + ■— Ws- , 


,...(13J, 


and since agnl, J. +4ni4, from the equation (11), the equations (12) become 

/ii' = a V/t*, fit — pt, 

/n'«(a + a')(p*)*, 

and •4>4,m4)(/I|)*.....> •(14), 


But if S' is the standard deviation of the parent distribution and N is the si^e of 
repeated samples, it is well known that 


pt ^ Mean fit 


N-1 
■ N 


ff*. 


Therefore the above equations for fi"s become 


and 


, /^'-l . , i^-l„, 

/ti “ y — 2^— «<!•, fH “ - » 

(«+»') S’. 




(in 


Now the mean of tr and the first three moment coeificients fir(a) about the 
mean can easily be deduced from the equations (14) or (14') by the well-known 
equations connecting /ir'’s or ftr% and the following equations are the results 
0 Wined ^ 


Meano- 




/44(ir) = (l-«‘)?i,-(^)(l-«>)?‘ 


(16 a). 
.(166), 


* Of. Oiolg, Im. di. 
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;i8(tr) = [a'-2o(l-a>)]Vpr* 

- (^^)* [o' -2«(1 -<<•)) (>*')■ 

^*(«r) = [4 (m* - oa' ) + (1 - «*) (1 + 3a^)] ?*• 

“ “T (^6- ««') + (1 - a‘) (1 + 5* <16 rf), 

and consequently 

(r^saa.l>. of a 

ss V(l — a*)]Shi*=»/^ (1— ff 

= 

^,(«r) = /i*(<r)/;i»(«r)*= y“f 


where Jit and aAfr are the mean of the variance m and the rth mouuint coefficient 
of fit in sampling, further; 

while a, o' are given hy the equations (13), 

The equations (15) and (16) give respectively the first four moment coefficients 
for the sampling distribution of er, its standard deviation, also the M)d j8| of cr 
in terms of mt, a, a' and ^ai or in terms of lilfr. They will all be exact expres* 

sions provided that the expansion of ^1 + within the integral of (6) is justified, 

a condition which is discussed later*. 

(B) The second Method of Deditciiofn, 

(4) We can deduce the equation (16) and consequently (16) also from another 
point of view. 

Since <r « Vjaii = Vjj| + B/*t) 

where 8^ is the sampling deviation of /*, from its mean, if 8<r is the deviation of 
<r from VpJ, not from the mean, then 

O' «= + Scr a(;si)4 Vi + S^/ji* ; 

therefore Str = ((1 + A)* - 1} (17), 

where A stands for Bfitfjit. 

Assuming — < 1 as before*, we have 

So- s (oi A + ojA* + cisA® +...), 

where ar=»0i.r(»''=l, 2, 8, ...) and is given by the equation (9) in Art. (S). 


* Sm Alt. (16). 
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Now let Vr be the rth moment coefficient of a about ffsaVjSg, and let ue use 
brackets [ ] for “mean in repeated samples”; then 

vx = Mean Str *= ^ 2 Cj.r 

= ( 2 2 '‘CuWr') , 

\r«8 f 

therefore vi'“V^a(a — 1) (18 a). 

Also from the equation (17), if we find (Sa-y (r = 2, 3, 4), and write aa follows : 

(So-)* = fin (6* A* + &a A* + 64 A* + .. .), 

(So-)* = (jag)* (cj A* + O 4 A* + Cj A® + . . .}, 

(So-)® - (/!,)* (d 4 A* + dj A® + dg A* + . . . ) , 
then, after calculation, we get the following values of the coefficients : 

1. 

128' 


7 . 1 I 1/6 

bt—g, 11 .- 54 . 


65 *=“—: 


J ^1 fr. Jl 

"«“5l2’ ‘^*‘"'1024' ‘’•"16384' 
18 9 7 

C8 = gi ^*=’■"32’ *^®“l28' 


38 

1024“ 


429 


128’ 
3 


45 

‘’^"1024' 


297 

®®"“'8192' " 


‘^*”16’ ‘^®" 16’ ‘^”128’ 64’ 


165 

4096' 


Now if we find the mean values of (So-)*, (So-)* and (So)*, we got 
vt ■« Mean (So-)* jlg 2 (hr [A*"]) 


Similarly 


But 


«'/iIg( 2 ^ 2 *' 6 r*»rj (18 S). 

t>g’ *» Mean (So-)* a= (jSg)^ ^ 2 2 '’CrnJ,.^ (18c). 

V 4 — Mean (So-)* «® (jig)* ( 2 2’‘drnir^ 

\r-i J 


(18 d). 


7 , 21 83 , 429 , 

■ jwg -h I wjg — ;j W6 - 4 - -g- w* — -g-. W7 + Wg — • • • [- 


vt *=JZg-|ntg — ) 

- fo 0/1 6 ^7 21 ^38 429 . \1 

- « f - 2 - -J- + . 5 -- g ». + g - j-j M. + J5 - J55 «. H- . . .)} 

«/Zg(2-2o) (18 5'). 
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Sinnilaxly "we can transform the equations (18 o) and (18 d) into th© following 


forms : 

(a' + 4 (a -1)1 (ISC'). 

vi = (^a)* + 8 (1 o) — 4a^ ) ( 1 8 


Hence we can find the mean cr and the firat three moment coefficients about the 
mean in the sampling distribution of o*. 

In fact from the equations (18 o), (18 V), (18 o'), (18d') and well-known formulae 
connecting v"s and ^’s, we get 

Mean <r = (^a)^ + Vi'=<aV/Za, 
fjtt(cr) =» Vi - vi* = ^ (1 - a*) ; 

similarly 

#t»((r)-(Vp,)* {«' + 4(a- 1) -8 (a - 1) (2 - 2a) -f 2(a - 1)») 

= ('^?*)*K- 2a (!-«•)), 

and (a) * [4ima + 8 (1 - a) - 4c' - 4 (a - 1) [a'- 2o (I - c*)] 

-6(o-l)»(l-c»)-(a-l)«} 

= (^,)* {4 (m, ~ aa‘) + (1 - a») (1 + 8a»)). 

These equations are the same as (16 a), (16 b), (16 c) and (16 d) respectively, already 
obtained in Art. (3), 


SsoTioN II. Mombkt Coefficients of <r in teems of the Constants 
OP THE Sampled Population. 


(6) Now if repeated random samples of size JV be drawn from an infinite 
ppulation which is specified by the standard deviation a, and the constants 
■■■ 0fi where 


^tr-l = 


Mtr 






then it is well known* that the first four moment coefficients of the sampling 
distribution of the variance are given by 


tMi => Mean nt «« 


J»-~l 

N 


a* 


09), 

^ Biomtrtha, Yd. m. pp. ISS-dj A, E, B. OhwMh, Ibid. Vol. avn. 

'PP* 88* 
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where itsj — — 8/82 “* 6 ; 9 i + 2, /?83 = 3;84--21y§2— 18/§i + 26 

*84 = 3^4 - 33^2 - 22^1 + 64, ku = 0i- 15^% - lO0t + 30 ; 
*41=3(/^2-1)*, 

*48 = ”■ 4^4 — 24/9'a ~ 15/^a* + 4»Bj5% + 96;S'i — 30, 

* 44 = 4/?8 “ 40^54 - 96y§'a - 64/^»* + 336;§s + 628/5i - 306, 

*46 = 6/?9 - - 102^2* + 924y9', + 1282/?x - 1044, 

*48 “ 4/9i - 88A - UOjSt - 96/^, » + IO 6 OA + 1360;^i - 1396, 
*47 J ^8 - 28/§4 - 66 ;^s - 36^»» + m$t + 660/Si - 630. 


Therefore if the approximation is good enough up to 2^*4 , we can express ni and 
/It, fii and fii at once in terms of ? and the /^'s, i.e. in terms of the constants of the 
parent distribution. 


Suppose further that we neglect terras of higher order than then 

- wig , «s 6 f ft 

a»l- ^ + -^- ~gm 4 , a - 27 n 2 -ma + »?i 4 , 


where 


mg' 


1 f A 

w 4irr 

1 /A-1 . 1 \ 

55 (.--2-+ IS j' 


■8 + 


2i^ 


iV-l 


^8 *= g^g (A “■ 3A “ 6 A + 2) 


‘( 20 ). 


7^4 


3(A-1)* J_ 

and ( 1 %^—vr- ir*. 


16i\r» 


N 


Substituting these values of a, s', ^ and the m’s into the general and fundamental 
equations ( 16 ) and ( 16 ), after transformation and simplification, we get 


Mean 0- w 

fi*((r)« 




A +3 8 A- 16 A»+ 14 A“ 48 A -661 


^ 1282 /» 

4 A-TA* 4 - 10 A'- 24 A -231 

BN 


■(21a)i 

.(2U), 


M8(<r)» j^{ 2 A- 3 A‘- 12 A+ 1 } (2U), 

and ' /*4(<r)-j^0^,-l)*a^ ..(21(2); 

consequently 


_ l./A-K, 4 S.- 7 /J/+ 10 A- 24 A -281 , 

T.-jV -S-f 18 (^1)5 (**•> 
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In the cases where the parent distribution is normal; since 
/?i=aO, and 

/ 3 7 ^ 

we have Mean o- «= f 1 — 32/?*/ 

A (o-) “ 3 |l + .... 




( 226 ). 


Some ot the equations (21) and (22) have been already deduced by Prof. 
K. Pearson*. 


Now we must notice that the above approximate formulae have been obtained 
by neglecting terms of the general equations (16) and (16) in two different ways, 
Krstly we neglected the moment coefficients iMr for r*>4, and secondly we 
neglected those terms of order higher than N'K 

But such a double method of approximation cannot be carried through correctly 
unless we know the order of tUff. 


(6) Now if \f be the serai-invariant for the sampling distribution of the 
variance /^, and N the size of the repeated random samples, in the semi-invariant 
theory, it is known that (i) \r(r»2, S, 4, ...) is independent of the origin, and 
(ii) \r"(r=s2, S, 4, ...) is of order r - 1 in and from the general equations (3), 
we have 

+ 10X(|X-g, 

jllfi»x*+16X(iXj-l-10V+l®V. and so on ....,....(23). 
Thus we can find the order of the coefficient %Sff, 

For instance, if we can assume that the approximation is good enough only up 
to the order JV~* since gUf^ (rS 6) is of order /?""* or higher, we can neglect these 
fAfr and at the same time we can neglect those terms of Wr(rs»2, 3, 4) of order 
higher than N"*. 

This is the case treated in the foregoing article as an example. 

Secondly, if we can assume that the approximation is good enough when we 
include te^s up to the order only, we may neglect |il/r(r«7, 8, 9, 10, ...), 
and at the same time those terms of wv (r <6) of order higher than 

• Bee BUmtrilm, Yol. xii. p. 277 (Nov. 1918). See also Ortilg, Joe. eit. 
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This is the cose treated by Dr 0. C. Oraig. His results are given as the semi- 
invariants of the sampling distribution of <r in terms of those of the parent 
distribution, but his final results correspond to those which will be obtained by 
neglecting the highest order terms in N~^ of my general approximate formulae, 
given in Art. (9). 

The formulae, obtained in these two oases, give us good estimates of the mean cr, 
/xj(o-) and tr, if A’’ be not very small, and also of naio) and /9i(cr) if N be large, 
but we cannot get good estimates of fit {c) and /Sg (tr) unless N be very large. 

Thirdly, if it be necessary to proceed to a further approximation and include 
terms up to the order N~*, we can neglect tMr (r = 9), for they are of order or 
higher, and at the same time we can neglect those terms of 7Hp(r = 2, 3, ..., 8) 
of order or higher. Such an approximation is necessary for the calculation of 
/9a (o^), and with such approximations I shall now deal. 

In this case we have 



gMg — Xg, gMg^ Xg, 

gilfg = Xg + lOXgAg, 

gilfg = Xg + 3Xg*, 



gilfg s= ISXgXg + lOXg* + 16Xg® (approximately), 



gilf 7 = 105Xg*Xa 

( ). 


and 

gilfg «105Xg« 

( .. ) 

(24). 

And also 

, mg 5 ,7 

“ = 1-T+ 2 -8®< + 8“> 

21 , 83 420 

“16 ’'**■^16^^128’’** ■ 

(26 a), 


a' 2mg - wg + w* -* + 5 

21 , 33 

nio- Y’”T + '^nig 

(25 b). 


Now the equation (24) suggests that to get this degree of approximation we 
have at first to find iMg or the corresponding semi-invariant Xg* 

The values of gMs or Xg for the sampling distribution of jug were not known until 
recently, but they have now been found by R. A. Fisher and published with many 
other valuable results in an important paper*. 

(7) R. A. Fisher’s “outnulabivo moment function” Xr is tho same as the usual 
aorai-invarianb Xr, introduced by Thiele, but his *' A-function " is a new function 
defined as follows ; 

Mean «, 

A® 

and so on, 

* B. A. Fisher, Proeeedingt o/ tht London Malhmaiical Booiety^ Sen 2, Vol, xxx, Fart 8 (Dec. 1928). 
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where Sr>»iS(of) is the power eiim of order r for any variate ®, and 

1 

/i,. » ^ jS (® — Mean ivy 

as usnal. 

Fisher uses «(2®) to denote the fifth cumulative moment fnnction of (bn to 
sampling, and his expression for /c (2®) is as follows : 

/««s *ln 40AfgAra _ 80 (N — 2) /fj/cs , 40(511* ~12lf + 9) jct ^4 

' 

. 16(JV'-2)(6J^a-12JV+l7)*** . 480^e«»* , 1280(jy~2);fg®3y, 

+ WW'-' 1)* •" 1)* 1)® 

. 320(4i7*-9i\r+6)/e4»«a . 480 (2iV* - VilT + G)«4*,' ^ 1920>r4(^,» 

+ — jRm? — + — }/-‘Vf=ir — 

, 1920(2/'- 2) *8* . 88W 

(i^r- 1)4 

whereof is the eth cumulative function of the parent distributioi). In this equa- 
tion if we neglect terms of order If-* or higher, we have 

K (2*) “ ^ {®tt + 40®8*4 + 80*7 «8 + 200*e«4 + 96*s* + 480vi*i* + 1&80 *b*»/c» 

+ 1280*4**8+ 980*4*8* + 1920*4*8* + 1920*i**8* + S84*,*) 

4 

= jp Toff“, say (25 c). 

If we transform the above equation into terms of the /5's of the patent distribution, 
we get 

4to « /?8 - 6/§t - 40^t - 10/Si (y?g ~ 2) - E0;^8 (^a / - 16) 

+ BO/Sa (j§a + 12A - 2) - m0j§i + 24 (20). 


(8) Now, by the definition of *,, *<2*) is the coefficient of in the following 


identity 

.li" (ri)""'* 


And since *1^9 j-— 
iV- 

■j /ta, and consequently the frequonoy of kt is the same 

as that 

of fit, we have 



therefore 

iVr ^ 


and in particular 



.(27). 

But 





T. Kondo 


47 


Therefore sAfj = 10 . . jA/g + * (2®) 

= 10 . jAfg . ailfg + ^ ffW (approxiinately) (28). 

Now we can find the expreaaiona for m*B in terms of 0’b which are necessary for 
OUT present purposes, and consequently can find the expressions for the mean or and 
ttri<r) ir — 2, 3, 4) up to the order N~*. 


(9) Let us next proceed to find expressions for all the m’a up to the order 
N'*, which are necessary for our present purposes. 


Since 


aAft 


' ~ ^ **■ 

_ a^« _ 1 1 , I \ 

'“4/x,*”2JV\ 2 

“ ^ ■’* ( ftPPro3fitru»tely) . . .(30 a), 


where p ** i (4a - 1) (31)* 

Similarly from the equations (24) we have 

“ 8T» {? - (approximately) (306), 

where j « 4i ~ 04 i - 1 (82), 

^ “ 4F* I (approximately) (80 c), 

where - 2448 + 724i — 4g— 122>* + 36p - 1), 

aAf* _ ^8 , 

®"32jE,» 32;ia«‘^ ^ 32/Z,® 

= (? ” ^ + ^(120p* - 70p + 6gr + Tpl (approxiinately) 


(80 d), 

«jg » jsp* + ^ (36p»8 + g* -• 12pg)| (approximately) (80 e), 

my - (approximately) (80/), 

106»* 

and W8“jg^ (approximately) *(80 p), 


If we substitute these values of the m’s into the expressions (26 a) for a, and (26 6) 
for a', after simplification, we hare 


„ 1 P T, Ta T4 
“ MP“2048F* 





.(88 a). 

.(886), 


and 
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■where 

T^=■15f+l^p-^ + ^ 

= i (~ 

Ta = 60ia + 3152>® - 70/) {q - 6p) ~ 64^ (3j) - 1) + 32 

= i (40A - 280^44f, + 1204^4 - ® ■“ 

-263/?. + 2160/Ji+1061). 

T4 = 1260i3 (^« - 24.^ + ’72/5i) - 224 to + 45045i)« - imOfq + ««040p» 

+ 26160^^- lOOSOpijf + 420t;* - 13U12/) + 800</ ^ A2.01 f 15312, 

- (- 896 (/§a - 40;§5) + n20;§a (!)/§, - 5> + 26880/?, ” 7 5 

+ 45046/?,* - 44100/?, ‘ + 10080/?i (33/?,‘ + 22/?, + 24) - +770/?,» - 66606^, 

+ 532832/?! 

and 

Ta' ss 625® + 6jJ — 2 + 8 

= J(3/?,»-2/?4+12j?i + 18), 

Ta' = 2/?, - 48/?a + 144^ + 1 06i?» + 120/ - 25])7 - 24p - 83 + 62 

- 384/?, + S6/?4 - 100/?i/?a+ 106^,* - 63^,* + 600^, /?i - 185^, 

+ 930/?!+ TO), 

r,' <= 210p (/?,- 24/?, + 72/?!) - 40 to + 6930p* + 10710/- 2206/3 + 4.296/ 

- 1680P3+ 70«^- 3170p + 184? + 128/?x + 1216 

= 80 (/?8 - 40/?,) + 40/?a (21^, - 11) 

+ 2/?, (280/?4 - 2206/?,* + 1460^, — 8300^1 + 631 ) 

+ 480/?,(6/?a//?i-42/?a-38) + 180/?,{147/?,®+106/?,+ H2/?x) 

+ 3466/?,* - 3160/?,* - 738/?,* - 8894/?, + 49372/?! + 18613) (34 6). 

Subsfcibuting these values of «, a' and m, into the general equations for the Mean cr, 
/la(o-), /*8(o-) and /*4(ff), and neglecting terms of order or higher, after long 
transformations and simplifications I have obtained the following results: 


f-i P + 2 T, — 4p + 4 Ta — 2 t,— 4p + 8 t, — 8 (t,+t,) — 32^ + 80) „ 

82F 1282^® " 2048i^* J 

(35 a), 


P + 


Ta-/-8p , Ta-pT,-4(T,-/) 


8Jf 


HP" 

. T4-4(p + 4)r8-Ti(T,“16p)l 2, 

mp r 


.( 886 ), 
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^ ^ “ '^» + ^P"^* " ® ~ "^a) " P® (P + 1®)] 

+ g|2p [2 t4' - T4 + 12^T3 - 24 (ts' - tb) + 3x8* - 6p®Ta + 24 (ts - tb) 

— 72jit 8 + 24p* (p + 3)]| 5* (36 o), 

P‘ (®') - 5^ “ ^T,' + 8 + ;^ [ts - 2t,' - 2p (Ta - t*') - 8 (t, - 2 t^) + 8p» - 32] 

+ g;^ [n - 4x4 - 8p (tb - tb') - 32 (xb - 2 x 3 ') + 2xa (2xa' - 2xa + 9p*) 

+ 64p (tb - Xa') + 64 (xa- 2x8* ) - 3p» (p + 32)]l (35 d), 

■vfhere p ®= i (i^a — l)i and the x’s, t"b are given in (34 a) and (34 6). 

To find <r,,/9i(<r) and in partionlar numerical cases, it is most convenient 
to use the general equacions (16) directly after the calculation of nia, a and a\ 

(10) Now let US consider the special cases where the approximation is adequate 
up to the orders N”* and N~*, 

In ^e' first case, neglecting terms of orders jST"* and jIV"* in the general approxi- 
mate equations (36), we get 



and P4 (*'‘)“^^(ti~2t/ + 8) ...<.(36). 

But “-J(P + 2)»~i(/9^i + 3), 

Xa— 4jp + 4»* — J ( 8 ^ 4 — 15/5i* + 14^1 — 48)?i — 66), 

x,-p*~8p — i(4^4- r/?.*+10)^.~24A-23), 
r,'-T, + 3p»= i(2>?4- 3/ff, *-12^+1), 

and Xa — 2ra' + 8— K/St—l)* (3Y), 

If we substitute these expressions in the equations (36), we get a set of equations 
for the mean a, jit(tr), pa(o’) and /(i((r) which are the same as the equations (21), as 
we should expect. 

Bionetrilu zzii 


4 
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In the second case, neglecting terms of order N"-* in (35), we heve 


ft w - ^ f •' - ’»+y + _ 


Bnt 


.(38). 


r, ~ 2r, - 4p + 8 = i {40/5, - 8/5* (36/5, - 10) - 900/5, + 3 15/5, » + 1 moSJi 

~28S/5,»-' 255/5,+ 1068/5i+ 1017). 
4(t,-_p»)« i (10/5,-4/54(17/5,- 11) - 240/5,+ 75/5,* -70/5,* 

- 67/5, + 408/5, /5i + 456/5, + 218), 

T,' - -m + Sjpr, - 6 (W - T,) -3j« (p + 1«) - 4 {- 24/5, + 12/5,(18/5, - 9) + 676/5, 

- 186/5,*+ 174/5,*- 936/5,/5i+ 186/5, - I0«0/5i~ 474). 
T, - 2t,' - %) (t, - t,0 - 8 (t, - 2t,0 + 3p« - 32 » 4 (SA - 8/5, (9^, “ 6) - 1 92A 

+ 432A A + 90A‘ - 126 A* + 198A + 388Ai ~ 1 38) (30). 

Therefore, from the equations (37), (38) and (39), we have 
Mean a « 5 |l - ^(A+ 3) +55^ (SA- 16A*+ 14A~ 48A- 66) 

“ 10^ ~ “ ®60A + 816A*+ 1680A,A 

- BSeA*-- 266A + 1968 Ax+ 1017j| , 
/*» W * ^ {a - 1 - ^(4A - 7A* + lOA - 24A -- 28) 

+ 8^ ~ 4A (17A - 11) - 240A, + r6Ai* - TflA* ' 67A 

+ 408A A 4. 466Ai + 218}| , 

''W“l^{®A-s/Sf-i!!^.+i-j^[MA-iaA(i8A-9) 

676A + 166A* - 174A*+ 986AA*- 186A4* 1080^,+ 4743J. , 
|(4^, - 1)* + ^ [8A - SA (9A - 6) - I 92 A, + 482A A 

+ 90A» - 126A,* + 108A + 336A, - 138]| (40). 


and (n((r)- 


85* 

ieF 


wl«. D. Oaig., 

* 8e, Or,ig, M,tm, Voi ni. No. 4, p. B®, J/oiwWfe,, VoL m. pp. 887-aW. 
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(11) Now let us consider the case where the parent distribution is normal 
In this case ...“O, 

/S'* "=15, /3'o=105, 

and jS'b = 945. 

Consequently we have, from the equations (26) and (30), 


1 A ^ 1 ^ 1 . 1 ^ 

217'r‘^lV''l7*'*'l7V’ 

1 ■ 2 , 3\ 

”**“17* V''" 17 ■^17*1’ 

3 6 ^ 16\ 

’”*“417*r ■^17'*'17*J’ 

5 

”**“817*’ 


105 


T«»’ 


105 

'l6iV^< 


.(41), 


and also 


A cs 1 


19 


101 


AN S2N* 128iV» 20+8i\^‘* 

_/ 1 . 3 . IT . 49 \ 

^ NV'^W^ S2N» ■'* 128i\rV 

Consequently, from the equations (14'), we have 

3 7 9 59 

Al? 32F>"l28i\r»"’ 204817* 


Mean <rss a 

FtW) 

/*8(<r) 




217 

ff* 

417* 


(^”4¥”32F>"128P"’2048F*) 

^ 



(43d). 

If we find the values of^, t’s and t'’s in this case we have: 

P“l, T*sa7, tj"19, t4»101, Ti' = 6, t»'k» 17 and 

Substituting these values into the general approximate formulae (36), we can also 
deduce the same equations as (48) directly. 

Now, from the equations (43), if we find the expressions for tr,, and (a), 
we get 

_ _ /, 1 3 27 

41\r 817* “'MF) 

£_ _ Ju 241 

MV 81^ 


V^V M 12817* 102417* 


.)• 





and 


AW-8+j5fi 


,(44 o). 
i-3 
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(12) Sp&M oa»^ {continmA). 

finally let tie consider the case where the parent diatnhntii.n ii» of thi* form of 
Pearson’s Type III curve, i.e. 




whioh is a skew distribution, 
as Pearson’s Type X curve). 


and also the ease of the exponential rnnriinn (known 

X 

...( 46 ). 


which is a special case of the distribution (45). 



In these cases A* 0?t+ 2), • 

and generally /ffte, - 

A«+l“(«t + l){A^lm + 2Aii*-j) (47). 

From the equations (47) we get 

/?»«3A* + 10A. A-4<SAHlS/3i+6). 

A-K16A*+^7A*+704',). 

ySf, - } (46/3,* + 261 A* 4 840^ + 80). 

- 815 A* + 2007 /?i» + 8804 ^* + 1260 ^ , 

4. = ^ (830ya^xH4829A*+ 8436A»+ *900/0, + 420) (4«). 

On substituting these values for into the expressions for p, and the t*« and 
T 8, we get, after simpUfioation, 

P'=-J( 8 A+ 4 ), T,— Tij(lQ 6 / 0 i*+ 844 /ffi-. 112 ), 

T/ = -i(S 3 A»+ 10 *A- 48 ), 


T. =»^ (8606^i» + 8, 7860/0, »+ 1,6304/0, + 1216), 

Ta * 8^ (3916^,*+ 1.7484)0,»+ 7952/01+ 1088), 

■"** -?iir(654.2236^i«+ 3489, 99844',»+ 8671, 9200A*+ 818.7792/0, - 2.6866), 
and V“'7h(126,667O0i‘+68O,786O/0i*+7l6,1586/^»+7l,47620i -2.6088) 
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Now, from these equations and the equations (85), we can deduce easily 
+ 12^ 106A» + 392A - 112 


Mean 


8505/3i® + 3, 8700 A* + 1.8864;§i + 676 


+ 


8192^® 

654,2235y^i‘‘ + 3517,2l44y^i« + 3691,7280/^1* + 362,1632/5i + 1,5104) 

62,4288N< 




M<r)' 


[la (a)' 




|3;§i + 4- 


67/^1* +232/^1 +16 2206/^1* + l,0284/fi* + 5808^1 -192 
IQN ^ 128N* 


83,1915^1*+ 461,5888A* + 489,1 424y5i» + 55,5778/§i + 6912] 

4>0mN^ J ’ 

* r - _ 2781;§i* + 1,3212/?!* + 8304/|5 i- 192 

16^ 


<T 

'64N* 


|83/?i»+104/?j 


1 + 16-' 


108,8955/?i< + 596.020a/?i* + 663,7088/?i* + 87,8848/?i + 2816) 


612N* 




I' 


+ 864.6386/?i* + 878,01 60/?i» + 67,8912/?i + 2,1504) 
1024-y* 


(50). 

These results correspond to those given by Craig*, except that in each formula 
I have proceeded to one degree higher approximation. 

Further, if the parent distribution (45) reduce to the particular form 

X 

then the fi’a become 

/?i«4, /?a=9, /?8=»88, J§4~265, /?5=3708, /?* = !, 4833, 

/?,= 26,6992, /?8= 133,4961; 

consequently 

p~4i, tjss — 184, tj'“ — 112, Tj a* 1,9008, T9'«8800, 

T* » - 1754.8808, t/ »» - 342,6176, 
and, from the equations (.50), we have 

„ /, 3 , 49 2421^110.620R\^ 


Mu 


, , 1 /„ 29 . 321 14,2207\ 

,, 1 825 . 18,797, 8\ 

“ j\r* ” 2i\r ■^■“83^) ' 

r\ 1 6,7881N.4 

= Ja(l2 + -jr“'4]yrj«" 

which give us the Mean<r, /ir(ir) (rta2, 3, 4) in sampling when the parent distri- 
bution is of the form of Pearson’s Type X curve. 

* JSiotMtrtka, Vol, xxi. p. 292, equation (17). 
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SECyriOUin. DeXJBEE of APPROXI^AWIK. Ml’«lCRtr*\t VF.ttUH AllMS. 

(13) If the Jiareut dietTibotion be normal and infinit*’. it »« thai 

the aampling distribution «.f <r is tUeMreticnlly given by 


y w Ac* *e 

where n is the siae of repeated random Bamples. i.c. 

n t* in foregoing article*, 

and if M be the total number of aaroplea 


^ ^ ,y^ if « m even. 


K ( ' if « ia odti, 

(n“3)tn-5),..4.2 W«/ 

We may now compare the momenta calcolated from the equation* (4Ji) with 
the true moments obtained ft'om the distribution law (62). 

If /%' is the mth moment coefficient of (52) aboutas-fl, then 
(« . ?£* 

/-av tr w*-i« fm 1 

-wj. iiM W* 


fr*\*r 


Similarly, after integrating by parte k timw, we have 


1W* 


, (n+OT-8)(»+m-6)..,(tt+m— 24—1) /ff 

f* 

X 1 ^ iff 

Jo 


according as n is even or odd. 

from this general formula we oan easily deduce 

, (a-2)(ft-4i),..8.1 . ,, 

" ri-8)(n->iy... 414 V a’ ‘f « “ 

0. / of if ft is Sven .(Ha). 

(n-8)(n-5)...3.1V7r/2 

/'.'“(f-s)'* 


rti' » 5*^' 


and 


.(646), 

...(86). 
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which correspond to the special case of ray formulae (12) when the parent distri- 
bution is normal, i.e. 


Hi « tti Vpj sa aor (56 ft). 

^1- (66 i), 

Hi - «a (^i)* *= (a + o') (56 c), 

V = (/!*)“ = ('-^y (1 + 4»i») 5* (56 d), 


where 

and 


Vis' 


1 


2(71-1)' 


1 1 

« = l“7r-o 


19 


101 


4-71 327i« 12871* 204871* ‘ 

Vi u. 3 u. ^ 49 ^ \ 

ftr'‘'47/'’'32/t*‘*‘l28)?'^ "7' 

OH we found already in Art. (11). 

Now, since the equation (56 d) can be transformed into 


H* 



we can see that my formulae for fit and fit, when the parent distribution is normal, 
are identically equal to (646) respectively, and we have only to examine the 
acomaoy of fix and fit in (56). 


Now if we insert the expressions for o and c' into equations (60 a) and (66 c), 
retaining terms up to the order w"*, we have 

, 3 7 9 , 69 

" I* ~ i;~s?T®s+25ss,r«j 



therefore fia ^ 3-*fii, 

Accordingly, as far as terms of order »“*, my formulae also lead to the relation (66), 
holding between the first and third moment coefficients of the distribution law (52) 
about <r <= 0, Thus the accuracy of my formulae, for the special case of normal 
parent distribution, depends mainly upon the accuracy of the formula for fit* 
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Now, from the equation (54!tt), we have 




or 


2«-* 


(ji- 

;n-2)! 

2)(«-.3)S 

2B-8 



V nw' 

/ ir . . 


tfifniRoihl .(SH}. 


If we apply to these expressions Stirling's formula 

_/ 1 1 139 571 

n . - n“e-« V2wtt + 288#“ 5.1H40# “ 2*^8320# 

after calculation and simplification we obtain 

^ “ 0 - (1 - 4 n“ S2n«“ 128# ^ 204H# J * 
which shows us how far my formula for ftf is accumle. 


+ ... 


(14) Finally let us examine the accuracy of the formulao (411) fur thu nioinotita 
of or, and (44) for <r„ /3i(ff) and i8*(<r), numerically for various vatmcM of u, the 
size of sample. 


Now if we write the equation (64 a) as follows*. 


Moan 0 - « /ii « u5, 


then 




which correspond to my formulae (43 a), (48 b) and (44 a}. 

The numhers in Tables 1, 11 and 111 are the values of a, (itiir) and ov rasj>&c- 
tively, obtained from the equations above and my corresponding formulae. 

For instance, in Table I the " accurate values” are those of the Mean or, given by 
equation (64 a), and the values in the third colunm are for d given by the formula 
(43 a). 

The values in the fourth and fifth columns are for given «dso by the formula 
(48 a) when terms of order iir* and terms of order n”* respectively are neglected, 
ie. by 

\ iw“32#“l28jiV*^’ 

and 

V 4n W 

The second of these equations is a special case of the formula (21 a) in Art. (6) 
when the parent distribution is normal, and the first is the speoial which 
ootresponds to Dr Craig’s formula for Xi(<r) in terms of semi-mvariants. 
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Comparing thu values, given by my formulae, with the corresponding accurate 
values in these tables, we can see that my formulae up to the order ir^ are very 
accurate, even when n < 10. 


TABLE I 


Values of 


o 

ff 


n size of 
sample 

Aeonrate 

values 

Approximations, given by my formulae, 
including terms of order 

Ijn* 

1/M» 

l/«» 

n 

•8407487 

•8407.336 

•840 6876 

•841 2600 

7 

•8882029 

•888 1999 

•888 1870 

•888 .3020 

9 

•913 8749 

•9138740 

-913 8006 

•913 9661 

10 

•9227466 

'9227461 

•922 7422 

•922 8126 

l.'S 

•949 0076 

•949 0076 

•949 0060 

■919 0278 

20 

•961 9446 

•961 9445 

•961 944.3 

•961 9.131 

2.1 

•9096406 

•9606466 

•969 64f).1 

•9696500 

30 

•9747644 

•9747644 

•974 764,3 

•974 7669 

60 

•9849110 

•984 0119 

■984 9119 

•984 0126 

76 

•0899609 

•989 0600 

•989 9600 

•089 9011 

100 

•9924781 

•0024781 

•992 4781 

*902 4781 

160 

•9949903 

■094 990.3 

■994 9003 

-094 9003 

200 

•996 2446 

•096 2446 

■906 2446 

•996 2446 


TABLE n. 

Values of * • ■ 


n size of 
sample 

Aoourate 

values 

Approximations, given by my formulae, 
iuolnding terms of oraor 

Ifn* 

1/m" 

1/n* 

6 

•093 1417 

•093 1626 

•093 6000 

•0960000 

7 

'068 2386 

•068 2431 

'068 3309 

•0688776 

9 

•0637218 

•05372.30 

•063 7661 

‘0640123 

10 

■0486406 

■048 6414 

•048 6626 

•048 7600 

16 

•0327170 

•032 7181 

*032 7222 

•032 7778 

20 

•024 6627 

•024 6027 

•0246641 

■024 6876 

20 

•019 7876 

•019 7876 

•019 7880 

•0198000 

30 

•016 6206 

■016 6206 

■016 5208 

•0166278 

60 

•009 9486 

•009 948,1 

■009 0485 

•0099600 

76 

•006 6440 

•006 6440 

•006 6440 

■006 6444 

100 

•004 9873 

•004 9873 

•0049873 

■0049876 

160 

•003 3277 

•003 3277 

•003 3277 

•0033278 

200 

•002 4969 

•0024969 

•0024969 

•0024969 
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TABLE III. 


ValucH of (Ttiff. 


n sise ot 
sample 

Accurate 

values 

Approxitnaiiotts, by tny funnulac*, 

inoluilhtg torins rtf order 

1/n* 

l/«4 


5 

•3052 

•3053 

•.1050 

•mi 

7 

•2012 

•2612 

•20U 

•2025 

0 

•2318 

■2318 

'8319 

•2.124 

10 

■2203 

*2203 

•2204 

•2208 

16 

•1809 

'im 

•IHufl 

•l^ll 

20 

•1670 

•1670 

•1670 

•1571 

25 

•140? 

•1407 

•1407 

•I4'»7 

30 

■1285 

■1286 

•1SB& 

•1280 

60 

•0997 

•0907 

■0907 

•omw 

76 

•0815 

•0815 

•0815 

•OBIS 

100 

•0700 

•0700 

•0700 

•tiTtm 

150 

•0577 

•0577 

‘067? 

•ti577 

200 

■0500 

‘0500 

•0500 

•050U 


For the calculation of 5, n%{(r) and <r„ the mniplo, formuhu* 

a 7 \ . 

““I' "ft"®)''' 


and also 


I 

j=(i- 


1_ 7 S-U 

4» 82j? 128n»r’ 




^ ft 1 26 \ ^ . 

VaiiV “Sn^lW)*^ 


give us good estimates when w is not very swell, as we can see in the tabl^, end 
we may therefore use these simple formulae in the calculetion of 5. end <r,, 
provided n is not small 

Next, let us examine the values of and mifr). From the equations 
(64), (65) and well-known relations between and fir, moment ooefRcienta about 
the mean, we can deduce 


s J 


and fti (flr) =s 


4»® 2a \ »/v ff* ) 55? js j*’ 

• These non-approxlmats eqnatloas wsM first dafiaoed by K. Peatson ; see BUmMka, Vol x. p. 646. 
They were used to table the aoourate values of ft (f), ft { 9 ) tax varioue eixed samplee. 
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which correspond to ray formulae (43) for fiaia) and i.e. 

("■) “ ^ i6n») 

as already found in Art. (11). 

I have calculated the values of and /n(er) given by (60), and also those 
given by (43 bis\ and they are shown in the second and the third columns of Tables 
IV and V. 

We can obtain also two degrees of approximation more, as before, according to 
whether we neglect terms of the equations (43 bis), of order ^ , or also those of order 

^ , These values are given in tho fourth and five columns of Tables IV and V. 


It will be seen that the complete formulae (43 bis) give us very good approxi- 
mations, even for quite small sample.s, while the approximation which neglects tho 
terms in n~* will often bo (juite adequate. 

But the simplest formulae 


and 




4n« 

3 

4n*”^ 


do not give good results unless n is very large, and when it is the distribution of 
«r has become practically a normal curve. 


TABLE IV. 
Values of fj^iar) I 


n Biso o{ 
eamplc 

Aooutnte 

VOlUGB 

ApproximatiotiB, given bjr my formnlBe, 
including terms of order 

w 

Ijrfl 

ihfl 

5 

*011 638!) 

•on 0376 

•OU 6000 

•010 (WOO 

7 

•005 6(10!) 

■006 6846 

•006 6487 

•006 1020 

9 

•0033521 

•0033867 

•0033436 

•0030864 

10 

•COS 0034 

•0026961 

•0026875 

-0026000 

1« 

•001 1680 

'001 1684 

•001 1667 

•001 IIU 

SO 

•000 6480 

•000641)0 

•0006484 

-000 6260 

S5 

•000 4122 

•000 4122 

•0004120 

•0004000 

30 

•000 2848 

•000 2848 

•0002847 

•000 2778 

60 

•0001016 

•0001016 

•000 1016 

•0001000 

76 

•000 0449 

•000 0449 

•000 0449 

•000 0444 

100 

'000 0262 

•000 0252 

•000 0262 

•0000250 

160 

•0000112 

•0000112 

•0000112 

•0000111 

SOO 

•000 0063 

•000 0063 

•0000063 

‘000 0063 
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TABLK V. 
Vnitces of Hi{tr)la\ 


rt tiKft of 
eamplo 

Aeoatale 

values 

Annraxiiunlii 

tncltt 

I/«‘ 

in«, (liven by n 
dtnx Uittita of r 

1/N» 

ly fcirninliw. 

(itei 

l«»i* 

— — - 

e 

*020 Ml 

•02647.1 

•027 000 

UIOIXIO 

7 

■014 OHG 

•014076 

•014 213 

■016.106 

9 

008007 

•00869.6 

■008746 

-009 266 

10 

•007 094 

•007092 

•007 isr» 

■W)7 600 

16 

‘003 210 

■003216 

•00.1222 

1)03 333 

20 

•001 820 

•001 826 

•001 82K 

1)01 87.6 

25 

OOl 17.6 

■001 17.3 

•001176 

1«l 800 

30 

•000819 

•000 aio 

1)00819 

Oi1l)83:l 

60 

•000297 

•000297 

•000297 

•orjoao*) 

76 

•000132 

•000132 

■000132 

■(XX) 13.1 

100 

•000076 

1)00076 

■000 07.1 

•OCX) 07.6 

160 

*00003,3 

•000 033 

•oooim 

•0000.13 

200 

•000 OUl 

*000019 

■000019 

IKIOOlW 


Finally, led ua exainina the values of 0\{a) tuwl Fnun thi* tKjuutioiiM 

(59) and (60) Prof, K. Pearaon deduced 


5 > )• 




1 


(Cl). 


which give the values of the second columns of Tables VI and VII 


My corresponding formulae are 

AW-i(i + ^+^), ftw-a+i, .(Hte), 

as already found in Art. (U). 

These expressions for /S’s lead to the figures in the third columns of Tables VI 
and VII, while the fourth and fifth columns result from the equatione (44 hii), 
neglecting (i) the terms of the highest order in rr\ and (ii) also the next highest 
oraer terms. 


It will be seen, from these numerical values, that if n is not very small the 
accuracy of my full approximation for ^i(<r) and /0*(o-), as far as four decimal 
places, is very satisfactory. But the other less accurate approximations are not so 
and, especially, are quite inadequate for when n is small. 
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TABLE VI. 
Values of ^i(<r). 


n aizo at 
sample 

Aoonrate 

values 

Apptosimations, given by my formulae, 
inoluding terms of order 

l/«» 

1/n* 

Ijn 

6 

•1646 

•1606 

•1460 

■1000 

7 

•1011 

•1000 

•0944 

•0714 

9 

•0726 

•0721 

•0694 

•0666 

10 

•0634 

•0632 

•0613 

•0600 

19 

•0300 

•0389 

•0383 

•0333 

20 

•0281 

•0281 

•0278 

•0260 

26 

•0210 

•0219 

•0218 

•0200 

30 

•0180 

•0180 

•0179 

•0167 

60 

•0106 

•0106 

•0106 

•0100 

76 

•0069 

•0069 

■0069 

•0067 

100 

•0061 

•0061 

•0061 

•0060 

160 

•0038 

•0038 

•0038 

•0033 

200 

•0028 

•0028 

■0028 

•0026 


TABLE VII. 
Values of 0t (<r). 


n eize of 
sample 

Aoourate 

values 

Approximations, given by my formulae, 
inoluding terms of order 

From 

formula 

(63) 

l/»» 

1/b 

{!/».)■> 

6 

3-0693 

3-0300 

3-0000 

S'OOOO 

a -0468 

7 

3-0261 

3-0163 

S'OOOO 

3-0000 

3-0221 

9 

3-0136 

3-0093 

3-0000 

3-0000 

8-0126 

10 

3- 0106 

3-0076 

3-0000 

3-0000 

3-0098 

16 

3-0042 

3-0033 

3*0000 

3'0000 

3-0040 

20 

3*0022 

3'0010 

S'OOOO 

3*0000 

S'OOSS 

26 

3*0014 

3*0012 

3*0000 

S'OOOO 

3*0014 

30 

3*0009 

3-0008 

3*0000 

3’0000 

3’0009 

50 

3-0003 

3*0003 

3-0000 

3*0000 

3-0003 

76 

3'0001 

3‘0001 

3-0000 

3-0000 

3-0001 

100 

3-0001 

3*0001 

3-0000 

3*0000 

3 •0001 

160 

3*0000 

3-0000 

3-0000 

3-0000 

3 <0000 

200 

3'0000 

3-0000 

3-0000 

3-0000 

3-0000 


\NoteJ\ From our approximation 'we cannot find the term in n"* for (a) exactly, 
but if in expanding (Mt((r))~* when using (48 i) to calculate /Ss, we retain one more 
term in our calculation, we get 


8 


25 
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If we use this equation for the t»\lculalwn of jSa<tfh we get wore 'vnlue'^ «f 

/9a((r), os indicated in the sixth column of Tabic Vli, when the jHirenl tliatribution 
is normal. But, from these results only, we cannot aasert that thm incowplcti* term 
in n“® of j8j (<r) should always be retained *. 

(15) The numerical examination we have earned wit in tin* f.in-going artiuhi 
gives US some idea of the accuracy of the general approximate fonnulw* (SS), for 
if in the special case when the pawnt dietribution i» normal we gel gowl te«nU«, 
we may anticipate a somewhat like adequacy in the more general ruault Although 
the convergenoy is usually less satisfactory in nonwortnal caaob. 

Moreover, I may remark that calculations by the formulae (43) jmd (4^5) am all 
much simpler than those by the formulae deiluced from the disiribittion law 

H** 

Accordingly formulae (48) and (45) are themselves of value not only oa speekt 
cases of the general formulae (35), but also for their adaptability to simple caicnia- 
tiona. Thus they may he .useful even in the case when the sampletl {lopulation is 
normal but the Tablet of the constants of the tr distribution is not at hand. 


(16) The general equation (16) was obtained subject to only one condition, 
namely that the expansion of under the integral in a series of aaccndhig 

powers of y was justifiable. This would be true if 


1^<1 or (63). 

Ik ' ^ 

Lot us-oonsider more carefuliywhat this implies. Since fi|SOand)*|Wcr*(JV'- l)/jV, 
the condition (68) may be written ae foUowe : 

+ ( 63 »), 

where e is a positive quantity, less than 1, but 1 - e may bo as small as we please. 
This means that our expansion would be justified if we exclude values of u% whose 

AT t 

deviations from the mean, pi « 5*, are numerioally greater than 


- iv ~ 


Suppose and i» are the lower and upper limits of ywpj—pi in sampling, 
h will presumably be -)3, while 2| may for certain theoretical distribations at any 

tern ^ r ^ to «ra« twm, or sacther 

tetta, th»t to n », an BUrUug'B Theorem. A tetter ftfiiroximetion than (63) lit 


I Biamarffo, Vol. x. p, 638. 
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rate take the value oo, but practically /j ia finite; then in the equation (11), 
(H {i =5 1, 2, 3, 4) may be written 


*=/i+/8+/8, say (64), 

and, with the restriction (68), we retain only the second integral /a for Uj. 

Thus we have first to consider the convergence of /j. 

Now - 1 + S % f*. * W S' (66) 

)*»i H J -fih 

and <I> (y) is always positive and in most eases limited. 


Hence if M be the upper limit of ^>, then 


Jl 
pa'' J 




pa*' 



7"+ 1 


( 66 ). 


and therefore the first expression in (66) decreases as r increases. Further Oi, «• (^ < 4) 
is less than 1 for finite values of r, becomes alternatively positive and negative and 
is such that Lira Oi.(r+ii/Oi.,.«=l. Hence we can see that the series (66) for /a is 

convergent. 

Secondly, if li, 2a lie within the interval (— e^a* ejuah sine® ^ (y) “ 0 always 
in the intervals ('- efh$ h) end (ejaa, la), 


fx”fa— 0, 

and the equation (11) becomes quite exact. If li is out of the iuterval (-> e/Zai (Jit), 
as 1 - e may be as small as we please, h must be - Jit and 

/»= _ as e-^i. 

J -Mt 

Therefore wo can say that ft is always negligible as compared with ft. 

How t^r being the rth moment coefficient about the mean of /!%, 

tMf » f O (y) fdy « f * (y) ydy + f <I> (y) fdtj + ‘I* (y) fdy 

Jtj J It J '■'*1*% J tUt 

w + f (y) fdy + a/, say (6’^)* 

J 

But we can easily show that Sr is negligible compared with the second integral as 
before. 

Accordingly ^(y)y^dy+s/ (670- 

J -ffti 

It will be seen therefore that the justification of my equation (11), expressing 
Oi (t s 1, 2, 3, 4) in terms of mr or tM^ , is based upon the assumption that ihe integral 
ft in (64) (md «/ tn (67) are negligibU aompared vtith ft and t^ retpeotively. 
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If assumption becomes needless. Generally sjieaking iW qiKfation 

whether the condition be satisfied or not must depend for it« answer uprni the form 
of $(2/), but to obtain the general form of d>, for which 1/ and /> are negligible, is 
not an easy problem. We may note, however, that in usual caaca for ( y { > ^ (y) 

is very small, and since 

ilT-l /7~Tr^-t A w 

$ will tend steadily to zero as the sample size is increased. The resutls, given in 
Art. (H), suggest that at any rate for populations in the neighbourhood of the 
normal, where we have a direct check, the formulae I have dcvelo{ie<i on this 
assumption provide good approximations to the moments of the standaid deviation. 



A STUDY OF SEVENTY-ONE NINTH DYNASTY 
EGYPTIAN SKULLS FROM SEDMENT. 


By T. L. ¥00. Ph.D. 

1. Source of the Matmal In the winter 1920-— 21 the British School of 
Archaeology in Egypt, directed by Sir Flinders Petrie, excavated a large cemeteiy 
at Qebel Sedment. This site is 70 miles south of Cairo and it overlooks the 
Fayum, A report on the excavations has been published*. Graves of various 
dynasties ranging from the let to the 19th were examined. The majority of the 
interments belong to the 9th dynasty and 71 well-preserved skulls of that date 
were kindly presented to the Biometric laboratory. These form the subject of the 
present paper. As far os is known the crania preserved were not selected in any 
way except that preference was given to complete specimens. The grave furniture 
did not suggest that any foreign elements were present in the population 
represented. 

2, The ifature of the Series and Bermrhs on Individml Grmia. The series 
from Sedment consists of 71 skulls of which the majority are well preserved and 
almost complete. There are 62 more or less complete mandibles. Several specimens 
which were damaged in transportation have been repaired. In general appearance 
the skulls do not differ markedly from those belonging to other dynastic %yptian 
series and they appear to belong to a single racial type. There is no reason to 
believe that the ' sample is more heterogeneous than normal ones representing 
a single cemetery and a restricted period of time. Only one skull (No. 28 f) possesses 
Negroid features, 

There are 69 fully adult specimens. One (No. 20) is juvenile and no use was 
made of its measurements. Another (No. 64) is not quite adult as the basal suture 
is open, although all the 3rd molars are fully erupted: its measurements were used 
in computing the f means. The series was sexed anatomically by Dr Morant and 
be distinguished 40 males and SO females. These sexes could be compared with 
ones given in the archaeological report in 28 cases: there is agreement in 26 and 
the evidence of the skull alone was accepted in the other 3 oases (Nos. 12, 46 and 
67). Several f specimens are exceptionally massive and muscular (especially Nos. 
7 and 39) and one $ is unusually small and feeblCi 

* Sir JS'lindwB and Guy Bnmton : 8tdmeni» Sritiih School of Areh/uoJogy in Egypt and 
EgyptimEemreh Aeeount. 27th year, 1931, 2 Tola. London, 1934. 

t The skull numbers given in the text are the serial ones which were marked on the specimens in 
the Biometric Laboratory. The corresponding grave numbers are given in the tables of individual 
measurements (Appendix 1). 

Biometrika xxu 
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Eemarks on individual crania are pven in the Uhle« «*r i«pa«uremenk 
(Appendix I). The condition of the coronal, eagitul and lamkloid artHin^ wa« 
examined end, unless otherwise stated, it may be waaumwl that, th**** at h ast 
are all open. In order to obtain a rough estimate of the age constitution mI the samplf. 
division was made into the three groups for which frt'qaencics nre gjvvn in th** table 
below. The divisions between them are not precise but n ctwir arxuni is 

indicated. It is known that sutural closing normally la.‘giii« at an earli»T age for 
male than for female ekuUs*. so this is no evidence of a sexual differenw iHutween 
the mean ages at death. Individuals at different adult stagi^ of deveiojuuent are 
evidently represented. 


Condition of coronal, legilisl end 
lunbdoid euturM 

MkIm 

Fomalt* 

^11 Open eee etc **1 v#.* 

8(l»*0N’.} 

'jj 

BcKinninx to olom or jurtly oloecd 

19 

UMM-a*;.) 

All dosed ^ nearly closed 

lB(37'ft*,i,) 
J 

4 


Thinning of the calvarial walla due to age was noUsl in the cnia* of 1 ^ skull 
(No. 71). In the present series the majority of the skulls show the autuh's closing 
in a definite order, the sagittal being first, the coronal accond and the lambtloid 
last. A few specimens show the coronal closing befom tho si^ttal. The iiunbdoid 
suture frequently closes before the coronal in the caac of Western Kurojamii crania. 
Three specimens have a complete metopic suture, contact being made ^?twiHm the 
right frontal and left parietal bones in 2 cases-fNos. 22 / and 4J1 and between 
the left frontal and right parietal in the other (No. 67 ? ). Faint traces of the 
frontal suture were also found on 2 other skulls (Noe. 10 and 52 The 
frequency of this anomaly (4i'3%) is almost exactly the same as for the Bodari 
Egyptians f (61 %) but not a single insfemce of it was found among 47 akulla of 
the Ist DpastyJ. Metopism is more frequently met with in European aeries, as 
several have provided percentages ranging between 7 and 10. 

It is commonly found that one or more wonnian bonce are jmssent in the 
latnbdold suture in considerably more Iham 60^ of the spocimons forming an 
unselwted European series. Judging from the small samples which have been 
examined, these supernumerary bones are less frequently met with among 
Egyptian crania. Of the 40 ^ skulls from Sedment, 16 have wonnians, and of the 
30 ? skulls there are also 16 with one or more wormian bones. The following 
ossicles were found in other positions, the sexes being pooled: 7 of the lambda, 3 in 


“l^ntewuqhungea flber die aonnale ObUtentlon dot EkOiMeltiBiW ZttmhHp 
** Bwd a. {1S06), B. B7S-456. S«e MpeeUlly S. mi 

t B. Btoesstasr: “ A Stndy of the Badonsn Orsaia reoenfly ezmw^ Iqr the Brllleh Sohool of 
Arohaeotogy m Egypt." BimHriha, Vol. m. (1927), pp. 110-180. 

"A Study of Egyptian Gmaiology from Prebirtotio to Boman Tiaaoe,* J8M, 
Vol. xvn, (1926), pp. 1—82. 
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the sagittal, 2 in the coronal suture, S at the right asteriuii and 1 at both astcria. 
There are no osbiclos of the bregma. Inter-parietal bones are also Inching and only 
2 skulls (Nos. 59 and 65) show traces of the transverse occipital suture. Tniccs of 
the suture between the ex- and supra-ocoipitn) bones were also found in 2 ciise.s 
(Nos. 30 and 49). There is one ? apefcimen with fronto-teuipoval articulation on 
the right side (No. 51) among 67 which could be examined for this feature. 
Epiptcric bones appear to be unusually common: 9 ctwes of one or more opipteric 
bones on one or both sides wore found among 32 specimens and 12 cases among 
25 $ specimens. One ? skull (No. 63) has a largo protruding ossicle above the 
right parieto-mastoid suture (see Plate Y b). 

In general the teeth are in a remarkably good state of preservation. A large 
proportion of the skulls, including ageing and aged specimens, was found with 
dentition complete and free from disease. Most of the teeth are markedly worn. 
A few coses were noted of adult skulls with no 3rd molars in one or both jaws. 
Three carious molars were the only diseased teeth found. 

Tho frequency with which palate bridges occur was not observed, as experience 
has shown that they are often broken before the skull is examined in the laboratory 
and it is not possible then to tell whether the original bridge was complete or not. 
One unusual case of multiple bridges (No. 65) may be noted 

The existence of single or double precondyles on the basi-occipital was recorded. 
We found 6 cases of double and 8 of single precondyles. 

There is one case of marked calvarial asymmetry (No. 26) and one of asymmetry 
of the facial skeleton (No. 68). The sizes of the jugular foramina were compared : 
JR denotes that the right is the greater, JL that the loft is the greater and 
J = that no difference can be discerned between the sizes of tho two. The following 
frequencies are given; 



Male 

Female 

Jit 

U 

U 

i/aai 

8 

7 

JL 

8 

« 


Every cranial scries which has been examined in this way has shown that the 
right jugular foramen tends to be larger than the loft. The qviestion of calvarial 
asymmetry is discussed in the section on contour raeasorements below. 

All cases of tympanic perforation have been recorded. There are 11 with 
perforation of tho plate on both sides and 6 others with perforation on one side or 
the other. The percentage frequencies appear to be unusually high. 

Few uncommon anomalies of particular interest were observed. One skull 
(No. 33) has a small exostosis on the supra-occipital, another (No. 10) has an 
excrescence behind the left condyle. One J specimen (No, 65) has a markedly 
retreating frontal bone, a prominent superciliary ridge and also a basi-occipital 
incisure on the left side (see Plate V a). 

«-2 
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3. Oompansm with other Serna by the Method of the CoeJ^oient of Racial 


McHsursmoDts of the Bories wcro dstemuncd According in* tho technicjuo usod 
by previous workers in this Laboratory and the usual index letters are employed*. 
The $ and ? mean measurements are in Tables I and II resptwlively and tho 
individual measurements in Appendix I. As the sample is a small one, all the 
standaid deviations were not calculated, but comparison is made below between 
male values for six characters and the corresponding standard deviations which have 
been given for the series of 900 </* Egyptian skulls of the 26th""30th Ilynosties’f. 



mnyr 

4-30fW) 


This comparison suggests that the Sedment series is nob more variable than the 
Qizeh one and the latter is known to be more homogeneous than most cranial series 
available. 


Professor Karl Pearson's method of the coefficient of racial likeness was u«h1 to 
determine the racial affinities of our sample. This is defined for practical purposes 
to be: 



li -67441) 
m 



where Af, is the mean based on n, skulls for tho first series, and n't aio the 
corresponding constants for the second series and m characters are compared. The 
o-’s of the long 26th— 80th Dynasty Egyptian series were used throughout J and the 
coefficients were calculated for the 31 characters usually employed, or for as many 
of them as were available. The coefficient may be written : 




where « ta W "^M tl^ ^ ntii', 

<r,* n, + n't ' 

The mean number of skulls available for the obaracteis used is denoted by B* in 
the case of the hrat sample and %'t in the case of the second sample and these 
“sizes” of the samples are usually unequal and may be of very different orders. 
The values of the coefficients are largely determined by the “skes” of the 


* of the meaBnremento will be found in imy recent voloine of Biomifika, 

wJLSbI BiomeWo ConetantB of the Hmaan flkuU," 

Swmetnha, Vol. xyi. (1924), pp. 828— SG3. 

; Ibid. Vol. XVI. (1984), pp, 888 and 889. 












T. L. Woo 
TABLE I. 

Mean Male Measurements of the Sedment and related, Series. 


CD 



9th Dynasty 

Oharaoters 

Bgyptians: 

Sedment 


(Woo) 

G 

1486-9(35) 

F 

L 

179-6(40) 

181-9(40) 

B 

ff 

138-3(40} 

02-6(40) 

E 

138-2(38) 

S’ 

137-4(38) 

OH 

116-3(39) 

LB 

100-8(37) 

G! 

.314-9 39) 

8 

373-8 36) 

Sy 

120-0(39) 

1 

120-9(40) 
116-0 37) 


113-3(39) 

116-8 M 

Si' 

98-6(37 

u 

611-7 40 

EE 

71-8(38) 

OB 

93-0(37) 

J 

127-2(29 

EE' 

61-4(38) 

SB 

24-6(39) 

21-2(32) 

BO 

SO 

9-6(37) 

Oi 

(5)39-7(36) 

(5)33-3(40) 

Oi 

% 

46-7(36 
40-1 31 
96-0 37 

fid 

36-9 87 

loom 

30-1 (38) 
78-1 40) 

msiL 

imBiS' 

76-6 (38 
100-9 38 

m{B~E')IL 

+0-8 38 

100 EEIQB 
mSBIEE 
100 OJOl' 

100 GdO,' 

78-3 36) 
47-7(38) 

(5)84-1(36) 

85-6(30) 


84-1(37) 

64-0(37) 

Nl 

86'-i(38 

AL 

72’-4(36) 

42'-6(38) 

BL 




ir-9(38) 

PL 

84'-4(37) 


4th and 6th 
Dynaat; 
BgyptianH: 
Seabasheh 
and Idedum 
(Thomson and 
UaolTer) 


183'0(30) 
184-9 (64) 
139-3(64) 


136-0(60) 

101-8(47) 


71-3(19) 

127-1 (16) 
68-0(44} 
26-1(43) 


98-3(48) 


{102-4(60) 

{-t-i'Sleo) 

{48-2(44)} 


e4‘-6(19) 
73'-4 19) 
42*-0(19) 



* The means of these seiies oalonlated by Dt Morsnt have not been preTionsly pnbliehed. 
t The indices and angles in oorled hnokets -irere obtained from the means of the component lengths 
instead of from indindnal Tolues, 

X 0, =40-8 (86). 
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TABLE II. 

itffiffli Femle Measurments uftke fSedmeiU and relntfd Herim*. 


Obataaters 


0 
F 
L 
B 
E 
H 
W 
OB 

in 
<? 
s 

-Si 

S» 

Sa 

-S,' 

V 

Q'll 
QB 
J 

NU' 

SB 

DQ 

50 

CAB) 

m 
I 

OL 
fml 
fmb 

mm 

IQOff'IB 
mBiB' 

m O' BIGS 
mSBSB' 

100 Os/Oi (R) 
lOOOj/Oili) 
lOOW(fl) 
100 &%IQ\ 
mo^Oi' 

51 
Al 
Bl 
fli 

Pl 


9t1i Dynasty 
Egyptians i 
Sediment 
(Woo) 


lHth~20th 
Dynasty 
_ itianat: 
'fhcitwe 
(Stahf) 


xsca-o (2ii) 
173-1 (.W) 
172-0 (30) 
1,33 -5 (30) 
87-4 (30) 
131-7 (30) 
13Q-fi (30) 

110- 4 (30) 
01-7 (30) 

801 -n (30) 
307-1 (37) 

123- 2 (80) 

124- 7 (30) 

111- l (27) 
107-8 (30) 
llO-a (30) 

9S-4 (27) 
400-4 (30) 

87- 1 (29) 

88- 4 (28) 
117-3 (28) 

48-4 (29 
23-8 20) 
10'7 (24 
10-0 (29) 
40-4 (20 
39-8 (29) 
37-4 (26) 
32-7 30) 

32- 7 (29) 

47- 4(23) 
43-6 (24) 
07-9 (24) 

89- 7 (29) 

33- 7 (27) 
28-4 (28) 
77-2 (30) 
76-8 (30) 
102-3 80) 
+1-7 (80) 
74-0 (28) 

48- 0 (29) 

81- 2 (29) 

82- 2 (29) 
87-3 (26) 
80-2 (18) 
87-7 (lO) 
84-4 (25) 
03-6 (27) 
64”-6 (29) 
72'‘-9 (29) 
42°-e (29) 
SO'-S (28) 

ir-e 28) 

84”-4(28) 


128 1-H (43) 

17«“2 (48) 
133-2 (44) 

00- 4 (48) 

127-0 (43) 
100-2 (48) 
07-1 (40) 
209-5 (-14) 
364-0 (41) 
121-0 (42) 
124-3 (42) 

110- 0 (48) 
106-8 (42) 

111- 2(42) 
93-8 (45) 

404-2 (46) 
06-3 (46) 

01- 7 (43) 
121-2 (43) 

48-0 ( 45 ) 
24-8 43 ) 
21-1 (42 

10-8 ( 39 ) 


37-1 (45) 
33-0 (40) 


ItCodcrii 
EKyptiaiisf : 

Cairo 

(Schmidt) 


Modem 
Abyaaiuianst: 
Tifpa dirtriel 
(Berpi) 


1211-4 (26) 

171-2 (-26) 
1.31-3(20) 
91-7(26) 
128-8 (26) 
126-7 (26) 

96-?(26) 
206-1 (26) 
301-6(26) 


91- 4(20) 
4H4-9 (26) 

03 -5 (20) 

92- 9 (26) 

120-6 ( 20 ) 

IS-3 (26) 
24-6 (26) 


32-6 (26) 


48-0 ( 39 ; 
92-3 (44 
34-1 ( 43 ; 
28-7 (46) 
76-6 ( 44 ) 
72-6 (39) 
104-1 (48)}t 
+3-0 (39)1 
71-9(37) 
60-3 (40) 


88-7 (46) 


63-4 U) 
66“-7 (44 ■ 
73°‘3 ( 44 ; 
41“-! ( 44 )] 
28'-9 (44)! 
12'’-9 (44)1 
85' -4 ( 46 ) 


46-0 (24) 
38-7(24) 
96-0 ( 26 ) 
33-6 (26) 
27-0(20) 
(76-7 (26)} 
1740(26)} 

{103-6(28; 

1+2-7(20 
68-6 ( 20 ' 
64-6 (28) 


84-4 (24) 
81-0 (26) 

■e9'-6 (26)] 

| 7 r -6 ( 26 ^ 

{38'-9 (26) 


eili~ 12lh 
Pynaaiy 
Ilgyplmsaf : 
URitlerah 
(IlmniMn a«d 
Maelner) 


1318-4 (ffl) 

175-1 (241 
120*4 (241 
SD-8 (24) 

12 G-S ( 22 ) 
107-2 im 
04-9 (22) 
295-8 (23) 
36.5-4 (22) 
1*1*0 (24) 
122-6 (24) 
UO-fl (22) 
106-7 (24) 
110-0(24) 
93-0 (22) 
480-3 (24) 
83+. (24) 
91-0(201 
U(l-.3 (13) 
47-5 (24) 
24-5 (24) 
20-6 (*3) 
0-3 (23) 


38-5 (20) 
32-7 (23) 


38-0 (M) 
91-1 (22) 
34-2 (21) 
27-0 (21) 
74-0 (24) 
72-8 (2S) 
102-3 (229 
+1-7 29)1 
71-8(20) 
91-7 (24) 


85-3 (20) 

{81 
61-7 
{ 66''2 (221 
{72'-4 (22)} 
{41'-4 (22)1 
'28'-9 ( 22 ; 

l 2'-6 (22 


• 6(2 

• 9(2 


B4*-9 22 


174-6 (1 Wl 
174-8 

130-3 1471 


I2lh Mlh 

tlynaKiy 

H»!H(Vs\bydB» 

and 

M»-lrwr) 


174»(B8) 
17.5 '3 (W) 
131 -4 m} 


ia;t-.5(i47) I 
W)-.3<I4l) 


127-7 (W, 

ICi'fl (MH) 


Wih Dynasty 

Beyplianst! 

Abydot 

(Thamiwnaoi 

Maelm) 


ITfl-M (67) 
lTT-5 (67) 
1.31-5 (67) 


m -1 ( 86 ) 

9.5-H (6.5) 


- 



00-4 (138} 

67-,3 (W) 

67-5(66) 

U8,3(l2l) 

118-8(82) 

121-7(64) 

4H-6 (138) 

4«-4 (87) 

4l»-2(67) 

84-8 (137) 

84-4 (8?) 

25-1 (07) 

92-4(138) 

90-8(88) 

017(66) 

{74-6(147) 

m^m 

{76-7(67)1 

l74-l (147) 

{78-8 tftb) 

78-2 y 

(100-6(147) 

{102-8(88) 

{ 

106-0(08 

! +0-6 (147) 

{+1*1 (86)} 

{ 

+3-6 y 

{M-r(lS7)) 

{50-7(87)) 

161-0(67)) 

{66*-l (130) 

ss»»ai 

(64*7(88)} 


66*3(66)1 

72'-7(186) 

{7r-4(e8)j 


7**‘6 (66) 

{4l*-2 (136) 

{48*-7 (88)) 


42*-2(e5) 

•*<wr 

— 

— 


i n; “e ai-AUDanien JNortii and Boatb aeriea oompiured to Table IH tue 

given in Bimtinka, Vol, m. (1927), Table H facing p. 117. 

+ The meanc of these series have not been previously pubHabed. 
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samples which happen to be available, and some method is needed to eliminate 
this factor as we wish to obtain, os far as possible, a measure of the absolute 
divergence of the types compared which does not depend on the numbers of skulls. 
The correction needed has been given by Professor Pearson in a recent paper*. 

* “Note on Standardisation of Method of using the Ooefhoicnt of Baeial Likeness.” Bicmctrika, 
Vol. (192B), pp. 376—878. [I am by no means aaiisSed with this sO'Called correotion or redaction, but 
was urged to It by the oritleisms of Dr Morant andBrofossor Mahalanobis as possibly the best ailment 
available. The cooffioient of racial likeness as originally proposed by me was a moasuie by which wo 
might roughly judge the likelihood that two cranial series were samples of the same population. 
1, personally, should lay no weight on any “orude" ooaffloient of the order three or less obtained from 
not more than 60 orauia in each aeries as indicating a racial difference. Crania from two adjacent 
London burial places of the same period will give ooefBoients of this order. Such ooeiScieuis may 
easily arise from the differenoefl in personal equation of two measurers, or from differences of olass or 
environment of the two populations under consideration. We have also to remember the nagleotsd 
correlation terms of our expression for the O.B.L. It is not aUme the error of random sampling 
which has to be weighed. 

Suppose three series A, B, G, then if the 0 B.L. of A and C be much larger than that of A and B we‘ 
are justified in supposing that to the extent of the information derivable from the given data (and beyond 
that we oannot gat) C is racially more remote from A, than B is. To this Dr Morant and Professor 
Mahalanobis reply: “Yes, but the O.B.L. inoroases when the numbers of one or both series of orania 
inoreuse, and tberoforo it is dependent on the numbers used, as well, as on raoial divergence,” To 
illustrate this I take the 18 oases of Mr Woo's Table III and rank them ( 0 ) in average number of 
crania measured, (6) in order of crude coefficients, (c) in order of reduoed or corrected ooeffioients. 
If g be the oorrelation of ranks we have t 

Poi='788S, gg^s'2889t 

and accordingly for the variates approximately; 

r„i=«797«, r„«=‘3BB9. 

The reduction has therefore very sensibly leduoed the oorrelation between thb numbers of crania used 
and the magnitude of the coefficient. Thus far ‘the argument in favour of the reduction seems valid, but 
wo have to oonsidec how the changes in rank which lessen the oorrelation between the a.BJi.'a and 
the numbers of crania used have been achieved. 

The series with the lowest numbers are: 18th Dynasty Egyptians (3B'9), Bronze Age Bpanlsb (24'9), 
Middle Dynastio Egyptians (88*1), Ist Dynasty Egyptians (88’6) and dth— 6th Dynasty Egyptians (39*0), 
^ving the “orude” coefficients 2*74, 4*68, 8*74, 6*24 and 1*96 respectively. These ooonr in the ranking 
of the omde oaeffioients in the Brd, 9th, 2ud, 12tb and Ist places. In ranking of the reduoed ooeffioients 
they occupy the 8th, 16th, 8rd, 17lh and Ist places respectively. There is thus for the series with the 
fewest orania an average ohaugo of 8*4 places in the ranking. If we take the five series with the largest 
numbers of orania, i.e. 26th— 80th Dynasty Egyptians (886*1), Modem Portuguese (494*0), 17th and 
18th century Malteae (489*4), the 6th— 12th Dynasty Egyptians (168*6), and the Naqada seriefs (00*1), 
their ranks in tlie orude ooeffioients are 17 (h, lOtb, 18th, litli and 16tb and these obtain with the 
reduoed ooeffioients the ranks 14tb, 10th, lOtb, 9lh and 18tb or an average loss of 8*8 places. It we take 
the 6th— 0th ranks in numbers, we find without regard to sign an average change of one place only, and 
if we take the 10th to the 18th as the next hipest Series of numbers the average dUplaoenent in rank 
is again oiu. Hence it would appear that, not only as we should expect are the aeries with lowest and 
highest numbers most ohanged in magnitude of coefficient oy the correotion, but it is these series which 
Bi'e also most ohanged in their ranking. It is, however, in the values for the high numbers of orania 
in the omde ooeffioients that we are most sure of the order of signifioanoe, and it is the ooeffioients with 
the least freqaency in the data, of which we are most unoertain, which are brought into high places in 
the series. The average number of orania compared with the Sedment series is hem abont 147. Mr Woo 
reduoes to 100. 1 ehose 76 because it seemed a fair average of the series then before me and it is 
desitable to raise the reduced ooeffioients as little as possible above the omde. The present note is only 
one of warning. What oounsel can we draw horn It? I think it is; Be moderate in the emphasis laid 
on the order of “reduoed'' coefficients, and lay no, or very littlit. emphasis on series with ooeffioients 
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The coefficient is first calculated by the formula above, this being known as the 
crude coefficient, and it is then reduced to the value it would have if all the means 
of both series in the comparison were based on lOO individuala, This rorluced 


value is: 



1 + li -87449 



Both crude and reduced coefficients are given below for all the comparisons made. 

In a paper published in this journal in 1925 Dr Morant gave the mean 
measurements of a considerable number of early Egyptian acriea calculatetl from 
the data provided by a number of different anthropologists *. He suggested that two 
extreme forms of skull could be distinguished— known respectively aa the Upper and 
Lower Egyptian types— but these extremes could be linkcxi together by a number 
of intermediate types so that all the material then available formed a fairly 
continuous series. A close resemblance could be found between every sample and 
one, or more, of the other samples. A map given (loe. oiU p. 3) showtKl the 
distribution of the sites from which the series were obtained. The majority of 


them are in Upper Egypt and these range from Early Prodynastic te Roman 
times. There are only four from Lower Egypt, ranging from tho 4th Dynasty to 
the Ptolemaic Period. Sedment is more southerly than any other of the sites in 
Lower Egypt, but it is nearly 130 miles from the most northerly of the Upper 
Egyptian sites (Qau), I endeavoured to find the closest relationships, i.e, the 
lowest reduced coefficients of racial likeness, between the Sedment series and any 


others available, whether Egyptian or not. In dealing with European and Egyptian 
types it has been repeateffiy observed that the most significant differenees are 
almost always found for the length, breadth and height of the calvaria and the 
three major indices derived from these chords. Facial measurements are generally 
far less differentiated. By taking this fact into account, it is poeaible to select at 
once the series which will certainly not provide low coefficients of racial likeness. 
The following arbitrarily fixed ranges were suggested by Dr Morant and they were 
derived from his study of the inter-relationships of 89 European and t Egyptitm 



B 

H' 

100 B/L 

100 If 71, 

imjH' 

136-3 

131-8-U4-8 

137*4 

133-9-Ul‘» 

70*1 

71-0-«)’0 

76*6 

7S-O-.70-O 

100-0 

05-0-106*8 


below three, or on thoie oontaiaing fewer than 40 to 60 oranU. Above idl It ie Oealrabla on Gw nwlleit 
poeelble opportonity to take numerona aamplei of 20 to 60 individnals from a long mtIm of SknUf 
like that of the 28tli— 80th Dynasty Egyptians, and dnd their ooeiBoiente of laolal Ukenaie with eaoh 
other and with the entire parent popnlation. It would be n long task, bnt would throw mnob light on 
present difflohltieB, Eniion.] 

• "A Stiidy of Egyptian Oraniology from Prehieforio to Boman Timea” BtmttrOuL Vol xvn. 
(1996), pp. 1-62. 


t "A Preliminary Olasaifloatlon of European Baoee based on Cranial Heaanrementa.'’ Ibid. 
Vol. xx®, (1928), pp. 801— 876. 
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If the cf mean for any serieg falls outside the range indicated for any mjc, or 
more, of the 6 chamotens then it will be safe to assume that thert^ is no close 
relationship between it and the Sedment series. Comparison was mode in thitt way 
with about 80 </• European and U c/* ancient and modem Egyptian types All except 
23 could be excluded on account of the'aberrance of one or other oi the 6 tnwisurc* 
ments compared, and it was only thought necessary to calculate the coefficienlfl of 
racial likeness with ten predynastio and dynastic Egyptian, three modem Egyptian, 
eight European, one Abyssinian and one Canary Island series. The roflucerl values 
of these twenty-three coefficients range from 5*07 to 4t2'72 and the eighteen values 
leas than 20 are arranged in order in Table III. We may feel confident that com- 
pariaon. is made there with all the series available which are most cloecly related 
to the Sedment one. All the coefficients which could be calculatetl with the 
¥ Sedment means are also in Table III. Male means of the rarwt closely related 
series are in Table I and female means in Table II*. Comparisons are made in 
Table III between the ^ Sedment series and 18 others. The coefficients of nmial 
likeness are given for the standard set of 81 characters, or as many of them as 

* The oompaTAtlve metorial need in the pretent paper was derived Aren the fallowtog Morees: 

(i) Thornton, A. and BendAU.MnoIvor, D. : I'ht jinoirnt Itoeei o/ the Thebatd, Oxford (lOOS). Ute ix 
made ot five tariee for which indivldnel mesearemeuti iiro given in thi* work. The d iRMSs of titeee xnd 
of all the other anoient Egyptian and the Abyaainian terlat are gWnu in Himitrikth Voi. xvji. (lOfifi), 
pp. 14—36. 

(il) Btahr, Hermann ; Hie EiMWiTrapt t'm antikea 4«p|/ptrn. Xronfolopliche PntertiichwipM on 
M-amiwMpJm ave TMm, Lelptig (1607). 

(Hi) Toldi, 0.: "AnthropologiMhelJnteraoohttngderaiiantahliohennelierrealeaiMdeaaitlgj^ptUiehea 
GtilheTfeldeinyoD El.KttbaDieh.” I>enk<eiir(/'(eH tier ^ftodemie dtt Wit*tmh«fitn in WUn^ Hnth.-miw- 
win. Klaiie, Band xovi. (1019), 8. 69S— 076. 

^T] Sohmidi, Emil: Dii anihroplogiechen Smmhngtn I>*tU$ehlandt, Lelptig OauJofce* (ISSI), 
alto pnUithed with Arehiv fUr Anlhropalogie, Band xvn. 

(T) Bergi, Sergio; Crania Habeaiiniea, Contribute all’ Antropohgia delP A/rten Or •ntele. Some 
pOlS). 

(vi) Oatteking, B. ; *' Kraniologitohe fltudlan an Altfigypten.” /(reAi« /ArdntArepofegfe, Sand xxxvi. 
(1900), 8, 1—00. The aezet of the skallt need in computing the g meana tie given by Schulbi in ibid. 
Band hot. (1918), S. 72—70. 

(vii) Peareon, Karl and Davin, Adelaide G. ; "On the Blometrlo Oonatantt of ttie HuintR Sknll.’* 
Siorntriha, Vol. xvr. (1924), pp. 828—868. 

(viil) Fawoett, Olooly B. s "A Second Study of the Variation and Oonelatlou of lha Hnnum Skull, 
with apeoial Beferenoe to the Bouada Oranta." Ibid. Vol. i. (1909), pp. 408— 4W. 

(ix) T. Iratohan, Felix; "Bellrligo aur Anlhropologte von Kreta." ZtiUehrift /Br SUmatofU, 
Jahrgangxiv. (1918), B. 807—898. 

(x) Iiajard; '<La raeelbdte, Crduea dea Oanariet et dot Acorea." BuUttint de la SoeUU WAidhro’ 
pologie de ParU, ot« tirie, tome to. (1892), pp. 294—826. 

(xi) de Maoedo, Franoitoo Ferraz ; Crime «t Criminel, Meeat de egniUlique d'obierpatibn* ftnaicmigitei, 
phyeiohpiqwe, patlulogiqua etpeyekignei eitr let minqmnU et mrte eeUm h mdthode tt U* ptneMit 
anthn^hgiqm let plui rigottreua. Hthon, 1892. 

(xii) Buxton, Ii. B, Dudley ; « The Ethnology ot Malta and Goto,*' Journal of tU JSoual Anthnfpo. 
topical Iwiiiatt, 7ftl. m. (1PS8), pp. 164— 211 . 

(xiii) Siret, H. andL.; premiere dgetdumgtal dans leeud-eetdePJBepagne. Antwerp (1887). The 
tknll meaturements ate given in the teotion on Mthnohgie (pp, 267—896) by T. JaoQUei. The meant 
are for the pooled Aigai, Gerfindia and Pnarto-Blanoo seriee. The j meant have been dvea already in 
Bvmetrika, Vol, ix*. (1928), pp. 374 and 876. 
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could be used in a particular comparison, and for the 12, or fewer, indices and 
angles -which form part of the total 31. The orders given by the two hinds of 
coefficients are not in good agreement and this may bo supposed due to the 
fact that tho values for indices and angles are not all based on the same number 
of characters. It is known that tho avemge contributions of the individual 
characters to the coefficients are far from being constant and the omission of a 
few measurements may have a marked effect if the total number compared is 
small. Female data for 13 of the 18 series are available and the corresponding 
(f and $ reduced coefficients are in fair agreement with one another. The Sedment 
and several of the other series are short ones and the errors of random sampling 
are probably large enough to account for most of the sexual differences of this kind 
observed. The most marked divergence is found in the comparisons with the 
modern Egyptian series from Cairo, the reduced coefficient being 8'39 and the 
1 26*85. The disagreement in this case is almost certainly due to the fact that the 
cf and $ samples from Cairo do not represent the same racial population*. The mean 
indices and angles for the two sexes (cf. Tables 1 and II) have differences which are 
too large to be attributed to random sampling. Tho and ? mean indices and 
angles of the Sedment series are in close agreement and there is every reason to 
believe that they represent the same race. The relationships of that type will be 
measured most accurately by the cf reduced coefficients of racial likeness for all 
characters given in Table III. It is extremely satisfactory to find that the closest 
connection is with the 4th and 5th dynasty series from Deshasheh and Medum, since 
Sedment is closer to these two than to any of the other Egyptian sites represented, 
and the time interval between the series is also small. The reduced coefficient of 
6*07 indicates a very close degree of resemblance and it will bo of interest to com- 
pare it with the closest connections which have been found for other Egyptian series. 
In Morant's paper all the lowest crude coefficients of racial likeness ore given for 
23 closely related ^ series, omitting the Aeneolithic Egyptian one which is of an 
aberrant type. These are all Egyptian of periods ranging from early predynostic to 
Boman times except in the Abyssinian series (Tigre district) which is modem. The 
coefficients were reduced and the distribution of the lowest values for each series is 
given below. 



-o-e-o-s 

O‘B—1'6 


g‘5-S‘6 

S’S-4'S 

Lowoet Reduced Coeffloienta 


10 

7 

3 

1 


The lowest ^ reduced coefficient in Table III is 6*07, so the Sedment series 
must be supposed less typically Egyptian than any of the 23 previously described. 
The £a,ct that its second closest connection is witH Modem Cretans again suggests 
foreign admixture. Seven series of the Egyptian type, of which one is a modern 

* The t uid s Indioee ud angka of Idiie fleries ore in had agreement. Judging from the naaal index 
and angle the s serleii i« predominantljr of Kegrold origin ; though the eame ie not true of the t aeriee. 
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s&ri&s from Cairo and anothor is of modfioi AbyasitiianSj follow, thon the 
and other Egyptian, North African and European typiss. The wily Europan 
populations represented are ones from the Meditcrnttietwi wcftt The fr.'ature of 
the relationships observed which is most unexpected is the fiict that the >Bedmcnt 
sample bears a closer resemblance to modorn Cretans than to all except one of 
the available Egyptian types. To throw further light on the pint Uu> coefficiimta 
of racial likeness’ were computed between all pairs of the eevon aerie# which were 
found to be moat closely related to the one from Sedment, Crude and mlueed 

RbLATTONSHTPS of RESBlvrBitlKQ THg SEPMgWrjgWg^ 


ORISTAN$ 


6* fUdvoed Co«0!isi»itilt ot 
Racial La’kencw. 
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<e — 
8-0 


MODBRN ✓ 
Egyptians'' 
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N, 
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(CMRO) 
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DYNASTY 

EGYPTIANS (SBOmUNT) 


JYSV DVNA«TY fcOYPTEANS 
\ (OBSHASHIW AND mittHIM) 

/ I 

miDDui xrniAmr toYpmm 

EGYPTIANS (bU-KUBANIBK NOim^ (THEBES) 


EARIjY and imDDUi DYNASTIC 
EGYPTIANS (BU-KUBANIBH SOUTH) 



ABmrmAHS 
(tiorb district) 


values are given in Table IV, and the diagram below shows sdl the cloeeet 
connectiom The arrangement given by these means oorrespnds closely with the 
geographical distribution of the types since Sedment, Desbasheb and Medum 
are in Lower Egypt, while El'-Kubanieh is south of Thehes. The Sedment aeries 
appears to be distinguished from all other early Egyptian ones by bearing a 
peculiarly close resemblance to both modem Cretans and modem Egyptians from 
Cairo. The earlier and later populations of Lower Egjrpt are represented 1^ the 
4th and 6th dynasty aeries from Deshasheh and Medum and by the 26th— 30th 
dynasty series from Gizeh. Neither of these is so closely related to the modem 



TABLE TV. 

Coefficients of RaciaZ Likeness between Series dosely related to the Sedment Series {Male and Female'). 
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Cretans. The ranges of the coefficients on which the diagranj am for 

^ readings. There are no adequate ? means for modem Cri-lan« unfl tlie 4lh and 
6th Dynasty Egyptians from Deshasheh and Medum. The ? wfliritmta f«<tween 
the remaining six series furnish a scheme of relationship which is chmdy simdar t<» 
the one ali-eady considered except in one particular; the Hwluicnl mid niiHliTn 
series from Cairo have $ moans which arc much further aunovrd than the 
corresponding means. 

TABLE V. 

Valm of "a" between the Male and Feimile Hedment and other Meriee. 
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4. A Comparison 0 / Single Characters. The a'a found in computing the 
coefficients give a convenient measure of the significance of the differences between 
single mean measurements. The difference may be supposed to be definitely 
significant if the a is greater than 10, All values available for the 31 characters are 
given in Table V for the 4 (f and 2 J series which most closely resemble the 
Sedment type. The moan a’s are also given for the 18 series with which comparisons 
ore made in Table IIL As is usually found, tho average contributions wMch the 
characters make to the coefficients vary greatly. Mean o’s have been given based 
on 820 comparisons between 37 European and 4 North African series*. The value 
for the cephalic indox is almost twice as great as that found for any other oharacter, 
and next in order are if, 100 £/F, L and Oi. The characters 100 H'jL, the 

TABLE VI. 



occipital index (Oc. /.), S' and ff are nearer tho middle of the range and hardly any 
significant differences were found for Si, A I, SB, 100 NBjSS' and 100 
In the present comparison the indices 100 H'jL, Oo. I, and 100 SIL are the most 
variable characters, and these are the ones most likely to distinguish the Sedment 
from all the other series. The height-length index is the only character showing a 
significant difference in the comparison with the 4th and 5th dynasty Egyptians 
from Deshasheh and Medum and the minimum frontal diameter is the only one 
which differentiates the Cretans from the Sedment series. Mean values for some 
of the characters which differ most significantly are shown in Table VI. The length 
of the Sedment type is slightly greater than the smallest mean recorded for a 

* Bimtrika, Vol. xx*. (1928), Table XVI, fadng p, 8B6. 

t All ibe meana In ihia table a» baaed on 80 or more ekolli. 

t The meant of theta leties are given in Bimetrih, Vol. xvii. (1928), pp. 14—80 (Fonqnet't 
meoeurements being exolndsd) and TMd. Vol. xn. (1827), Table U, facing p. 117. 
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dyn&stic Egyptian sericsj the breadth is a tnilhtnetrs less than the largest of these 
means and the cephalic index is O-J gre»iter than any other rccor(le<l for this group 
of closely allied racial types. Both the basio-bregmatio height (H') and the height* 
length index {100 H'jL) are more clearly differentiated from the continuous series 
given by previously measured early Egyptian samples. In the ease of all five of these 
characters the tendency to diverge, or the actual divergence, of the Sedmunt 
constant from the inter-racial range is in the direction of the still mo^ divergent 
mean for modem Cretans. The evidence of these measurements is not in(ie{>endent 
evidence, of course, since they are known to be quite highly correlated with one 
another both intra- and inter-racially. The high mean value of a found for the 
occipital index (Oc. 1.) is seen from Table VI to have been occasioned by llie fact 
that the Sedment value is appreciably higher than any other found for an Egyptian 
series. Means of this character have been given for a considerable number of racial 
types*. They range from 68’0 to 68-8; all the lowest values are for Western 
European and all the highe.sb for African Negro races. The highest as: yet found 
for European races are for Rumanians {^^'*1), Serbo-Croata (62‘8), Greeks (62*9) 
and Turks (63*3). The occipital index is unfortunately not available for the inotlern 
Cretans. It may be suggested that the high means found for the Sedment series 
((^ 64*0, $ 63*5) indicate Negroid admixture, but a comparison of characters 
which are better criteria of the Negro skull, such as angular moasurements of pro- 
gnathism and the nasal index, fails entirely to substantiate that view. Mitumutn 
frontal breadths (JB') are also compared in Table VI and the Sedment mean falls 
within the range furnished by other early Egyptian types. The same has been 
found for every other character measured, including a number ■which are not used 
in computing the ooeffioient of racial likeness. The nasal breadth, index and angle, 
however, are almost as low as any of the other means. The distinctiveness of the 
Sedment type is thus seen to depend on very few of the characters which inay he 
compared. 

6. Type Gontours. The d* and ? type contours for the Sedment series were 
constructed from the mean meaeurements of the individual contours in the way 
usually employed in the Biometric Labomtoryf. They are given in Figs. I— -VI 
and the means themselves will be found in Tables YII—* IX, A number of chords 
and angular measurements of the types should agree very approximately with 
absolute mean readings and a check on both is thus obtained. Comparisons were 
made in the case of the auricular heights of the transverse section and a number 
of measurements taken on the sagittal figures. The maximum difference between 
the readings obtained by the two methods was 0*6 mm. for chords and 0**4 for angles. 
This is a satisfactory agreement^. 

• BimeMka, Yol. xvi. (1924), pp. 8S4 and 886. t Bee Ibid, Vol. *iv, (X02B), pp. 387-344. 

t Perfect corrcBpondenoe between all the abeolnte and oontonr measuretnente which are nsually 
oompered is not to Be expected, even if the pereonol eqaatlone of both meaewing wd drewlag wem aeto, 
owing to the methods employed in traoing individual and ocnetruotiDg type oontouw, Por example, the 
eraniopho* auricular height is the maaeimum projective height from the anrlculat axis, bat the highest 
point on the trauBveree type ia obtained from the mean of the vertical heights biseoting the aurieular 
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The transverse vertical contour is drawn through the auricular points— the 
"porions” of Martin— perpendicular to the Frankfurt Wizontal plane. The cf and ? 
types (Figs. I and II) are almost symmetrical, the maximum difference between 
the right and left sides of the same ordinate being 0*9 mm. in favour of the right 

A 



Fro. I. Transverse Tjjpe ConTour of 39 Skulls from SeJmenT. 

side on the ^ fignie and 1*5 mm. in favour of the left side on the ^ figure. The 
maximum breadths of both are close to the 6th parallel. For all racial type 
contours which have yet been published the maximum breadths lie between the 

axis. The two miijr not eonespond on in u^metiioil AdU, The foot thit the point of the tracer was 
in a few oasei railed or lowered to pass through lome etandard points shown on the sagittal figures will 
lead to projected lengths which are elightl; different firom the dbeot oaUiper readinga. 

Biomatrika zxn 
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4th and 6th parallels, and in several cases they are between the 4th and Stln The 
relative position of the major diameter apiwors to be a cbamcter which distinguishes 
the Sedment Egyptian type from all others available. The point where the line 
joining the most lateral points right and left meets the axis may be taken to 



Fw.H Transver&e Tl^j[»e Contouw of 30 ^ SltulU f**om 5e4me«t. 

indicate the height of the maximum horisontal diameter above the aurionlitf g'loV 
The character in question can be conveniently measured by expressing the d istanoe 
of this point from ilf as a percentage of MA> The indices on the following page 
are given by type contours each baaed on 20 or more skulls; the index is for the 
cf type unless otherwise indicated. 
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45 — 60. Dbh Dynasty Egyptians: Sedraent 48'7 ($ 47'4), Congo Negroes; 
Fernand Vaz, 1880* 45’6. 

40 — 46. Predynastio Egyptians: Badari 44‘4(J 43'2)f, 26th— 30th Dynasty 
Egyptians; Gizeh 43*3*, 1st Dynasty Egyptians: Abydos 43*1 Tamils 41*6§, 
Burmese A 41*4 ( ? 38*0) 1|, Congo Negroes: Batetelu* 41*3, Northern Chinese 40*3 f, 
Hokien Chinese 40*1 §. 

36 — 40. Prehistoric Chinese 39*0f, Congo Negroes; Fernand Vaz, 1864* 38*8, 
Basques 38*4**, Nepalese 37*5 ff, Tibetan A 37*3tf. 

30—36. 17th century English; Whitechapel 34*8*, 17th century English: 
Farringdon StJ^ 34*7 ($ 84*4), Eskimo 34*6*, Anglo-Saxons 31*8 (? 30*9) §§. 

TABLE VII. 


Mean Measiiremevta of Transverse Vertical Contours. 
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8L 
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? 
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66*6 
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62*0 
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58*1 
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38 

30 

37*8 

36*4 

36-9 

35*4 

17*4 

18*3 

17*6 

17*8 

68*6 

66*6 

3*3 

3*2 

68*6 

66*6 

3*4 
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* Number of 08868=29. 


The four Egyptian series available are all among the types found with the hve 
highest values of this index. The Western European races are at the other extreme 
of the range and, unfortunately, no data for Eastern European types can be given. 
It is interesting to observe that the index is greater than the $ in every case, 
For most races the mean auricular height is less than the mean auricular breadth, 
so that the index which expresses MA as a percentage of the parallel 1 is loss than 

* Benington Biomtrtkat Vol. toi. (19U), pp. 187—198, 
t Stoossigor; Ibid. Vol, ux. (1987), pp. X86 Biidl87. 

X Motlejr: Ibid. Vol. zni. (1986), p. 47. 

g Hanover; Tramactiom of the Boyal Society of Udinburgh, Vol. uv. (1926), pp. 692 and 894. 
il Tildedey ; Biomtriha, Vd. zm, (1921), pp, 188 and 191. 

IF Blaok: Palaeontologia Siniea, Bedes B, Vol. vn. (1928), p. 47. 

** Monnt: Biometriha, Vol. xu. (1929), p. 78. 

+t Morant; Ibid. VoL vn. (1924), pp. 76 and 77. 

Hooke : Ibid. Vol. xtm. (1926), pp. 48 and 44. 

$g Morant: Ibid. Vol. xvni. (1926), pp. 90 and 91. 
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100 This is so for the 20th-30th and for the Isl Dyriaaty Rgyprian eontf»nra. The 
indices for the Bodari Egyptians (<f lOV-9, ? IIO^O) ore the highwt that have yet 
been found however. The value given by the cf Tamil typti is 107‘'? and the Swhnont 
indices (,^ 106‘2, ? 106*7) are also close bo the extreme. Other mi-asnn*Jnent« of the 
transverse type contour which have been used for comparative ptjrpt«H?a do not 
distinguish our Sedment from the other scries. Pigs. 1 and 11 art! diflfvrentiatwl from 
all others available by having their maximum breadths peculiarly high up and their 
heights are also large in proportion to the auricuinr widtha In thfw. and other 
respects they bear a closer resemblance to the Batlari than to the let or the 26th -"“BOth 
Dynasty sections. Superposing the Sedment and Batlari types, with the aid of the 
tracings provided, a close correspondence is found for both eexea. The former outUnea 
are slightly higher and broader than the others, 

TABLE Vm. 


Mean MeoBuremerUs of Moritontal Contours, 
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17*9 
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* ISomber ol mims 87. t Niuaber ftt omn nt99. 


The glabella horizontal section (Pigs, III and 17) is drawn through the glabella 
parallel to the Frankfurt horizontal plane. The point F is the glabella, 3* and 2^ 
mark the crossing of the temporal lines and 0 is the occipital point in the median 
sagittal plane. The type figures are almost exactly symmetrical. The maximum 
difference between the right and left sides of the same ordinate (see Table Till) is 
1*4 mm. in. favour of the right side for the f figure and 1*0 mm, in fiivour of the 
light side for the As for all other types which have yet been oonetruoted, the 
maximum breadths are between the 6th and 7 th parallels. The outlines have no 
characteristics which are very distinctive. The temporal fossae are shaUow though 
mom marked, as usual, on the ^ than on the $ figure. A mumber of indices 
derived from measurements of the horizontal type contour have been used to 
compare degrees of frontal development and other features. The variation shown 
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Fto.lH. Tyj[te Contour of 38 C5 Hgyjitl^it Sltullft from SeAneot. 
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Anomalous Sedment Egyptian Skulls. 
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by modern races is small and the Sedment values fall within the ranges given by 
the other types in all except one case. The distance of the parallel from F — 
i.e. ^th of J’O — expressed as a percentage of the total length of that parallel gives 
a measure of the curvature of the most anterior part of the frontal section. The 
highest cf index found is 13'6 for the Sedment type contour, but there are several 
others greater than 13. The lowest index, indicating the frontal bone which is most 
battened transversely, is ll'O (Prehistoric Chinese) and all the lowest values are for 
Asiatic races. By superposing the contours it is found that the Sedment type 
corresponds more closely to the horizontal section given for the 26th — 30th Dynasty 
skulls from Gizeh than to the Badari or 1st Dynasty Egyptian figures. 

The median sagittal contours (Figs. V and VI) again exhibit few distinctive 
features. As the series is an Egyptian one, the most chanicteristic are the unusual 
height and the battened occipital section. The vertices lie between the 5th and 6th 
parallels and the same has been found tor all other types as yet constructed. 
A number of indlcial and angular measurements have been devised to aid in the 
comparison of the most important features of this section*. The and $ Sedment 
values were determined for each of these, and in all cases they fall within the ranges 
furnished by the type contours which had been constructed previously. Considerable 
differences are found from the sagittal figures available for other Egyptian series. 
The Sedment sections have quite the least protruding and fiattest occiputs; they are 
also the greatest in height. A curious relationship is found on superposing the 
Sedment and Badari (f* figures with the nasions and J^y lines coincident. The 
outlines from nasion to lambda almost cover one another and no difference can be 
detected between the heights of the vertices. Below the lambda the Badari occipital 
section protrudes beyond the Sedment, but the outlines cross between the inion 
and opisthion. Quite marked differences are found between the outlines of the 
basi-occipital and the palate, the Sedment bones being immediately below the 
Badari but appreciably further removed from the Ify line. The difference between 
the basio-bregmatic, or vertical heigh ts^ of the two types is thus due solely to 
differences associated with the base of the skull. The most significant differences 
between the Egyptian types are found for this section. The comparison of type 
contours confirms the conclusion suggested by direct measurements that the 9th 
Dynasty series from Sedment is not closely related to any one of the other three 
Egy|>tian ones which have been described in this way. More adequate comparative 
material will be needed in order to determine its racial affinities more exactly. 

6, Measurements of Mandibles. There are 62 of the skulls in the Sedment series 
with more or less complete mandibles, 36 being 25 f and 1 juvenile. Notes on 
the condition of the teeth and any dental anomalies noted are given in Appendix 1. 
Measurements were taken according to the technique described by Morantf. 
Individual values are given in Appendix II and means in Table X. There is far less 
comparative material than for the skull, and no standard deviations or correlations 

* See AmaU ofJEugmki, Yol. ti. (1927}, pp. 965—868. 

t “ A Plrst Study of the Tibetan Skell,” BUtmtrika, Yol. xrv. (1988), pp, 196—260. 
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precisely the same technique as we have used havi* only been published for one 
other Egyptian aeries; that is the Budari studiefl by Stoessiger*. Mean values of 
the principal measurements for the Egyptian and for a Tibetan and an Anglo*Saxon 
series are given in Table Xt Some of the differences between the extreunsi are 


TABLE XL 

Mean Mode Manddndar Measurements /or Egyptian and other Series, 
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Condylion to ouronion ... (e,Cr) 

Maximum length of condyle (Cft) 
Height of coroniou ... (c,A) 

Height of inciaura ... {lA') 

Length of ramus (W) 

Totu projective length (rnl) 

\0Qeddml 
lOOrb'Jrl 

Ml 

114'3(86) 
92*0 <32) 
m (33) 
33*3 (as) 
34*7 (38) 
S0*S (30} 
67*7 (33) 
13*3 (32) 
63*0 (3fi) 
102*8 (38) 
08*0 (33) 
63*0(34) 
lSr>0(36) 

109-6 (30) 
SH-B (32) 

32- fi (34) 

33- 8(39) 
33 -H (.37) 
20-3 (3«| 
81 -H (33) 
18-2 (33) 
67-8 (33) 

101*2 (33) 
610(32) 
6«*6 (33) 
12U'-0(34) 

117*0(83) 
98-2 (8.3) 
30-8(2.3) 
32-1 (2.’)) 
3^1-2 (83) 
iH'rtCxr.} 
W»-H (2.3) 
ISO (20) 
6H-4 (26) 
10ft -2 (26) 
67*8(86) 
ftR -a (96) 
126*-8(2.3) 

123*7 (86) 
103*8 (46) 
33*1 (40) 
33*8 (61) 
33*9(40} 
81*7(38) 
06*? (48) 
13*6 (36) 
84*0 (46) 
!0?*2(31) 
00*9 (27) 
fti'ft (45) 
19<r-3 (47) 


surprisingly large. For the condylar breadth (wt) the greatest mean exceeda the least 
by 14’2 mm. and for the angular breadth («%) the extreme difference i« 14*4 nim. 
These values are almost as great as the maanmum inter-racial differenoe found for 
the larger diameters of the skull such as the length, breadth and height. Some of 
the other characters— notably rV and CyC,.— are almoet constant for the four aeriee in 
the table. It is probable that several of the differences between the Sedmont'iuid 
Badari means are signiheant. 

1. Condbtsions, The series of 9th Dynasty skulls from Sedraent, in Upper Egypt, 
is not more variable than other Egyptian dynastic onea Judging by a gefteraltsed 
measure of resemblance— Professor Karl Pearson's coefficient of racial likeness— the 
type is more closely related to that of 4th and I5th Dynasty skulls from neighbouring 
graveyards at Deshasheh and Medum than to any other which has been adequately 
described. In spite of this close link, the Sedraeut series stands still closer to one 
of modern Cretans than to any Egyptian series at present available. No other 
close connections have been found with European races, end all those of a rather 
less intimate order are with dynastic series from Upper Egypt except one with a 
modem series from Cairo. The last, and the modem Cretans, are only oonneobed 

wmisA by (he BtiUeh Sttboot ot Asehwology la 
Egypt. Biometrika, Vol. nx. (1937), pp. 110— ISO. 

t Ibid, Vol. XVI. (1924), pp. 108 and 104. 

t Ibid. Vol. xvm. (1986), p. 96, 
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37'9 j 

4 I '8 

8 i -2 

634 

74*6 

424 

w before death, teeth considerably worn. 

n 


68'9 

74*6 

68>9 

67*8 

4**4 'massive. 

42*9 bse; ossicles at asi^tia R and L; teeth complete but considerably worn; JR, 
43*3 greatly worn; bone eroded by disease (?) at roots of both upper rst molais 



64*0 

7a'0 

44*0 yg 3 incisors lost from lower jaw, teeth considerably 



68>o 

6i‘4 

69>8 

76*7 

*"' >h complete in lower jaw but exceedingly worn; luge epiplevic bone 11 ; Jit. 
424 ii, |]g{o]^ oxceedingly worn; a small prrcondyles; JR. 

41*9 [ossicle of lambda and a largo oseiclo in sagittal suture above it; 8 molars 

1387 

6i’f 

84'5 

90*8 

6i'0 

62-6 

67‘0 

8 o-o 

70*9 

67'6 

39*0 

46*3 

45*4 

llVUi 

2 xst moluB lost from upper jaw, R rst molar lost from lower jaw; J «. 

')m; tympanic petforallon R; faint trace of moluplc suture; protruding 

36'i 

38-2 

4I'6 

90‘0 

91‘2 

82*3 

6i>8 

63-1 

6 x <3 

74*1 

71-2 

77*2 

44*2 

43*7 

42*5 odiately above lambda^ single wormian in L iambdoid suture; no teeth lost 

40*6 

40‘2 

48‘3 

39’6 

42-3 

41-2 

♦3*2 

3 .V 2 

j8*8 

|8‘8 

l8'l 

[I'O 

l8'6 

) 6'4 

[0*6 

}6'0 

19-8 

83*4 

94*4 

83*9 

88-1 

79*3 

go'O 

81- 3 
77*3 

82 - 7 

83*4 

, 87-9 

1 81-4 

1 87-6 
! 84 *t 
' 76T 

; 77 * 3 ? 

1 8i*r 
; 824 ? 

67'X 

72 'X 

72'I 

6o'0 

63-1 

fi 7 *j 

67*2 

6i'8 

70*3 

62*7 

65-8 

62-6 

6t<9 

67*9 

70'X 

63*0 

66‘6 

69*9 

67*6 

67*7 

78*6 

71*4 

69'X 

6g*o 

78-6 

66'0 

70'X 

73*3 

74*3 

73*3 

73*1 

6o‘9 

74*7 

73*3 

43*0 ondyleLjJR, 

40*3 1 

40*2 bth jaws, teeth greatly worn; singlo ptccondylo; JR. 

42*4 JL. 

43*5 , 

“ ill complete (?) and very worn. 

43*4 

43*8 jmail precondylee; JR; large and strong skull. 

39*6 nrom; tympsme perfoiationa R and L; J «. 

474 

38*7 

42*9 

44*8 iw but teeth considerably worn; JK. 

39*0 rom lower jaw, teoth greatly worn; JR; Ji divided, 

4 X 4 

42*3 

39*9 iplete and considerably worn; JR. 

mastoid; teeth complete in lower jaw but very worn; tympanlo perlora* 

17*6 

fl-O 

! 87<8 
i 83-6 

1 

1 

65*4 

63*4 

7**5 

72'0 

42 'T 

44*6 

1 wormians In oironal and Iambdoid sutu'cs; trace of transveiee ocdpila) 
ly nteeaUng ftontel bone and prominent superciliary tldge; beskccipital 

f2>I 

76*6 

907 



43*8 

4x4 

wormians in iambdoid suture R and L; 4 or 3 teeth lost from upper jaw 

10‘0 

1 86>8 

64*7 

73*3 

42*0 dn in Iambdoid suture; several tooth lost from upper jaw, lower teeth 

9 

85*1? 

66<4 

72'r 

41*5 

eeth very worn; large e^pteric bone L; JL. 

1 

; 84-1 

, 37 

63 *'I 

36 

7 s "*4 

36 

42*'5 

36 
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with the slightly differing early Egyptian types by our present series. These 
relationships suggest that we are dealing with a sample from a population which 
was predominantly of Egyptian origin and they may be taken to indicate that at 
some unknown period there was a direct, or indirect, link between the native 
Egyptians of Sedment and the Cretan people. The evidence is not suSioient to 
warrant any more definite statement. The Sedment has a higher cephalic index, a 
greater height and a higher height-length index than any other early Egyptian 
type: it is also differentiated by a high occipital index indicating that the arc from 
lambda to opistbion is less convex than usual For the first three of these characters 
the divergences are in the direction of the modern Cretan type, but data for that 
type are not available in the case of the occipital index. Male and female type 
contours and mandibular measurements are presented, but owing to the lack of 
sufficient comparative material no definite conclusions can be deduced from these. 
The maximum breadth of the transverse section is relatively higher for the Sedment 
than for any other series for which transverse type contours have been published. 

In conclusion I should like to express my great gratitude to Professor Karl 
Pearson for permitting me to undertake this research in his Laboratory, to Dr Morant 
for aid in many ways and to Miss McLeam for drawing the type contours. 



A STATISTICAL STUDY OF CERTAIN ANTHROPOMETRIC 
MEASUREMENTS FROM SWEDEN, 

By P. 0. MAHAUNOBIS. Preaidcnoy Ck>U«f{e, OalcattH. 

1. Introduction, The present paper (wnsiste of a etatistical study of certain 
authropometrio data from Sweden, which have hcon taken from The Racial 
Qkaraoters of the Swedish Nation, edited by H. Lnndlxtrg and F. J. Lindera, and 
published by the Swedish State Institute for Itaa* Biolojify, Uppeala, in 1926 •. 
My aim is to make a first application of the Coefficient of Racial Liktsiu'ss to the 
disorimination of racial differencee to be ascertained from mpaaurumente on the 
living. Hitherto the method of the O.R.I 1 . has been applied chiefly U> craniomelrio 
dataf. As I have indicated in an earlier memoir {Bmudrika, Yol. xxA pp. 1-- 31) 
the want of standardisation renders analysis of measurements on the living by this, 
or indeed by any other, method largely futile. 

The material oonsiste of measurements of 46,933 conscripts and regular soldiers 
belonging to the Swedish Army and Navy. The subjects were si! bom in Sweden 
and were over 20 and under 32 years of age. The measurements were taken in 1933 
and 1928, each person being measured by two observers. Special precautions were 
taken to ensure the same standards being maintained by all obaervota. One of the 
examiners measured the entire naval force, and another examined nearly half of the 
persons included in the investigation. The total number of obeerven was small, and 
all of them were connected with the Swedish State Institute for Race Biology. It 
maybe assumed therefore that the present series of measurements are standairiised 
and comparable infer se. Measurements of 404 persona bom in foreign countries 
are available, but they were excluded from ray ai^yma. 

The birthplace of the person examined was choaen aa the baaia for the regional 
groupmg of the material into five territories: 

Sweden, comprising the provinces of Lappland, V&sterbotten and 

(B) Weet Sweden, comprising J&ratland, Eftijedalen, Dalarae, Vftrmlaod, Vllat- 
manland, Narke, Dalsland, Bohufllan and Vitoter^tland. 

(0) Naet Sweden, comprising Medelpad, HftUingland, Qfcitriklaud, Upplond, 
Sodermanland, Ostergfitland, Sm&land and Oland Island. 

(D) South Sweden, oompriring Halland, Skine, Blekinge and Gotlaiifd Island. 

(E) The four biggest (fities; Stockholm, Qoteboig, Malmfi and Norrkdping. 

* I am mooh indebted to Ptoteeeor H. Ximadborg for kindly Bendi&ff me a oow of this book Immodl* 
atdy altei its publication. 

t In Brnmetrika it hae been appUed to noial ohanoten in ailkwoima and to thOM of Maoedonian 
local gtonpa. 


(A) North 
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The material from each territory was further classified into four groups on aii 
occupational basis: 

(a) Agricidtwal communities in which, according to the 1910 Census, more 
than 60 °/, of the inhabitants earned their livelihood through agriculture, forestry 
and fishing, 

(0) Mixed communities in which the corresponding percentage was under 60 
but over 30. 

( 7 ) Industrial communities in which the percentage was less than 30. 

(3) A fourth group, the Urban communities, consisted of the inhabitants of the 
cities, towns and market towns (exclusive of (E)). 

We thus get the scheme (shown in Table I) for the whole of Sweden divided 
into 17 sections. 

TABLE I. 


Divisions oftiie Population of Sweden. 


Tenitoi; 

OoonpaiioQal 

Seotlon 

Number of peraons 

Group 

Number 

examined 

(A) North 

Agricultural 

Mixed 


2993 

1069 


Industrial 


406 


Urban 


337 

(B) West 

Aj^icultural 

Mixed ... 

6 

6 

7064 

3200 


Industrial 

7 

1245 


Urban 

8 

1723 

(C) East 

Agricultural 

Mixed 

8 

10 

6496 

4642 


Industrial 

11 

1894 


Urban 

12 

2465 

(D) South 

^rioultural 

huxed 

13 

3687 

14 

2666 


Industrial 

16 

625 


Urban 

16 

1737 

(E) Four liUgeat Cities 


17 

4766 

Total 46,988 


Mean values of the different characters for each section are shown in Table III 
on the following page. 

Fooling certain of the above sections we obtain the geographical territories 
and occupational classes shown in Table H 

Several of the mean values for the occupational classes given in Table III were 
calculated by me; the other figures were taken from the published volume. 

1 may note here that after a careful comparison with the Census figures for the 
whole of Sweden the authors came to the conclusion that the geographical as well 
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as the occupational and social distributions of the persons measured were represen- 
tative of the -whole population. In other vfords, the present material may bo con- 
sidered to be a fair sample of the male Swedish population for the a^e-grotip 20— 
22 years*. 

The values of the general metms and standard deviations for the total sample 
are given in Table IV. The standard deviations for Bi-aororaiol Index, Supra- 

TABLE II. 


DivisioM of the Population of Sweden (continued}. 


Territory 

Number 

examined 

Oeeupatiooal 

Claaa 

Number 

examined 

(A) North 

(B) West 

(C) East 

(D) South 

(E) Cities 

4,79fl 

16,822 

10,497 

8,714 

4,706 

(a) Agrioultural 
(B) Mtxod 
(y) Indualrial 
ft Utbtui 
(E) OitieH 

20.23U 

11.506 

4.170 

0,202 

4,766 


Total 46,963 Total 46.963 


TABLE IV. 


General Meam, Standard Deviationa and Coeficmte of Variatim, with Oudr 
Prdbahle Errora'f, based an the total Populatioti of 46.083. 

(Body measarements are in ome. and head measurements in rams.) 


Oharaoter 

Mean 

Standard 

DevlaSon 

Coefflotent of 
Variation 

1. Stature 

2. Supra-atemal Height 

3. Trank Length 

4. Arm Lenetn 

6, Leg Length 

6. Bl-aoromial Diameter 

7. luter-iliooristal Breadth ... 

8. Trunk Length Index 

9. Log Length Index ... 

10. Bi-aoromial Index ... 

11. Head Length 

12. Head Breadth 

13. Face Breadth 

14. Morphological Face Height 

16 . Minimum Frontal Diameter 
18. Cephalic Index 

17. Morphological Face Index... 

172-23 ^018 
140-89±-013 
82-37 ±-007 
78-49±-0l0 
92-02±'013 
39-23 ±’006 
S8’80±’006 
30-40 ^004 
88’48±-004 
22-80±-003 
193-84±’019 
160-44 ±’018 
136’08±-016 
126-87 ±-022 
104*67 ±-013 
77’e9±‘010 
03-l4±-O17 

6’93±-01.7 

8‘29±’012 

2- 41 ± ’0(18 

3- 34 ±*007 
4*30±*009 
l’o7±*004 
1-62 ±*003 
MS ±*003 
1-29 ±*003 
0*98 ±>008 
6-19 ±*014 
6*l0±’Cfll 
4*84±*0U 
6*02±'O16 

4- S3±*010 
3-14 ±*007 
6*01 ±-012 

3-44 ±-006 

3- 7&±-008 

4- 80±K)10 
4-Se±-008 
4*67±*010 
4-26 ±-009 
6-271-012 

3- 68 ±*009 
2-411*006 

4- 041-000 
8*201-007 
8-891-007 
3*661*008 
6-461-012 
4-141-000 
4-041*009 
6-021-013 


• Landboig and Undera sayt “the geognpbioal diateibatlon ot tUa primary material maet 
regaled aa aatiafootory'* (op. eit, p. 1$), ogaint “the ogxeemeat (witti OenauB figUTea) miaat 
regarded ae good and the ptimoty material Inlly repreaentatire from the aoolol ataadpoint'* (p. 20). 

t Standard Brrora are ^yen throughout The Racial OharaoUn cf the SweiUh Nation, and the 
proMDle errora m ihia table were found ne thoae in Table m. 







Simple (n) 



(E) ( 17 
(North) A 
(feet) B 
(Eaet) C 
(Soutih) D 


(Mixed) U 
(Induetr.) y 
(Urban) d 


17H21*06 

ni*78±*08 

m* 6 l±'l 8 

m’04±H» 

m-osi-oe 

171'S3±*06 

nS-43±*08 

17S’3*4*08 

17I*88±*(M 

178 - 174 'OS 

I7S*10f04 

m'MiHje 

]7H71'06 


fl (Morphological Minimum 
**r*»dlh PmT Frontal 
Height Diameter 


: lSi'flOt‘01) 
lS7*67t‘18 
lS5'S6t'Sd 
m-01±-27 

1»7‘35±-06| I04-5»i*03 
i l 86 i> 4 t*<W 

NfOU 14W'7fl4'lil| 104*704 *08 
|7±Dtl lS6‘Ufll 
|gf04 imdt'oe 
194*06 186*304*07 
134*07 188 * 664*10 
174 ■07 188*664*09 
(14*08 188*614‘08 
11 4 *06 186*184*09 
|3±*I5 186*324*18 
)94*08 186'264'U 
lB4’06 128*614*07 
Hi *06 127*834 W 
:i4*03 187*034 *04 
14 *1^ 186*494*04 
»4'03 126*384*06 
14*01 117*104*08 
74*08 116*674*04' 

74*06 126*104*07 
£4*04 115*024*06 


04 

104*324 *(» 


03*10;^ *07 

03*28 4 *13 
62 * 814*20 
03*28 4.21 
08*77 4 >04 
00*594*07 
03*76 4*10 
03*454*09 

03 * 184*06 

03*004.03 

02*764.09 

02*784.07 

02 * 804.00 
02*66 4 *07 
92 * 704.16 


00 * 874.06 
03 * 124.00 
03 * 684.03 
03 * 014.03 

0»'084.O4 
77*764*01 08*284*03 

mttti 

77*684*08 03'O64.o3 
77*664*08 08*034.06 




















(&) CoefficientB for Territories and Occupational 0\ms. 


D 

(South) 

E 

(Citie?) 

(Agria) 

1 

■ 

BB 

3 

(Urhan) 


V18i*004 

3‘13i'005 

- 




A (North) 

0*84+ *003 

1*36 ±‘003 

- 


|Q| 


B(W68t) 

0‘43i-003 

0'80±‘003 

— 

|S 



(j(M 

D 

0*99 ±‘004 




- 

D (South) 


E 

1‘66±*003 

mtm 

0*60±‘00& 

0*S3t*(X)4 

£(01tla() 

0 


0 

0*U±‘002 

0‘78±*003 

I’OSfOoa 

0 (Agriottltural) 

0'21,t’004 

10 


|3 

0‘30±*004 

0-49 ±*003 

|3(Mixftd) 

1-O6i'008 

0*33±’009 

U 


1 

O-OSt'OOO 

y(Itidu«trial) 

1*01 1 ‘006 

0'36±‘007 

0*06±*011 

12 


3 



O'hOi'OOB 

0*39±’00fl 

VOTfOOS 

0'98±‘008 

13 




o*7»fooe 

0*39±*007 

0*79±'010 

0*67±*009 

0'09±*007 

U 



I'SlfOJO 

0‘61±*021 

0*66±*024 

0*61 ±*023 

0*3B±*022 

0-W±*023 

10 


l-72f008 

0*87 ±*008 

0*03±*013 

Q*34±*0ll 

0'86±'010 

0-61 ±-011 

0'U±-02fi 

le 

1‘63±*004 

0*fl9±»00t 

0'46±'00fl 

0*18±*007 

l'45i*00€ 

i*ia±*oo 7 

0-93±*021 

0'60±-00t) 


10 

11 


in 

u 

16 

1<! 

C(l!ast) 

D (South) 


Tofatap, fit 
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eternal Height, and Leg Length Index were not given by the authore. They were 

obtained indirectly in the way explained below. The Bi-acromial Index is defined 

as the ratio of the Bi-acroraial Diameter to the Stature, i.e., 

Tj. • IT j / \ -aa Bi'acromial diameter (a) 

Bi-acromial Index (s) ■= 100 5 -- r-r ^ . 

Stature (y) 

Therefore writing as the correlation between Bi-acromial Diameter (a;) and 
Stature (y), we have approximately: 

V/ = ta® + V^Vff, 

where Vz, «*) Vy are the coefficients of variation (100 o/M) for the Bi-acromial Index, 
Bi-acromial Diameter and Stature respectively. Substituting the constants for the 
total sample (Table IV): 


My — 172*23, a-y = 6*93, Vy = .3*44, i**^ = -f 0*47, 

J/; = 39*23, • <r* = l-67, t;„»4*26, 22*80, 

we obtain <r* = 0*92 approximately. 

Again the authors define* (p. 73) 

Supra-stemal Height (x) *= Trunk Length (cc) + Leg Length (y) - 3*5 cm. 
so that <rj* = tr** + o-^* + 2 r»|,a-a<rj,. 

Since o'e«-2’41, <rj,*4*30, and ♦'a:j,s= + 0‘18 

we have <r,® «= 28*0288, and <r, 6*29 approximately. 

IFinally, the standard deviation for Leg Length Index was directly calculated 
from the frequency distribution given in the Swedish work, Table VIII (Supple- 
ment, p, 84). 

The authors state that the measurements were taken to the nearest millimetre 
with an "Anthropometer” (compass callipers or Tasterzirkel), and sliding callipers 
(Gleitzirkel) supplied by P. Hermann of Zflrich. 

The following notes on measurements are given (pp. 10 — 11 ): 

"Si'Ooronnal Diameter, defined as the distance between the acromial points, is 
measured, in departure from the instructions given in Martinf, from the back, the 
immediate reason for this being to control the posture during measurement." 

“Morphological Face Height must be regarded as less exactly determined than 
the other measurements of the head, since the examiner often cannot locate the 
nasion (sutura naso-fronbalis) with oertainty." 

“Trunk Length was calculated as the difference between the supra-stemal height 
and the height of syraphysion." 

“Height of Symphymn (upper border of symphysis pubis in the middle line). 
Measurement is rendered difficult in rare cases of excessive corpulenoe." 

“Arm Length is the difference between the height of acromion and the height of 
dactylion, and Leg Length is obtained by adding 35 mm. to the height of symphysion 
(all according to Martinf ).” 

* [An atbitrary definition, which does not allow for personal or racial variation. En.] 

t It is oleoF from the remarka under " Bi>aoromial Diameter” and " Leg Length” that Maitiu's 
directions (presumably those given in his Lehrbuch der Antkropologie, 1st edition, 1014] were followed 
in all oases unless otherwise mentioned. 
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"Edght of Ammion could not always be determined with accuracy, since the 
processus acromialis sometimes showed malformation or at least conHiderable devia- 
tions from the normal form," 

“Eoight of Daoiylion presented difUoulties of measurement in certain cases when 
the subject could not fully extend the right arm, also when malformations existed 
in the fingers of the right hand. In such cases this measurement was made from 
the left," 

The J3i-acr<mid, Leg Length, Trunk Length and Arm Length Indices all have 
the stature as the denominator. 

2. Comparisons by the Method of the Coefficient of Racial Likeness. The main 
object of the present paper, as I have said, is to present the results of coini>arisona 
between the various groups of the Swedish material, described above, made by 
Professor Karl Pea^'son’s method of the Coefficient of Rtxcial likeness. In The Racial 
Charaoters of the Swedish Nation detailed comparisons are made between the means 
and standa^ deviations of the characters considered singly, and bctwmm the cor- 
relations for some pairs of charnctera calculated for different divisums of the total 
population. These correlations are shown to be remarkably constant and few 
significant differences in variability are observed The means are less constant, and 
it was felt that a far oleater conception of the anthropological significance of these 
differences would be given by a generalised criterion, which takes into account a 
number of characters at the same time, than by the mure usual method which 
deals with individual characters. The coefficient of racial likeness has been ex- 
tensively used in craniometric work, but little has yet been done in applying it to 
measurements on the living. One of the principal objections against its use in this 
case has been the fact that the technique of measurement has not been standardised 
satisfactorily, and thus the data provided by different observers can soldoin be com- 
pared with safety*. Such an objection does not apply to the material now under 
consideration; it constitutes the most complete and most valuable description of 
the population of a single country which has hitherto been provided. Numbers of 
individuals large enough to form statiatically adequate samples are dealt with, which 
unfortunately can seldom be the case for crauial series. The number of characters 
determined is less satisfactory as we can only use It, and intra-racial correlations 
between some pairs of these are known to be high. The problem of determining 
a sufficient number of head and body measurements which are all unoorrelatod, 
or at least lowly correlated, with one another is yet unsolved, and the characters 
which are oustomarily determined have certainly not been chosen with this object 
in view. 

If wi* is the mean of the sth character in the first group, Oi its standard devia- 
tion and n the size of the sample, while mi, c/ and are the corresponding 

* See p. 0. MahalAnobiB! “Ott the Need for Stenderdisatlon in Meuarsmente on the Wvlnii,’' 
Biomifika, 7ol. (1938), pp. l-Sl, 
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quantities for the second sample, then Professor Pearson’s coeiBcient of racial like- 
ness is defined to be 


iSf 


1 


M 


n n' 


+ ( 1 ). 


where there are M characters compared*. If pairs of samples are drawn from the 
same population tho coefficients between them will vary round zero with the prob- 
able error shown. In the present investi^tion the number of characters used (17) 

is the same in every comparison and the term ^(=*06) has been neglected. The 


standard deviations are those of the samples and when these are small, as in cranio- 
metric work, it has been customary to suppose that they are equal to one another 
and to the values available for tho longest related racial series. The constants have 
been provided for the Swedish data and they are practically identical for different 
sections in the case of a particular character and also equal to the general standard 
deviations calculated for the total sample of 46,983. If the last be denoted by 5j, 
then the calculation is greatly simplified by assuming that tr, = o-/ «» The co- 
efficient becomes 


/l_ nn' (m.i-m/'f s. 
+ v! / 


1 ± *67449 



( 2 ). 


when the term^ is neglected. This is the form which has been used. Values of 


a for the 17 characters are given in Table IV. The oharaoters used should theo- 
retically be unconnlated with one another, but this condition is far from being 
satisfied, We are dealing with five indices and the two component lengths from which 
each is derived are used in addition. The spurious correlations in such cases are 
probably all greater than 0*5. A number of the absolute measurements also cover 
one another. Several of the correlations are given in The Racial Gkaraoters qf the 
Smdish Ifation, and in the case of stature and leg length the values for five groups 
and for the total sample are between 0-86 and 0*88. If the condition were made 
that no pairs of the measurements used should have correlations greater than 0*6 
with one another, then all except three or four of the 17 would have to be rejected. 
The inclusion of highly correlated measurements is necessitated if the Swedish 
material is to be dealt with by the method of the coefficient of racial likeness, 
although these high correlations are far from satisfactory. The procedure is partly 
justified, perhaps, by the fact that precisely the same group of characters is used 
in every case. The comparison of these coefficients of racial likeness with others 
calculated for a different group of measurements would not be justified. 

The coefficient provides a measure of the probability that the two samples com- 
pared were drawn from the same population. This probability will depend on the 
sizes of the samples available, It has been suggested that comparable measures of 


* Earl Peareon; “On the OoefiBdent ol Baoial lAkeness,'’ Bimetrika, Yol, xnii. (1926), 
pp. 106—117. 
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the absolute divergences of the populations represented by the samples \nny bo 
obtained by reducing each coefficient to the value it would have if each sample were 
of a standard size*. In the present paper the cocflEicients have been reduced to 
values they would have had if each aeries in the cotnparison hud contained 100 
individuals. These values are given by 


60 X 


rn-B'L/1 m' 

BB' I W n + n' / ) 


± *67449 X 50 X 


Crude coefficients of racial likeness, calculated from formula (2), were first found 
for the 17 sections defined in Table I and for the teiritories and occupational classes 
defined in Table 11. The occupational samples for the whole country were made 
up by pooling the relevant sub-groups of the four major territorial divisions and 
hence some of the larger groups are not independent samplea No comparisons were 
made in such cases. Every crude coefficient differs significantly from zero. The 
values for the sections range from 1'04 i *23 to 142*54 ± *23 and the mean of the 
136 coefficients is 24*85. The values between the territories and occupational classes 
range from 3*99 ± *23 to 169*34 i *23 and the mean of the 20 coefficients is 68*22. 
The difference between these means must be attributed bo the fact that the samples 
are larger in the one case than in the other. All the samples are large and hence 
it is not surprising bo find that the majority of the coefficients are of an order which 
would indicate marked racial divergence if found for short cranial scries. The co- 
efficients clearly increase with the sizes of the series compared and no direct com- 
parison can be made between them until correction is made for this varying factor. 


Beduoed coefficients of racial likeness calculated from formula (3) are given in 
Table Va for the 17 sections and in Table V6 for the five territories and four 
occupational classes. The reduction when all the means are supposed to be based 
on 100 individuals only is very great in all cases, and values as low as many shown 
have seldom been found for cranial comparisons. All differ significantly from zero. 
The l36 coefficients between the sections range from 0 05 ± *005 to 5*08 ± *080 and 
their mean is 1*38: the 20 coefficients between the territories and occupational 
classes range from 0 08 ± *006 to 3*13 ± *005 and their mean is 0*97. All the lowest 
reduced coefficients between the sections aro indicated in Fig. I. These measures of 
relationship suggest an arrangement of the territories (Table V5) which is almost 
linear. The north and west divisions occupy extreme iwsitions, with the east very 
close to the west and the south closest to the east and rather closer to the west: than 
to the north t. A comparison of the sections of the territories representing an^ 
one particular occupational class leads to almost precisely the same geographical 
arrangement. The urban sections Noa 4, 16, 12 and 8 are of the north, south, east 
and west territories respectively, and their reduced coefficients of racial likeness 
(Table Ya) give the same arrangement as the total samples for the territories, except 

* Zail Pearson: “Note on Standardisation of Method of using tho Oooffloient of Eaoial Lilceness," 
Biomtrika, Vol. xx^ (1928), pp. 876— S78. 

f To ooirespond more exactly to this arrangement the dietanoe between the oiroles reptoseatlng the 
north and south temtoriee in Pig. I diould be increased considerably. 
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that the south is uow rather nearer to the north than to the west. The same is found 
for the industrial sections except that the south is rather nearer to the west than to 
the east. For the mixed sections the south is again rather nearer to the north than 
to the west, and the single inversion in the cose of the agricultural sections is the 
slightly closer approach of the north to the west than to the east. In spite of these 

Fig. I 

iNTBH-RELATrONSHIPS OF VARIOUS GROUPS OF THE PoPlfLiATION OP SWBDEK. 



1 
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small discrepancies, it is true to say that the best linear arrangement of the terri- 
tories is precisely the same whether we consider their total samples, or the samples 
for any single one of the four occupational classes. The underlying geographical, 
or racial, differences can be appreciated nearly as well by considering one particular 
class only os by considering the total populations irrespective of class. It does not 
follow from this fact, of course, that the relationship.^ between the territories are 
precisely the same for one class as for another and, indeed, the contrary can be easily 
demonstrated. In the comparison of any pair of the four geographical divisions the 
reduced coeflBcient between the urban sections is always less than the coefficient 
between the sections representing any other occupitional class. The mixed sections 
have the next closest degree of relationship in four out of the six po.ssible com- 
parisons, and in five cases the coefficients between the industrial seobions are the 
greatest found. The classes can thus be arranged fairly definitely in the sequence: 
urban-— mixed — agricultural— industrial, with the first on the average showing the 
minimum and the last the maximum racial differences, All the most intimate connec 
tions between the sections are shown in Fig. I, the upper limit being fixed arbitrarily 
as a reduced coefficient of 0‘40. The territories were arranged by considering their 
total samples and these closest links are now only found between the sections of 
contiguous territories, and there are far more of them between the east and west 
sections than between those of the east and south, or south and north territories. 
A comparison of the total occupational samples for the whole of Sweden (Table V6, 
facing p, 9Y) gives the definite sequence; agricultural— mixed— industrial— urban, 
and precisely the same oi-der is given by the sections within any one of the territories 
west, east or south. The connections between any two classes are approximately 
the same for all these three. The sections of the north territory have different 
relationships. The agricultural and mixed sections are still as closely connected as 
for the other territories, but the resemhlanoes of all other pairs of sections are far 
less close. The same two also stand nearer to the urban than to the industrial 
sections and the urban stands nearer to the mixed than to the industrial It is clear 
that the occupational arrangement which applies uniformly to the south, east and 
west territories is different in the case of the north owing to the less homogeneous 
racial constitution of the last territory. Its agrioultural and mixed sections are 
closely linked to one another and they are distinct from all other samples and must 
therefore be supposed to contain a peculiarly large proportion of a raoiai element 
which is foreign to the bulk of the Swedish population. The industrial community 
of the north territory also stands apart but the urban is not distinguished in this 
way (see Fig. I). The racial significance of the observed relationships will be 
considered later. 

8. Qowpwi'%i(m of Individual Charaetera. In making comparisons by the 
method of the coefficient of racial likeness it has been constantly observed that on 
the average the differences between the various characters vary greatly in signifi- 
cance, The values of the «’a* have been used in examining this point, but one 
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objection to their use is that they are influenced, like the coefficients, by the sizes 
of the samples compared. Since all characters for any one of our samples are based 
on the same number of individuals it was not necessary to calculate the individual 
a’s in the present investigation, A more direct method of grading the characters 
can be employed, however. In Table VI are given the inter-group standard devia- 
tions (2) for the 17 sections of the Swedish material. The co-group standard 
deviations (?) in the same table are the general values given for the total sample 

TABLE VI. 

Inter- and Go-Oroup Standard Deviations with their Prohahle Errors. 


Oharaoter 

Inter-gronp 
Standard 
Deviation (£)* 

Oo-group 
Standard 
Deviation (5)t 

s 

ff 

Cephalic Index 

• 6 e 5±-066 

3 ‘ 14±-007 

•180 

Head Breadth 

•804 ± *083 

6 * 10±-011 

•168 

Arm Length 

• 609 ±* 06 B 

3 - 34±^007 

•163 

Bi-oororaial Index 

• 132±*016 

0-92 ±-002 

■143 

Face Breadth ... 

•666 ±*076 

4-84 ± 'Oil 

•136 

luter-iliocriatal Breadth ... 

•205 ±-024 

1*62 ±-003 

•136 

Bi-acromial Diameter 

• 214±-026 

1 '67 ±-004 

•128 

Stature 

• 880±-079 

5 * 93±‘013 

•116 

LeK Length ... 

• 478±*056 

4 ‘ 30±*009 

•111 

Head Length 

■ 686±*079 

6 * 1 9 ± *014 

•111 

Supra.Btemal Height 
Morphological Face Height 

• 668±'066 

6 ‘ S 8±^012 

•108 

•688 ±-080 

6-92 ± •016 

•099 

Trank Lei^h Index 

• 106 ±^ 0 \a 

l ' 18 f 003 

•091 

Minimum frontal Diameter 

• 372±-043 

4 - 33±*010 

■086 

L% Length Index ... 

•106 ±*012 

1 ^ 29±-003 

•082 

Trunk Length 

• 176 f 020 

2 ' 41±'006 

•072 

Morphological Face Index... 

• a 68±’043 

6*61 fOl 2 

'066 


of 46,983 individuals and these are almost precisely the same as the values found 
for any one of the 17 sections. The ^’s are the ones which were used in computing 
the coefficients of racial likeness. It is clear that the ratio of 2 to will give a 
measure of the average significance of the differences found for the various charac- 
ters. The inter-group variability is small compared with the intra-group variability 
in every case, but there are still marked differences between the measurements in 
this respect. The cephalic index tends to show more signiiioant differences than any 
other character and this has been confirmed in the case of several other comparisons 
of measurements made either on the living or on the skull, It has been usual to 
find, too, that the head breadth varies more significantly than the head length and 
much more significantly than the minimum frontal diameter. The stature is less 
capable of differentiating the groups than several of the other characters. An index, 
such as the cephalic or bi-acromial, may vary more significantly than either of its 
component lengths, or the reverse may hold, as for the leg length and morpho- 
logical face indices. 

* These standaid denatione are for the means of the 17 seotions given in Table HI. 

t These standard deviations are for the total sample of 46,988 individnals. 
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The 17 characters may now be considered individually with regard to both 
geographical position and occupational class. They can be divided into a number 
of groups by considering whether the order in which each avrangca the 17 sections 
is controlled more by one of these factors than by the other. The cephalic imlex is 
extreme in this respect. The four lowest means are for the sections of the west 
territory, the sections of the cast and the urban section (No. 17) follow next and 
then the four of the south, while the cephalic indices for the sections of the north 
territory are greater than any others. There is thus a clear distinction between 
the territories, and they are arranged in the order shown in Fig. I. The maximum 
difference between the sections of the same territory with extreme cephalic indices 
is only 4‘0 times its probable error (south and cast territories) and no signidoance 
whatever can he attached to the orders in which the occupational classes are arranged 
within the territories. This character is clearly controlled by geographical position 
and there is no evidence of any significant association with occupational class. The 
bi-aeromial index affords an example of a measurement which is affected by conditions 
entirely different from these. The order in which tlie means arrange the 17 sections 
appears to have no geographical significance whatever, but the tlirec highest indices 
are for agricultural sections, the lowest is for the sample from the four largest cities 
(No. 17) and the next four lowest are for the other urban sections. For each territory 
the highest index is for the agricultural section, the second highest for the mixed, 
the next for the industrial and the lowest for the urban section. The differences 
between the agricultural and urban sections of the same tenitory are very significant 
in every case, being 8'4, 12‘2, 16'9 and Ifi'l times their probable errors for the north, 
south, east and west divisions respectively. The bi-acromial index is thus clearly 
controlled by the occupational class, and there is no evidence of any significant 
association with geographical position. These two characters are at opposite extremes 
in so far as they are controlled by one or other of the factors on the basis of which 
the groupings were made, but in most other cases there is a definite tendency for 
a measurement to approach one extreme in this respect rather than the other. The 
orders in which the sections are arranged may bo supposed to have been influenced 
by both factors in the majority of cases. Whenever there is a clear territorial 
sequence, or the suggestion of such a sequence, it is always: north, south, east and 
west. Whenever there is a clear occupational sequence common to all the territories, 
or the suggestion of such a sequence, it is always: agricultural, mixed, industrial 
and urban. Paying duo regard to the significance of the differences, the following 
classification of the characters can be made: 

(a) Oharaaters showing markedly significant territorial differences, bub no 
occupational sequence within the territories— cephalic index, stature, supra-stemal 
height. 

(b) Characters showing significant territorial differences and a significant 
occupational sequence within the territories — ^head breadth, head length, inter- 
iliocristal breadth. 

(o) Characters showing a suggestion of territorial differences, but no occupa- 
tional sequence within the territories — ^minimum frontal diameter, leg length. 
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(d) Characfcera showing a faint suggestion of territorial differences and a 
markedly significant occupational sequence within the territories^ — face breadth, 
arm length, bi-acromial diameter. 

(e) Characters showing a faint s\iggcstion of territorial diiferonces and a 
significant occupational sequence within the territories— log length index, trunk 
length index. 

(/) Characters showing no territorial differences and a markedly significant 
occupational sequence within the territories — morphological fiico height, bi-acromial 
index, 

(ff) Characters showing no territorial differences and no occupational sequence 
within the territories — morphological face index, trunk length. 

The comparison of individual characters has confirmed in u very satisfactory 
way the scheme of relationships suggested by the coefficients of racial likeness. It 
can now be seen that there are marked differences between the characters not only 
in their average effect on the coefficients, but also according os they are more or 
less capable of discriminating between regional or occupational samples. The two 
in group (ff) above are the only ones which appear to bo quite incapable of serving 
either purpose and these are the two with the lowest values of S/5 (see Table VI). 
By making a suitable selection from the other 15 it would clearly be po.ssiblo to 
obtain coefficients which would emphasise the geographical differences and obscure 
the occupational, while the reverse effect could be obtained by making a different 
selection. The charaotei'S which show territorial differences will be considered 
again in the next section. There arc seven absolute and three indicial measure- 
ments which furnish either a significant, or a markedly significant occupational 
sequence, and fur all except one the agricultural section tends to have the greatest 
mean and the urban the least. The trunk length index is greater for the urban 
than for the rural populations, but the reverao is found for the bi-acroraial diameter 
and index, the arm length, the head and face breadths, the head length, the 
morphological face height, the inter-ilioorisbal breadth and the leg length index. 
The fact that the first three of the last nine measurements are greater for rural 
than for urban samples was to bo expected. The relations observed in the case of 
the others suggest that the agricultural workers have skeletons which are broader 
in all ways and with relatively longer limbs than town dwellers, though no 
differences between the statures of the groups can be detected. The differences 
between the extreme means are all very small, however. The bi-acromial diameter 
provides a more definite occupational sequence than any other absolute measure- 
ment, but the largest mean for a section only exceeds the smallest by 7’i mm. 
"Whether any of the differences between occupational classes are due to use, or 
whether they are occasioned by selection, cannot be decided from these Swedish 
data. With smaller samples, or in the case of a more racially heterogeneous popu- 
lation, it would probably be impossible to prove their existence. 

4. The Baoial Constitution of the Swedish Population. The present study is 
restricted, on the regional side, to a comparison of the four territorial divisions into 
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which the whole of Sweden was divided, and some important facts may he over- 
looked by taking such large areas. All the individuals examined were born in Sweden. 
The remarkable constancy of tho coefficients of variation and correlation, provided 
in The Mamal Gharacters of the Swedish Ifation, suggests that the populations ate 
now thoroughly hybridised if they once had diverse racial origins. The coefficients 
of racial likeness suggested the simple linear arrangement shown in Fig. I and the 
reasonableness of this ordei* was emphasised by finding that all the characters which 
are capable of making definite distinotions between tho territories show the same 
sequence from the north at one extreme to the west at the other. Of the 17 
measurements there are only six which give significant or markedly significant 
regional differences when a single occupational class is considered. The total 
means for the territories are given for these in tho table below and this comparison 
is now nob quite so convincing since tho relative proportions of the different 
classes are not the same for all the territories. 


Tmitotiea 

Caphalio 

index 

Btatme 

Supra- 

aternal 

height 

Hoad 

breadth 

Head 

length 

Inter- 

itioeristal 

breadth 

North 

78-84 

171-33 

140-13 


183-33 

£8*43 

South 

78-oa 

171-68 

140-68 


103-33 

88-70 

Eaat 

77‘53 

179*3a 

140-86 

BlTtaffl 

10.3-85 

28-88 

Woat 

77-31 

178-43 

141-04 

lf)0-83 

104-52 

28-96 


Some pairs of these six measurements are lowly correlated with one another and 
the fact that they provide the same sequence is all tho more significant on that 
account. The coefficients between the sections are so low that it can only be 
assumed that all divisions of the total population of Sweden belong predominantly 
to the same racial type. The observed relationships can be explained on the 
hypothesis that this basic type has been modified slightly, but in different degrees 
in different territories, by ^mixture with another race. The north territory was 
more modified than any other by this means, tho south considerably less, the east 
still less and the. west territory may have been unaffected, or modified to a less 
extent than any other. The racial crossing seems to have resulted in a perfect 
blending of all the characters for which data aro availablo and those which show no 
territorial differences may bo assumed to have been the same for the two racial types. 
These are the conclusions suggested hy a purely statistical analysis of the material 
and we may attempt to reconcile them with what is known of the ethnic history of 
the countiy. The following particulars are taken from the section written by Rolf 
Nordenstreng in The JRacicU OAnroofera ofUie Swedish Jfofr'on*. 

“The Swedes have inhabited their country since later neolithic times. The main 
body of the prehistoric population seems to have been of rather distinctly Nordic 

* “OriglB, fliowth and Baaial Oomponenta ol fee Bwediah Katloa,” m, rii., pp. 41—49 and avun- 
inaiyonp.W4. ^ 
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race, though other types also occur . . .The finds from the Bronze Age and the Iron Age 
do not present any new types, but agree with those from the Stone Age. ...The early 
Swedish kingdom did not consist of more than the present central territories about 
Lake M&laren; but gradually other parts of. the present kingdom were eonquered, 
the people of the Gauts south of the Swedish settlements between the Baltic Sea 
and the North Sea being the most important of those incorporated into the nation. 
All these peoples on the Scandinavian Peninsula were Teutons like the Swedes, of 
much the same race, and using similar languages. Only in the northernmost part of 
the country lived Lapps, roving since prehistoric times. The Swedish dominion was 
early extended to territories east of the Baltic, whence in the course of time came 
an influx of the East Baltic race, especially in a Finnish immigration in the last 
years of the 16th, and the first half of the 17th century. .. .That the Nordic race 
has been the chief stock of Sweden’s ancient population, as of the present, is beyond 
all doubt, But as to what extent it was mixed and with which races, we can venture 
nothing more than a guess. ...It is not impossible that the East Baltic race is very 
ancient in this country, more ancient even than the Nordic, but this cannot be 
proved and is hardly very likelyj the possibility should not, however, bo wholly 
dismissed. The most noteworthy support is given by the type demonstrated by 
Arbo in South Norway and often called ‘the blond brachycephal,’ a type which 
reminds one not a little of the Finnish.. ..According to Ldnborg's calculations 
Sweden (except Norrbotten) and parts of East Norway had at the close of the 
l7th century a Finnish population of between twelve and thirteen thousand persons. 
This figure is very likely too low, hut nevertheless is highly appreciable, considering 
that Sweden’s entire population then amounted to hardly l| millions, and that the 
parts of the country in which the Finns were living were certainly very sparsely 
populated. As these immigrants were unusually prolific, their offspring undoubtedly 
increased at a proportionately higher rate than those of the real Swedes.... There 
is also a Lappic race-admixture in the Finnish population of North Sweden.... The 
number of Finnish-speaking persons in Northern Sweden probably amounts at 
present to about 30,000. ...How strong the race-mixture with East Baltic blood has 
been in Sweden is at present impossible to state. But it would hardly be an 
exaggeration to assert that at least some hundred thousand present-day Swedes and 
perhaps many more evince more or less East Baltic characters.” 

The only foreign races which are known to have influenced the population of 
Sweden to any marked extent since neolithic times are thus the Finns and, to a 
lesser extent, the inhabitants of the East Baltic states; the Lapps, as far as is 
known, have lived in the north as long as the country was inhabited at all. All these 
alien races are closely allied to one another, and, where they differ from the Swedish 
type, they apparently do so in the same direction as, for example, in possessing 
higher cephalic indices and shorter statures. The miscegenation with the so-called 
nordic population must have been extremely thorough, since the variabilities for 
all sections are almost identically the same. Even in the north, the bulk of the 
population must be of “nordio” origin, and it is not surprising to find that the 
effects of slight differences between the types with which admixture was made in 
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different regions cannot be detected at all by considering large groups of the exist- 
ing population. Comparisons made in that way only suggest that there was a 
crossing with a single racial type resulting in a perfect blending of all the characters 
considered. The alien element is far more evident in the north than in any other 
territory; it produced a greater effect in the south than in the central regions of 
Sweden, and the east was slightly more affected than the west. 

Note added vn proof 

This paper was originally written as an integral part of an empirical study of 
certain alternative formulae for the measurement of racial divergence. Very ex- 
tensive and substantial editing of the text was therefore necessary in publishing it 
in the present form. I am deeply indebted to Dr Q. M. Morant for having carried 
out the editing work much more satisfactorily than I could have done myself. 
I also wish to acknowledge the help I received from my assistant Mr Sudhir Kumar 
Banerjee in reducing the statistical material for the paper. P, C. Mahalanobis, 
Calcutta, 22nd July, 1930. 
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A. Introductory, 

Since the development of the theory of normal correlation by Qalton and Dickson 
(1886) several attempts have been made to describe analytically a distribution 
of two correlated variables when both variables follow a law of skew variation. These 
Biometrika zxn 


8 



110 


Skm Bivariate Frequemy Surfaces 

attempts may be cousidered aa of two types: those that are founded on one 
or another hypothesis, and those that are purely empirical. This discrimination, 
howover, is not of great practical importance. The superiority of one frequency 
function over another depends rather on the success with which that function can 
be applied bo graduate data than on the manner in which it originated. The univariate 
functions that are in common use can, as a rule, be fitted fairly easily. But in the 
case of bivariate functions, the process of fibbing is extremely laborious. Comparative 
results are rare, and such illustrations aa do exist arc of little final value. Either 
the test has not been stringent enough, or the paucity of observations has mode it 
impossible for a dispassionate judgment to bo passed on the goodness of fit. In short, 
the desmptive power of the various surfaces has as yet not been extensively 
investigated. 

The purposes of this study are : (i) to present an account of the surfaces that have 
been evolved; (ii) to analyse geometrically a few observed distribntions, each 
containing a large number of observations; hence (iii) to put to a practical 
test some of the hypotheses from which these surfaces have been developed ; and 
(iv) finally, to compare the adequacy of the surfaces by fibbing their marginal and 
partial moment curves to the olraervabions. 


B. Notation and Terminology, 

To avoid unnecessary repetitiou, a description is given below of the notation and 
terminology that will be adopted. 

The two variables will be denoted by e and y ; the total number of observations 
by N \ the number of observations in an a?-array of y'a and in a y^axr&y of a’s by n* 
and jiy respectively; any cell frequency by the usual correlation coefficient 
between » and y by r ; the correlation ratio of y on « and of a on y by and 
respectively. The ss'th product-moment coefficient calculated from the observations 
about any origin will be denoted by v'^, aopordingas correotions for grouping 

have or have not been applied; the dashes will be dropped when the origin is the 
arithmetic mean (i, f). Thus 


and 


y) (g - g)* (y - vY dtedy 
!!F(a),y)dady ’ 


where N{ie,y)da)dy expresses the probabiliby that a lies between a and a + da, 
y between y and y-Tdy, and the integrations are taken over the entire snrfece. 

Still following the usual notation, I shall write : 
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where «rj = sZ/igo and <r 2 S^/tM are the standard deviations of the «- and y-marginal 
totals respectively. 

The moments of an array distribution will be termed array momenta ; those of 
a section of a theoretical surface parallel to the zx or zy plane, ^vill bo termed 
partial momenta. The corrected ath moment coefficient of an a-array of y'a about 
the mean of the array will be denoted by /4,(y); that of a y-array of da by /*,(«); 
the «- and y-array means by fit (y) and fti' (a) respectively. The same notation will 
be used for the partial momenta, but it must be remembered that in this cose the 
variable assumes “singular'* and not “plural" values; this distinction is brought 
out by the terms introduced above. The curves in which /n' (y), vy s (y), 

ijfiiiy) 3 and ^ 2 (y) -- 3 s — 3 are plotted to a are the ragresaion, acedasUe, 

/i8*(y) W 

diUo and kuriio curvea of y on x*. A system is either homoaoedastio or heteroaoedaaiio 
according as the arrays “ are equally scattered about their moans,” or not. 


C. Histoncal. 

1, Writera before Galton. Tlje normal probability surface discussed by Lagrange, 
Laplace, Plana, Gauss, Bravais, has little bearing, if any at all, on the theory of 
correlation. With admirable clarity Peamonf pointed out a few years ago that the 
quantities Gauss and Bravais were observing, were absolutely independent of one 
another. Only by the introduction of quantities linearly related to those observed, 
did the product terms in their expressions arise. In a more recent paper, dealing 
with Plaua’s work, Pearson | again indicated that the writers on the theory of 
observations up to the time of Galton were concerned merely with finding a 
mathematical expression for the probability of the simultaneous occurrence of two or 
more errors and not with finding a measure of relationship between two variables 
organically associated. 

Galton, on the other hand, started with the conception that the observed 
quantities are dependent. In studying the inheritance of traits, he developed in 

* Fearaon originally defined the soedaatio onrve aa the ourre in whioh the ratio of the standard 
deviation of the array to the standard deviation of the ohsraoter in the population at largo ie plotted to 
position, and the olitlo curve os the curve in whioh the skewneas of the array is plotted to position, 

For the Pearson Typo in curve. Skawtte 8 B=..g, 5 j^^^.=J 

Wioksell oolle the curve (■“skewness”) the olltio curve, and the curve 

(s “excess ”) the synaglo onrve. I prefer, however, to retain Pearson’s original term “kurtosis" 
as expressing that deviation of frequonoy curves from the normal type whioh corresponds to forms 
more or less flat>topped, Further, being concerned merely with how the skewness varies finm array to 
array and not with the degree of skewness of any partionlar array distribution, I shall omit all oonstant 
multiplying footois for ifpiJy) and /Sj (y) - 8 . 

t “ Notes on the History <d Oorrelation,” Biomtrika, Yol. xui. 1930—21, pp. 26 — i6. 

j “ The Oontrihntion of Giovanni Plana to the Normal Bivariate Prequenoy Surface,” BitmsMka, 
Vol. xx^, 1028, pp. 296—296. See also Walker, Helen M.: “ The Relation of Plana and Bravais to the 
Theory of Oorrelation,” Itii, Vol. x. No, 84, 1926, pp. 466—484. 
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a series of papers, from W1, the ideas of i-egression and correlation. Dickson*, in 
1886, investigated inathonmtiwilly the system of conoentrie ellipses that would 
correspond to the ellipses deduced hy Gallon in his study of '* Kegres.sion towards 
Mediocrity in Hereditary Stature" (1885). 

2. Skew Unimriate Distributions. At the time when Gal ton developed his theory 
of coiTelation, writers on mathematicjd Btatisbics realised that the univariate nortnal 
law of De Moivre and Laplace could not be regarded as a universiil law of frequency 
distribution; the presence of skewness in homogeneous material was certainly jis 
common as that of normality. Attempts to describe analytically this skew variation, 
led up to the work of Gram, Thiele, Peaieon, Edgeworth, Bruns, Charlior, and 
Kaptoyn, to mention only the most prominent contributors. 

It would be superfluous to give here more than a short summary of these curves 
such as will be required for further reference. We may conveniently treat them 
under the following three divisions : 

(а) Pearson’s system of skew frequency curves derived from the generalised 
probability equation j 

1 dy 

y ' 5o + hi® + ’ 

(б) (i) Edgeworth’s generalised law of error, 

(ii) The Gram-Charlier Typo A and Type B series; 

(c) The translated, or transformed, curves of Edgeworth, and of Gabon and 
MocAlister, as treated by Pearson and Wicksell. 

Only (h) and (e) will be shortly discussed. 

(h) (i) Edgeworth t deduces his generalised' law of error from a considemtion 
of a large number, n, of elemental frequency groups which satisfy certain conditions. 
The most important of these conditions are ; that selections from different groups 
are independent of one another ; that the chance of obtaining a particular magnitude 

from one group is independent of previous selections; that ^ is flnite for all values 

(fV 

of p in the elemental groups, On those assumptions the frequency locus of the 
^gg^ogBite formed, is found to be ; 

1 fc j. 1 1 ''' 

F{a>)^e 

where *(»)« i .e’^***, 

y%r 




• Galton, Franois; “Famay Likenesa in Stature,” With an appendix by J. D. Hamilton Dickson, 
Free. Boy. Soe. Vol. xl. 1886, pp. 42—78, 


t “The Asymmetrical ProbabUity Carve,” Pha. Mag. Vol. xu. 1606, pp. 00-90; 
Error,” Oamb. Phil Tram. Vol. xx. 1906, pp. 86—66, 118—141, 


“The Daw of 
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It is further shown that kp +2 is of the order so that to an approximation of 


the order - : 
n 


jKf X fl ^'3 I '^* * * 1 a / \ /ix 

F{x) - 1^1 3 1 •»* 4 1 ^ + 2 (3 1) ■ daoj ^ 

Introducing Pearson’s definition of the tetrachoric functions, viz., 

, . 1 / dy-l 1 


wc have from ( 1 ) : 


F((r) = n + Vf . V/S, . t 4 + . 09a - 3) . Tb + V||f . /3i. r, (l)^*'. 

(&) (ii) Several other writers — Gram, Brans, Charlier — have discussed a series 
almost identical with ( 1 ). Starting from the hypothesis of elementary errors, 
Charlier* deduces two form.s of the frequency function, called by him Typo A and 
Type B. Type A is an extension of the Do Moivre-Laplaco approximation to the 
binomial; Typo B is an extension of the Poisson limit to the binomial. The 
transition from Type A to Type B cannot be expressed mathematically. U.sually 
Type B is employed when there is a marked asymmetry, while for slightly asym- 
metrical curves the type can be determined only by trial. 

lypeA. = 

where Aj « = ^ 0 . A 4 = (/98 - 3) = \i, 


Aj — ^2 ~~ 10 ” X 5 , Ab “ ^84 — 16)8* "t* 30 = Xb + IOXb®, 

the \’s being the third, fourth, ... serai-invariants and fit Expressed in 

terras of tetrachoric functions : 


J'(») = Ti -J- vf . V/9i . t 4 -b - 3) . tb (2), 

up to moments of the fourth order only. 


The two approximations (I)**** and ( 2 ) are not quite identical. It is partly on 
this ground that Edgeworthf criticised the Qram-Charlier series as not being the 
true generalisation of Laplace’s law of error. In a later paper Charlierlj: has shown 


the order of magnitude of the coefficients Ap s ^ to be : 


* "tlbar dan Pehlergeaata,” Arkiv fiir W«t., /Intr. aah Vytik, Bd. 2, No. 8, 1906, pp. 1—9 5 “ttber 
die DantoUang winkllrlleher Panktiouan,” Arkiv flir Mat., Antr. ooh Fytik, Bd. S, No. 20, 1006, 
pp. 1—22; "Die ntrenge Form dan BernouUi’nohen Thaoremn," Arkiv JSr Mat,, Aitr. oeh Fytik, Bd. 5, 
No. 15, 1900, pp. 1—22; “ Contriimtionn to the Mathematioal Theory of StatintlcB. 5. Prequonoy 

CuTven of Typo A in Heterograde Statistion,’* Arkiv jyv Mat,, Atlr. oeh Fytik, Bd. 0, No. 26, 1914, 
pp. 1—17. 

+ " On the Bopreaentation of Statintioal Prequenoy by a Series," Journ, Roy. Stat, Sot, 7ol. ixx. 
1007, pp. 102—108. 

It "Die strenge Form den Bemonili'sehen TheoremB,” Arkiv f&r Mat,, Attr, och Fytik, Bd. 6 , No. 16, 
1009, pp. 1—22, 
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where n ie the number of ‘‘error-sources.” It is further shown* that is of the 
order , so that 

and hence to an approximation of the order ~ : 

jP{CB) ea Ti + . T* + . (^j — 3) , Ts + • ’’"T* 

which is identical with (1)^, In the paper just cited, Wioksell shows the orders 
of magnitude (8) not to ha a necessary consequence of the hypothesis of elementary 
errors ; they can be deduced only when the skewness of the error distributions is 
regarded as independent of n. The convergenoy of tetrachorio expansions has been 
discussed from a more practical point of view by Pearsonf. He assigns definite 
values to /9i and I3t and demonstrates that, unless the skewness be chiefly in 
the one direction or the other, any tetrachoric term in the series is not negligible 
as compared with those preceding it, A good illustration of the oscillatory nature 
of expansions in terras of tetrachoric functions and of their practical non-con- 
vergency, is provided in a paper by James Henderson J, Closely associated with 
the problem of convergenoy, is the appearance of negative frequencies in the tails 
of the curve and the impossibility of making the curve start at a fixed point. 
Although a fairly good description of the central part of the observations is likely 
to be obtained, the curve fails us almost entirely in the determination of the 
significance of outlying observations. 

Pot convenience we shall refer to equation (2) as Typo Aa ; to (1)*^ as Type Ab j 
to both or either of the two as Type A. 

3^8 B, •P(®) (<») + “ — ..., 

where 

(») « (a>) - (® _ 1) q. (aj 2), 


* WlokBell, S, b, ! “ The Oorrelatlon Fanotion of Type A, and tbs Begieaeion of Its ObarjotariHtiOB,’' 
Kungl. Bv. Vtt. Akad. Smdl, Bd. 68, No. 8, 1917, pp, l_4g. 

t " The FUteea Oonetant BWaiiate Iiequenoy Surfooe,*' Biomefrite, Vol xyU. 1996, pp. 977—980. 

X “On NxpantionB in TetawhotieBunotioaa,’* BlomeMha, Yol. Xiv. 1929—98, pp. 167—186. 
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and 




e' 


^ coaui 


. COB (\ sin w — mi) dw 


wil ' ' 


when « is a positive integer, m. 


The function (as) and the more general function 

g“X 

H (®) “ gAOMtt ^ QQg gJjj ^ jjy, 

W Jo 

have been introduced by Charlier* * * § as continuous functions representing the Poisson 
exponential, Oharlier confined his treatment to the function ^|r\(as) and deter- 
mined the coefficients A by an approximate method. The more general function 
has been discussed by Jorgensen f. He finds the exact values of the 
coefficients and considers special cases of a linear transformation of the argument. 
The order of magnitude of the coefficients necessitates the use of an even number 
of terms in successive approximations to the series. 

Because of the theoretical and practical objections that can be adduced against 
the use of these continuous generating functions, I shall not give a detailed account 
of the Type B distribution, In a critical note on Jprgensen’s proof of these functions 

SteffensenJ has shown that the moment integrals ^(a!),a!i’da> are divergent. 

Apart also from the negative frequencies that arise in applying the series, the 
curve assumes a sinusoidal form for fractional values of the variate : for brudne 
Yssrdier af Abscisserne svinger de i Yirkeligheden sinusoideformet og giver for 
store Absoisser negative Ordinater, hvad der navnlig for X = for negative Abscisser 
trseder stoarkt frem§.'’ 


(c) The Method of Translation. Let »? = «^ (f) be the frequency curve of a 
hypothetical variate f. Replace f by a function f(ai) of a, as being the quantity 
observed. If the areas between corresponding ordinates of the generating curve 
0 (f) and the generated (** translated ”) curve F(k) ere to remain unchanged, then 

2/ [/(»)] 

By a suitable choice of ^ and /, the form of F(as) might be such as is commonly 
observed in practical statistics. 


* “Pie Zweite Porm dea Felilergeastzee,’’ drkiv fSr Mat,, Attr, och Fytlh, Bd. 2, No. IS, 1906, 
pp. 1— Sj ‘'Woiteres ttber das Bohlorgeaelz,” drkta JSr Mat,, Aitr, oeh Fyslh, Bd. 4, No. 18, 1907, 
pp. 1—9. 

f “Note snr la fonotion de tdpartltion de Type B de M. aherlier,” Arkiv fSr Mat,, Ailr, oek Fytik, 
Bd. 10, No. 16, 1914, pp. 1 — 18; Undert^geUer over Freqattufiader og Kmrelation, Eelienhavii: Arnold 
Basok, 1916, 

1; Svemha AktuarieJSrenitigetu Tidtkrifi, Nos, 4—5, 1916. Bee also Matematiik lagtlagtlteUere, 
Rsbenhavn, 1928, p. 71. 

§ Jorgensea: Joe. «i(. p. 28. 
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(i) Edg&uiorth’a Translated Curues*. Take (^(f) to be the normal curve: 


.( 4 ). 


.(5), 


1) = —p. • 

NIT 

end consider the particular equation of translation ; 

« = + 

The ordinate of the translated curve is : 

_ 1 1 

‘aci+W+axi*) 

and the rth moment about the origin — the median — is ; 

Mr = [ « . ()?dx =» [ ft*" (f + *)'" • 

J -00 V TtJ 

From the moment coefficients about the mean, the constants ti, k, and % can be 
determined. The equations are : 

X (S + X + 95^ + -i* (1 + X + “ 0 1 

6x + 3\ + a;^* + 64xX, + 2YX,» + ISS^X* -h h iSgiftXM (6), 

-i(l + x+8X+-i^X*)*-0 ) 

where 

The area subtended by the translated curve between any two values of ® can 
be obtained, after solving the cubic (4), froni tables of the normal probability 
integral. An ambiguity arises when the values of k and X are such that For a 
certain range of ec, the cubic has three real roots. The translated curve then loses 
its typical shape of rising continuously from a practically zero value to a maximum 
and felling at the same or at a different rate down to zero again. The singularities 
that occur are of two types. In Edgeworth's terminology: there is a ** break'* if 
do! 

the quadratic expression in the denominator of (6), becomes negative j there is 

a "stop” if the ordinate of the curve has a relative minimum value, that is to say, 

if ^ has real roots other than the mode. After passing through the minimum 

value the curve ascends and ultimately changes abruptly from + oo to - so at that 

value of ® which corresponds to a root of " 0. Edgeworth claimed that the 

method of translation is applicable especially to slightly and moderately abnormol 
curves ; and ha considered the construction as sufficiently accurate if no peculiarity 
occurs within a distance from the median of the translated curve corresponding to 
a distance of | f ( «* 2 from the mean of the generating curve. The tail areas cut 
off outside this range of about 2'88 times tbe standard deviation of the normal 
curve from its mean amount to only about 5 per-mille of the total frequency, 

* Edgeworth’s pspete on the methetnatioal representetiou of statietioal deU appeared ohiefly in the 
■Tbum. Boy. Stat. 8oo, Eor a oomplete blhliography eee A. Ii. Bowley: "P. Y. Edgeworth’s Oon* 
trib^itlons to Eaihematioia BtatUtioe,” London, 1038, Bop. Stat Boo. 
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and are therefore practically insignificant as compared to the central portion of 
the curve. They are folded over or swung round, so to speak, in the process of 
translation, the central portion being extended or contracted accoi-ding to the 
nature of the data. 

Now ^ will be positive for all values of 1 from 0 to 2, provided < 9 (X, + 

Ala n, the derived function 

1 dy -2[3XP + 2jb£»+(3X. + l)f + A!l 
H-2Af + 3Xf® 

equated to zero, will have no real root within tho region If | = 2 other than the 
mode, provided fe* < (\ + These conditions, together with ft* < 3X, form a 

lower boundary to the ^ within which the method can be applied. By 
assuming /8a = 16 to be a fairly extreme case, Edgeworth obtained from the second 
of equations (6) an upper boundary to the % \ area which is to bo searched for 
values of % and X, satisfying equations (6). Professor Bowley* utilised these 
conditions in constructing a table which shows the values of x ^ to throe 
decimal places for given /3i/8 and e = -j<j Oa— 3) by intervals of ‘01. 

The portion of the /9i, /9a plane within which Edgeworth's hypothesis holds 
good, subject to the conditions laid down above, extends upwards— towards higher 
^’s— from the broken line shown in Diagram (1). I obtained this locus by com- 
puting the values of /9i and /9a from equations (6) corresponding to the values of 
X and X which satisfy the lower boundary of the restricted A. area. When the 
/§’s of an ohseryed distribution lie in Pearson’s Type I area below the broken line, 
the translated curve will present singularities within a region of | f | = 2. 

To illustrate, not so much the application of the method as the nature of the 
singularities, I take the distribution of single births arranged according to the age 
of mother at birth of child (Table II, p. 163). The observed constants are ; 

/9x s= *100,603, <r = 3‘083,148 (2-year unit), 

/9, = 2-430,327, jW« 031,682. 

Using Diagram (1) we note that the /S’s fall outside the limited area; hence at 
least one singularity within the range |(r| = 1 | “ 2’88 is to he expected. 

The constants of tho translated curve are : 


and 


Hence ; 


X« -‘07669, fc« '08746, a « 4-87 622, 
Kean-Median = '21320, 

W _u* 1 

^ ^ V2^ ’ * ■ 3-44730 (1 + ‘12369f- •11488f>) ’ 


where fs* V2f, the origin of the curve being at the median. The curve fitted to 
the observed frequencies is shown in Diagram (2). 

The denominator, becomes zero for fx=-2'46076 and + 3-63749, 

* Loe, eit, pp. 128—128. The tahle must be entered with /3/8 and not with 
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corresponding to ages of mother 18'Y and 4Y‘l ; the ordinate of the curve becomes 

diG 

infinite at these two points. For values of | T j greater than and fs . is negative 


(or, (B decreases with increasing f) and we get the two lower (negative) branches 
shown in the figure. They both asymptote to the jc-axis as a: i «> > or as 


00 . 


The relative advantages and disadvantages of the method wilt be discussed 
more fully in a later section. 


Edgeworth’s Translated Curves in Relation to the Pearson Types. 

A 

0-2 0*6 l-O ns t-l W 3-0 3>+ 3-8 4-2 4-6 E-0 



Diftgiam (1). 




Diagram (2). 


(ii) Logarithmio TransformaUm. Qalton* euggestod in 1879 that in many 
vital phenomena the geometrical mean and not the arithmetical mean is likely to 
he the most probable value of the qucmtity measured. The corresponding law of 
frequency was deduced by MaoAlisterf in the same year, The fitting of the curve 
by the method of momenta was discussed by Pearson J (1906) and more recently 
by Jf^rgenseng, Wicksell|| and several other writers, 


* “The Oeometrifl Mean, in Vital and Sooial Statietioa,*’ Proe. Ray. Soe. Vol, xm. 1879, 
pp. 86fi— 867. 

t *'The Lav of the Cteometrio Mean,” Rroe. Roy, Soo. Vol. xxsc. 1879, pp. 867—876. 
'“DaBD^lergeeeta und seine Verallgemeineningen dntoh Eeohnex nnd Pearson.* A Bejoinder.” 
Biomtrika, Vol. rr. 1005 — ^1906, pp. 103—196. 

§ Loe, eit. pp. 47 — 49. 

II ” On the Genetio Theory of Fieqnenoy,” Arkiv fSr Mat., Aitr. oeh Bd. 12, No. 20, 1917, 

pp, 1—66, 
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Consider the normal curve: 


and tranaform it by writing : 


1 

« = “Tsss-.e 
-/27r 


'it* 





The resulting frequency curve is of tho form : 


1 




.( 8 ). 


The pth moment about the start of the curve is given by : 

y.xv.dte 
« yo . ViT . 6 . s. 

where logioc*®!/^ 

For the areas under the two curves to be equal, wo nnist liavi* : 

N 

V27r,6.tf 

Henco : pt,/ => ■*' i •'‘"''J'*, 

Or, talcing moments about the mean t 

fx , « i**’* . [s®*’*’ - 3 . e''*** +2] • (9). 

IM = s^i+a****’ - 4. . e®''*** + 6 . s^** - 3] . 

The following relations* hold between the fourth and lower order moments about 
the start ; 

/*<' .(/iiT = W)‘ 

(10). 

If the observed distribution fixes its own start, then I and a cun be determined 
from fji^ and /**' ; 

w-iog(4) 


.(11). 


In the majority of cases, however, it will be better to find the start of the curve 
from the moment coefficients about the mean. Let be the distance between the 
start and mean of the curve, then from (9) ; 

( 12 ). 

* For A mote oomplete auAlysIs ol the range of ajplioabiUty of thla outve, aeo pp. l 4 a~U! 0 , 
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from which ia to bo (iotermiiiud. Further; 

I = 2 log J log (/ia + I 

ii®=a2logfi-2l i (13). 

«log(/ig + fia)-21ogfi J 

The poaaibility of extending this method to the Type A series, haa boon 
pointed out by JjJrgensen and Wicksoll in the papers cited. 


3. Sohols and Perozzo. To preserve completeness in the historical .survey, ns 
far as possible, it seems desirable before passing on to the extension of the uni- 
variate formulae to the problenr of correlation, to give a brief occounb of Sehols'* 
treatment (1876) of errors in space, and of Perozzo’sf analysis (1882) of Italian 
marriage statistics. 

A full theory of errors of observations in space was for the first time worked 
out by Sohols. Ho dealt generally with the principal axes of inertia, and showed 
that for the normal surface they wore axes of independent probability. Generalising 
this it would signify that ilz<=F(x, y) be the expression for the frequency surface, 
then by a rotation of axes it could be put into the form i 

(«'■')•/»( y')- 

Sections parallel to the principal axes are thus not only similar but also similarly 
situated. Any justification for applying this idea to frequency surfaces in general 
necessarily rests on the geometrical analysis of observed data; Sohols does not 
seem to have attempted this. 

Ferozzo's investigation is, as far as I am aware, the first attempt to analyse 
graphically a skew bivariate distribution and to give general formulae for its 
representation. From the table exhibiting the number of marriages contracted in 
Italy during the years 1878-79 Perozzo obtains the contours of equal probability ; 
he points out that they are not concentric and are tending to symraetiy with 
respect to one axis only. In other words, the normal surface — which at that time 
was of interest only in ballistics — no longer applies. As an approximation to the 
binomial Perozzo gives the asymmetrical curves : 

and , 

Similarly for the asymmetrical surface 

« - xo . V . »*- - 

and 




* “Th^orie des erreuis dans le plan et dans respace,” Am, de VJSeoU Polytechn, d« De\ft, 1886, 
pp. 12S~17fi. Published In Cutoh in the Verhandelingm van de Koninklijke Akadmie van WeUtu 
tekappen, Seel 16, 1876, Ainatetdam, 

t “Nnove Applioazioni del Caloolo delle Piobabilit&,” Acta, Beale Aceademia dei Lincei, 

1681 — 82, pp. I-m.88. 
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Perozzo gives no underlying theoretical basis for these formulae, nor does he 
fit them to his observations. 


4. Doable Bypergeomtrioal Series. After having jliseussed the development 
of his system of curves (1895), Pearson remarked that if material obeyed a 
law of skew distribution, the Galton-Diokson theory of correlation would have to 
be considerably modified. The ourves of equal probability derived from the corre- 
lation of cards of the same suit in two players’ hands at whist, and from the 
dorrelation of ages of husband and wife at marriage, indicated a distinct deviation 
from the ellipses of normal correlation. The analytical description of skew bivariate 
distributions thus claimed immediate attention. 

The idea of axes of independent probability marked the starting point of 
Pearson’s researches on this problem. By an analysis such as that mentioned 
in the preceding paragraph, he was however able to convince hitnself that if 
principal inertial axes of the contour system existed, they wore not axes of 
independent probability. The next step taken was an endeavour to extend the 
idea underlying his system of skew curves, i.e. to determine a family of surfaces 
from the two general differential equations to a certain double hypergeoraebrical 
series. These equations, as given by Rhodes*, were of tho form *. 

1 de Cubio in a, y 
z ' * ^uartio in «, y ’ 

^ Another cubic in at, y 
e ' dy Same quartic in a?, y ' 

Without limitation on the constants, however, integration was found to be im- 
possible. Special forms were thereafter considered by Pearson, Filon (1901) and 
Isserlis (1913), but these again led to surfaces of little value. In each case there 
existed a relation between the /S’s of the two marginal distributions, while also 
the correlation could be expressed as a function of them. That those and similar 
restrictions upon the characteristics of the distribution could not lead to satis- 
fectory bivariate frequency surfaces, has over and over again been emphasised by 
Pearson. Freedom can be given to the variation of the characteristics only. by 
having enough independent constants in the equation of the eurfoco. The following 
surface is given by Pearsonf as one of those obtained by Filon and Isserlis : 


Here 



^»o + 8 ^ ^( h4-8 
^u +4 ^Qii + 4 ’ 



(pi + 3 + 2) (P8+3+2) ‘ 


The marginal and array distributions are Pearson Type I ourves. 
scedasticity are linear. 


(14), 


Regression and 


• ••On # Certain Skew Correlation Bnrfaoe,” Biomtrika, Yol. xiv. 102a--28, p. 886. 
t "Notee on Skew Frequenoy Burtaoes,” Siomtrlka, Yol. xv. 19ft, pp. 224—280. 



S. J. Pretorius 


128 


The fitting of data with a discontinuous double hypergeoraetrical series was 
accomplished by Isserlia* in 1914. The corresponding problem in probability may 
be stated as follows ; 

Suppose a limited population of size N to contain m marked and JV - m un- 
marked characters; a sample of n is drawn and not replaced; a second sample 
of n' is drawm. The chance of s marked characters in the first sample and s' in the 
second, is 

, n I n' 1 — ml (JT — m)! 

^ (n — s)l(n' — s')! ’ ‘ (m — s— s')r(i\r— 71 — -n'-m+s+s')! 

( 16 )- 

Let - n = a, - 7 i'=a', -w=/S, A’’- w-w- n' + 1 a= 7 , then it can be shown that 






where F(a, a', l3, % as, y) denotes the double hypergeometrical series 


in which 








a,-a(a + l)(a + 2 ) ... (a-t-s-l). 


Isserlia expresses the parameters n, m and N in terms of moment and 
product-moment coefficients. He evaluates them for three numerical examples but 
to only one of the examples the equivalent series is fitted, namely, the distribution 
in 2 S ,000 deals of trumps in the first two hands in whist with ordinary shviffiing. 
The annexed photographs of the theoretical and observational surfaces superposed 
do not give us a clear idea of the goodness of fit. It is however not likely to be 
very good; the experimental returns show too marked discrepancies from the 
theoretical frequencies computed from the double hypergeometrical series f. 

The range of applicability of the hypergeometrical was to some extent defined 
by WicksellJ (1917) when he showed that its regression curves are linear. In this 
connection it may be of interest to point out that while the discontinuous has 
linear regression, the two general differential equations (p. 122 } lead to a surface 
with cubic regression §. 

Wiokaellll has further shown (1928) that the Type A and Type B series 
are analytical expressions for the representation of the hypergeoraetrical as well 


' The Application of Solid fi^ergeometrical Settee to Pteqaeuoy Diatribations in Space,” JPhiL 
Mag, Vol, xxvin, 1914, pp. 879—408, 

t Feareon, Xarl; "On a Certain Doable Hypei^eometrical Series and its Bepreaentation by Con- 
tinuous Frequency Surfaces," Biometrika, Vol. xn. 1934, p, 186. 

t " The Applioation of Solid Hypergeometrioal Beries to Frequenoy Distributions in Spaoe," Phil. 
Mag. Vol. xxxiv, 1917, pp. 889—894, 

§ Pearson, Karl; "Notes on Skew Frequency Surfacee,” Biomtriha, Vol. xy, 1938, p. 323. 

II " Contributions to the Analytieal Theory of Sampling,” ArkivfSr Mat,, Attr, ceh Fyitk, Bd, 17, 
No. 19, 1928. 
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as of the binomial. The double hypergeometrioal le&ds to correlation functions 
of these two types. 

In 1924 Pearson returned to the representation of a double hypergeometrical 
series by continuous frequency surfaces. The regression and scedasticity* are shovm 
to be linear and parabolic respectively, a symmetrical Burfacej with similar 
forms for the regression and scedasticity is fitted to the special case of whist 
correlation; J^=52, n = n'«13; also the Filon-Isserlis surface is fitted. From 
a comparison of the marginal distributions and of the contours, neither of the 
two surfaces seems to be really adequate. 

5. Shm OorrelaUon md Non-Unear Regression. The preceding section clearly 
indicates that the earliest attempts at describing skew correlation, as based on the 
" correlation surface method,” were not very profitable. Kecourse had therefore to 
be had to a more general method which would not involve any assumptions as to 
the form of the frequency distribution. In a paper on multiple correlation (1807) 
YuleJ showed that if the regression be linear, irrespective of the type of 
frequency surface, the multiple regression " plane " as reached by the method of 
least squares was identical in form with that flowing from a multiple normal 
surface. This method of approaching the problem of correlation, i.o. from tho 
form of the rogression curves, was extended by Poarson§ (1905) to non-linear 
regression. 

Now while it is of great advantage that no assumptions os to the frequency 
distribution are made, this generality is, as has been pointed out by Pearson, 
also tho chief defect of the method. 'Without some knowledge of the array 
distributions the probability of an individual observation falling within certain 
limits as measured from the regression curves cannot be determined. 

The types of regression dealt with are; linear, parabolic, cubic and quartio. 
The parameters of these polynomials are expressed in terms of moments and 
product moments. Theoretically there is no limit to the order of the curve ; in 
practice it depends largely on the rapidly increasing probable errors of the 
moments. The correlation ratio, is introduced as a measure of relationship when 
the regression is not linear ; the conceptions of scedasticity and clisy are formulated, 
and measures of their heterogeneity are given. Finally, the regression formulae are 
illustrated on four examples. 

A general method of determining the succ^sive terms in a skew regression line 
was published by Pearson j] in 1921. The form of the regression curve is assumed 
to be 

y =/(«) = ao^fro + ai'iln+ ... + 

* Sea pp, 141 — 142 for the third and fourth Mtay momenta. 

+ Sflo p. 187. 

t "On the Signifloanoe of Brarala' Bormulae forBegression, eto., in the case of Skew OorxelAtion,'' 
Proe. Boy. Soe. V(d. vt. 1896—97, pp. 477—489. 

§ "On the General Theory of Skew Oorrelfttion and Kon-Iiinear Begreefllon,'* Drapm' ComBarey 
Beseareh Mmoiri, Biometric Series, u, 1906, pp. 1—54. 

II "On a General Method of determining the BaoseeMve Terms in t. Skew Bogreseion Line,” 
Biomtrika, Vol. xui. 1920—21, pp. 206—800, 
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where at, ai, ... On are constants to be determined and the •^’s form an orthogonal 
system of functions of x. The regression orthogonal functions up to the fourth 
order are obtained. 

The results of Pearson have been put into a still more general form by 
Neyman*. Certain results of the theory of continued fractions are used, but no 
appeal is made to their theory, nor to the theory of orthogonal functions. The 
nth order regression parabola is expressed in determinantal form. 


6. The Gorrelation Function of Type A. The surface whose sections parallel to 
the coordinate planes zx and zy are curves of Type A, has been discussed by Van 
der Stokf (1907-1908), OharlierJ (1914), J^(rgensen§ (1916), Wicksell|l (1917), and 
others on the Continent ; in England by Edgeworth IT (1896, 1905, 1917), Pearson** 
(1926) and Rhodes -ft (1925). For brevity we shall adopt Jprgensen’s notation for 
this surface, viz. T 3 rpe AA. Its general equation can be written in the form : 

J'(«, «) = A(<», w)+ %% (-.l)p+s.:^.®!!!2ii5ll)] 

'p\q\' I 

where the generating function is the normal surface : j- ...(16). 

... 1 


The various contributions may be dealt with as follows ; (a) special forms of F{x, y), 
(h) determination of the coefficients of the differential terms, (o) the partial moment 
curves, (d) the curves of equal probability, (s) applications. The marginal dis- 
tributions are identical with the Type A curves treated in Section 2. 

(a) Special forma of F {a, y). With the exception of Edgeworth and Van der 
Stok, all the authors mentioned above start with equation (16). The ensuing 
discussions of Oharlier, Jorgensen and Pearson are confined to the approxi- 
mation 3<(p+{f)'^4 (Type AaAa); Wicksell discusses both this approximation 
and that given in Section 2 where all terms of the order 1/n are induded (Type 
AbAb); Edgeworth extends his generalised law of error to two dimensions but 
considers thereafter terms involving moments up to the third order only, (p + j) = 3 ; 
this approximation is discussed more fully by Rhodes who applies it to the 
problem of ranks and grades. 


* "Further Notes on Non-Linear Begression,” Biometrika, Vol. xnii. lOSt, pp. 267—262. 
t "On the iLnalysis of Frequenoy Ourves aoootding to A General Method,” Pm, Kon, Ak. v. IVet. 
(Amsterdam), 1907—1608, pp. 799—817. 

“ Oontrihutions to the Mathematioal Theory of StatistioB. 6. TheOorrelationFuaotionofTypeA,” 
ArMvfOr Mai,, Attr. oeh Wytih, Bd. 0, No. 20, 1914, pp. 1 — 18. 

§ Underij^geher over Brequentflader og Korrelatlon. Kebenhayn, 1916: Arnold Busok. 

II " The Oorrelation Fnnotion of Type A, and the Begreesion of ita Oharaetaristios,” Kvtngl, Se, Vet, 
Akad, ffandl, Bd. 68, No. 8, 1917, pp. 1—46. 

f '■ The Oomponnd Law of Btror,” Phil, Mag, Yol. xli, 1896, pp. 207—216; "The Law of Error,*' 
Oamb,Phil, Trane. Vol. zz. 1906, pp. 116—119; /'On the Mathematioal Bepresentation of Statistical 
Bata,” Joum. Boy, Stat, Soe. Vol. ixzz. 1917, pp. 266 — 288. 

## II fifteen Constant Bivariate Fzeqnenoy Surface,” Biometrika, Yol. xvn. 1926, pp. 268—818, 
ft " On a Skew Oorrelation Surface,” Biometrika, Yol. xva. 1926, pp. 814—826. 

Biometrika zzii 
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Van der Stok takes as generating function : 


(in 

and deduces the surface ; 

FM ■ f ^ ■ »•••(“)• 


jpl j!‘ dx’^ ‘ dy^‘ 


The only comment he makes on this surface is that by a rotation of axes the 
fin-term can be made to vanish. 

Jorgensen observes that the general form (16) is not well adapted to numerical 
application ; he thereupon turns to (17) and (18) where the variables and differential 
coefficients are separable. With tables of the normal curve and of its derivatives 
at hand, the arithmetical work can be greatly diminished. 

The fitting of equation (16) can be best performed after the differential 
functions have been expanded as a polynomial in as and y. In this form the surface 
is discussed by Pearson : 

F{x, y) = ^ (®, y) . [1 - fflo + (h ® + fljy + h«^ + 26i®y + 6»y* 

+ Cl®® + Cj®®y + C 4 ®y ® + 04 y® + di®* + d%a?y + 3dj®*y* + rf4®y* + dsy®]. . .(19). 


(6) The ooeffidenta in the different equations, as given by the respective writers, 
are as follows ; 

TypeAaAa, riao^qaii, - 

riji=s5»i, ri8i=58i“8r‘ 

rii8*gij-3r} (20). 

ri(»«s»g(ls, rio4=aqo4 — 3 

Asi *= $ia ■“ 1 “ 2r® 


Type AbAh. The coefficients of the additional terras (p l-jsaO) ore : 

ri'si — ri.^80 ■ ri'jll A'js “A’oi<A\t . 

ri*4a = d^jo . A*i% -f J (ri’ji)*, A*ti ss • •4^1 + ^ (4^u)* 

4^88 * 4*80 • 4^03 + 4'ai . 4*u 

where 4'^ =» (- l)i'+» . , 

Squation (18). Except for fijj, the fi-coeffleients are identical with the 4's ; 

.Bu = g'u«=r, fia—gjt—l .....(22). 

Equai/um (19). Pearson gives the expressions for the coefficients a, h, c and d 
in the paper aheady cited, Because of their complexity I shall not re-write them. 

(c) The PofriUil Moment Outves, The regression and scedastic curves of 
Type AaAa are derived by Wicksell and* Pearson. The third and fourth partial 
moraents are found only by Wicksell j he hereupon treats the special forras all 
these moment carves will assume when the correlation is moderately skew. 



S. J. Pretorius 


127 


Pearson’s forms are : 


Begression Ourve of y on ic: 

Ml' (y) + ~ ^ Ta + Ksai - I'M T4 

+ V^l • . Ti 4- - 3 . Ts 





(23) 


Scedastia Curve of y on as : 

ff'{y) = l-r^ _ 

\/2 [r (g 2 i -r^//3lo) - (gi8 - yg 2 i)] T 2 + V6 [r (qn - - j (gas - 1 - r ^ . /Sao - 1)] Tb 


Zfi 



The following form in which Wioksell writes these curves is certainly not as 
elegant as (23) and (24) ; the deviation from, normality is obscured by not taking 
out the factors ra and 1 — r* 


/ / A _ • ^4 («) - ^'a • -Rs («) - ril'ttjRs («) - fij (®) 

•l+il'30B8(«!)+i^'^(®) 

where iZ, (a) is the Hormite Polynomial of the sth order. Wioksell develops the 
denominator of (26) as a power series in and neglects all 

terms whose coefficients are of an order loss than n being the number of 

elementary "error-sources.” Arranging tho resulting expression in powers of ®, he 
finds the regression to be cubic. To the same degree of approximation the 
scedasticity is parabolic, the clisy linear and the kurtosis constant. The foregoing 
development is justifiable only for distributions of moderate skewness and within 
certain ranges &om the mean. 

For Type AbAb Wicksell derives only the regression and scedastio curves. 
Jprgensen derives the regression and scedastio curves for the simplified 
form (18), 


(d) Curves of Equal PrdbMlUy. In any correlation distribution, F(®, y), tho 
curves of equal probability are given by* 

« = F (®, y) = constant (26). 

But more than often the form of E(g!, y) is too complicated for these curves to be 
directly constructed. 

For the Type AaAa surface an approximate solution to (26) has been found by 
Wiok8ell+. Assuming the correlation to be moderately skew, he shows that in the 

* The oorreB bo defined ore, striotly apealting, ourveB of equal ordinates, i.e. the contours of the 
flUrface. 

t « The OouBtruotlon of the Ouryes of Equal Erequenoy in ease of Type A Oorrelation,*’ Sv, Akt, 
TUthr, Haft. a_B, 1917, pp. 1—19. 
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mdnity of the mode the curves of equal probability are ellipses, while further out 
they are disturbed ellipses. These outer “ellipses’’ can be constructed by making 
use of auxiliary circles ; certain quantities expressed in terms of products of the 
Hermite Polynomials are to be added to the radii of the circles for the radii vectores 
of the required curves to be obtained. Tables are given for JR{(fi). where 
and i}i are the points of intersection of 24 radii vectores with circles whose radii 
correspond to definite values of a =» J? {at, y) — constant. 

A more detailed treatment or a restatement of tho derived formulae seems to 
me not warranted. 

(fi) AppUoations. The fitting of surface (18) is illustrated by J^lrgensen on one 
example. He first considers the possibility of making some of the higher coeflScients 
in the expression negligibly small by a rotation of axes; the new axes are to 
coincide with the piinoipal axes of inertia. However, in his particular illustration 
nothing is gained by such a transformation. The mid'Ordinates of the frequency 
cells are calculated and compared with the observed frequencies. Even if allowance 
be made for the paucity of the ohservationa wo are bound to conclude, from an 
examination of the table, that the graduation is not at all satisfactory, 

Wicksell illustrates his method of approximating to the partial moment curves 
of the Type AaAa surface on four examples representative of moderately and of 
considerably skew correlation. Both regression curves are fitted for all four 
examples ; the scedastio curves for two of the examples only. The rang© of applica- 
bility of the approximate formulae can to some extent be appreciated from the 
following values of and which I have evaluated for the marginal distributions 
corresponding to the instances where Wioksell replaces his cubic by the general 
regression curve (26) : 

lOGI *2331 *829) 

/9,-2-962r j8*-2-889J’ j8,«4-868r 

Hereafter, Wicksell fits his formulae to three of the examples given by Pearson 
in his memoir on skew correlation and non-Uneor regression. The diagrams given 
by Wioksell seem to indicate that bia formulae, with moments up to the fourth 
order, give virtually as good a description of the observation points as Pearson's 
formulae involving moments up to the sixth ; also the arithmetic is far less. How- 
ever, not until we have more comparative results before us, will it be possible to 
vindicate the general use of these formulae. 

Pearson tests the value of “The Fifteen Constant Suriace" (19) on two examples; 
the whist double hypergeometrioal series, and the distribution of contemporaneous 
barometric heights at Southampton and Laudala In both illustrations the theo- 
retical ordinates and frequencies are computed, and the contour lines are con- 
structed. A very close agreement is obtained between the mathematical surface 
and the double hypergeometrical. For the barometric data, due regard being paid 
to the sparseness of the observations, the agreement is less satisfactory; the 
Goodness of Fit Test shows, however, that the graduation is better than that 
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obtained by Hhodes with his surface*; the regression curves fit the observation 
points very well. 

7. The Correlation Functions of Type B, and of Type A and Type B. In his 
systematic treatise on frequency surfaces and correlation^ 1916, Jorgensen discusses 
the following three types of surfaces : (i) Type AA ; (ii) Type BB, where sections 
parallel to the coordinate planes sx and sy are curves of Type B ; (iii) Type AB 
where sections parallel to the plane zx are curves of Type A and sections parallel 
to the plane zy are curves of Type B. 

Jorgensen takes the generating function of Type BB and of Type AB to be 

^ (a, y)=^(®)>:^(y) 

and = 

respectively, where <f> (®) and ^ (®) are as defined in Section 2, p. 116, The con- 
stants, regression and scedastic corves are determined for these simplified forms. 
No numerical illustrations are given, 


8, Translation applied to Correlation, JSdgeworth\. 

(a) Simple Translation. Let the generating surface be 

ttVI — B* 

and the equations of translation : 


(27). 




y = «a («7 + ^» »?* + X*y*) J 

The constants are to be determined separately for the two equations. 

Taking r to be the correlation coefficient between x and y, and B to be that 
between | and p, Edgeworth finds 

T V/tM 7*0* =» Oj . Os + i +^) -K + (9B + 6B*) j . 


If cubic terms in h and X are neglected, then : 

B «= r [1 + |(\i* + V) + i (^^i* + V)] ~ hh'(^ - f XiX* . r*. 

After { and y have been evaluated from (28) the cell frequencies can be found 
from (27) with the use of tables for the normal curve. 


(h) Composite Translation. Professor Bowley| considers the case 

® « oi (f + AiP + Xif * + -yiij*), 

y » a* («? + hv* + Xbi?* + 78 ?*), 
while Edgeworth omits Xt and X| . 


* See pp. 184—186. 

t " On the Use of Analytioal Oeometiy to lepreaeat Oeitain Rinds of Statistios,” iTourn. Rop. Slat. 
Soe. Vol. nzxvn. 1914, pp. 888 — 862; Vol. iixxx, 1917, pp. 966 — ^288. 

t F, Y, EdgeworlVt Crntributiom to Mathtmatieal Statutia, Boy. Stat, Soo., London, 1928, 
pp. 79—81. 
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Fairly simple expressions can be found for ki, 71 and 7 * if squared terms in 
the /c, X and 7 are neglected, i.e. if the correlation bo regarded as moderately skew. 
To solve the general moment equations involving these constants would be a 
severe task. 

Composite translation is necessary if the relations 

+ 

do not hold. 

Edgeworth states his views on the relative merits of simple and composite 
translation and of the generalised law of error in the concluding paragraph of his 
paper in Lxxx, 1917 : “The inadequacy of simple translation, the im- 

practicability of composite translation, constitutes an important point in the 
comparison between the use of the generalised law of error and the method of 
translation in two dimensions The balance between the two methods is altered in 
one respect. Whereas in one dimension the generalised law is theoretically at 
least preferable for subnormal curves, while translation has the advantage of being 
applicable to abnormal coses, this advantage is greatly reduced in two dimensions, 
while that preference still subsists.” 

The results of both methods are illustrated on a few frequency groups. The 
agreement between theory and observation seems to be quite satis&ctoiy; but 
whether the same degree of agreement holds throughout the sur&ce, Edgeworth 
did not establish. 


9. Logartthmio Oonelalion. Wickaell The method of logarithmic transforma* 
tion has been extended to correlation problems by Wioksell* (1917) in two 
Bucoessive papers. If logo; and logy are assumed to be normally distributed, their 
correlation function will be 


F{ai, y) 




The regression curves of this surface are however of a form one would not expect 
to observe in practice; they have (i) no inflexions, (ii) two points of intersection. 

In the second paper Wioksell assumes the distribution to be of the form 


ss 

where f = log «, ij ** log y, and 
Si.Si.SttVI-p* 


(80), 

(31). 


* " Oa the Oenetia Theoiy of Frequent^,” ArkivJOr Mat, Astr. ooh Fytik, Bi, 13, No. 20, 1917 1 
'• On Logeritbmio Oonelation, with an Ipplioation to the Diatribation of Am at First UaRiaae,” 
Bv. Aht. Tidtkr. Haft. 4, 1917, pp. 1—81. 
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(a) Determination of the constants in equaiion (30). The moments, M'pq, of x 
and y about the origin are given by : 


v)d^.dv, 

Jl —00 J —00 


where b = 


logio e 


os before. 


Let the origin (fi, iji) be so chosen that 5ao and jS® vanish ; the expressions 
for the moments of the marginal distributions are then identical with those given 
on p. 120. The expressions for the product moments about the origin are : 




fi'ii = [1 — Zi® (Btt + jBi 2)] . e 


I 

/x^3i =* [1 " 36* (3 B 21 + -2w)] • 3 
/n = [1 -■ 86*(5jn + i3«)] . 6 


+ l»Z, + J (»j> + 2 /Mj . > 5 + ij®) 


/i8 = [1 - 3^* (-fin + SSm)] . e 
The origin (fi, 171) is to be determined from 

HaVi* - - fi«? = 0 

Zi « 2 log f 1 - J log (;*so + f i*) 

Za = 2 1 og - J log (/ioa + ’?!*) 
6«i* « log (/i* + fi‘) - 2 log fi 
6aa» « log {fim + ~ 2 log *71 


2W, + B?j + ^ (4«i» + 4pii . *j + «j») 
Wi + 2&Jj + ^ («,* + 4pj, . I, + 4 *b>) 
8 Bii + BIj + ^ (9*1* + 6 /Mi . »j + *jj*) 
2bIi+2Wj+.^ (4*1*+ B/Wi . *j+4»g*) 

hli + 8b2g4‘^ (*]*+ 6/)ti .*g+9i]*) 


..(32). 


.(33). 


Further 


.(84). 


Write 




.(36), 


Vn-'/V >[1 -S6'(Mn+5«)] 

/iaa./4roi 

-/V = [l-26*(.5,i+25i,)].e^'’****‘* J 

Utm-fiw 

and assume (6*Sii)* and (6 *jBi*)* to be negligibly small as compared with 1. 
JBu, BgL and p are then to be found from 

_ Jfc'ji* = u (2Pu» - Pn) + V (Vu* - fc'n) 'I 
A? M - & u’ “ w (* u* - A^«) + V (2fc'»* - Pm) 
log ifn ~ log (1 + tt/2 + 1;/2) 

^ 6 . Si. Sj 

where ii = - 2h^Bfi and v « - 26*J9u. 


.( 36 ), 
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The eucceBsfuI application of these formulae depends on the following con- 
ditions: (i) that terms of an order higher than the thW in (30) may always 
be neglected when the origin is so chosen that Bm and Bm vanish; (ii) that 
and are negligibly small. If this condition he nob fulfilled, 

equations (35) njust be solved for Btt, Bn and p. Thus 

gp»,»t6' a (O&'u* ~ 4Je'ti ‘^^i) (SI) 

and two linear equations involving Bn and 5ii. 

The following identical relations between moments of the fourth order, about 
the origin, must be approximately fulfilled : 

»(/*'«)* 

/*3i.(/tw)*.(/4ox) «(/*n)**0**o)* li^yt^Bn + Bn)]* 




.( 88 ). 


»/ (iL^ V (i/ V fn’ V 1 “* 36* (fijii*!* Siixi) 

/*«.(/* lo)* . (P- oi)* * (/* n) . (a* «)* + .B,,)]* 

® (/*■*«)* 

(6) The Marginal Distrihutiona of ike Sur/aoe. These are identical with the 
curves considered in Section C, 2, p, 120. 

(c) The Partial Monmi Curm^ Wicksell finds the expression for the sbh 
moment curve of y on « about the origin (fj, i}i) to be 

+ A**’ llog«- {log® -* 

.■<•<.(39), 


where 


X« 


A"> «1 +« (5 yW «»(6p.^,fi)+a*(iWp») I (40), 

DjW s _ ^ 8 (6sis*p) 

(d) Illustration. The derived formulae are fitted to the marginal and regression 
curves for the age distribution of bachelors and spinsters married in Sweden, 
1901 — 10. The relative marginal frequencies and a diagram of the regression 
curves seem to indicate a fair agreement between theory and observation, 

10. St^snsen’a Oorrelaiion Formulae*. To represent a slight degree of corre- 
lation, Stefiensen (1922) writes the frequency function in the form : 

^ (»» y ) = ¥t (». y) x/i (®, y), 

which, for special values of the parameters, can be reduced to 

F («, y) w hiff {a) X // (y). 

PP *i0^-ur****^ S'onttnU,' Sk. dkt. Ttdtkr. 19M; UaUmatUk lafttagtUUtre, Kifbenhavn, 1928, 
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Suppose m and y to be linearly related, then 

J* (a, y) = ^/i (fl! + cy) X /a (y + 7®) (41) 

where f = a! + cy| ^ ^ ^ 

y = y+7®l 

Determination of the Gonstanta in (41). Let Cy and 7 / denote the moment 
ooeflScients of the functions /i(^ and/a(i?) respectively; jJyq thepgth moment co^ 
efficient of F (®, y) ; the dashes are to he dropped when the origin is at the mean. 
Thus 

Op “ \Wt (f ) ’if = j’?*'/® ( 9 ) dy, 


/* M (®> y) ^>ody. 


dxdy 


The constants on which /i and ft depend are to be found in the usual way from 
the moments Cp and 7 p. 

From transformation (42) i 

jJ/i(i)/»(v)dS-<h’^lf/i(^ + cy)./»(y + ya)) g® 

9y’ 3y 

= I jJ-^(», y) • 1 1 “ C7 1 . d®dy, 

i.e. ir»|l-C 7 | (43), 

Also jj(® + oyy . ( y + 7 ®)® .F{m,y)dasdy-Gf (44). 

If the origin is assumed to be at the mean, it follows from (44) that 

Cl = + Ofidi = 0 , 

7i*7/*io + /ioi = 0, 

7y« + (l- + 07 ))“ii+c/ioa =0 

7*/iM + 7 (2 + C7) + (1 + 207) /iia + c/io8 =* 01 

7P»o + (1 + 207) /nai + 0 (2 + 07) ^8 + c®/4(ki — OJ 
Equations (46) and (46) are to be solved for 0 and 7. 


(46), 

(46). 


Write 


whence 


u- 


I+C 7 ’ 1 + 07 ’ 


1 — Vl — 4uv l — — 4uv 

Css ;; , lyss- 


2 u • 2v 

Substitute these expressions for 0 and 7 in (45) and (46) ; 

liflsD + Vfifft + fPu.— 0 

Ufiqi + Vfios 4* iHt ~ 01 

«/*») + Vfin + /ia “ 0 J 


.(47), 

.( 48 ). 
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Combine equations (48) by making 

(m/i« + o/«o» + + »/iu + /*«)* 

a minimum. This gives 

+ At w ■ M iO + « (/toB* + /tit*) + Ml* +>*n) 

)ttM tt(A*«)® + /*itt*) + <>(Mo8*/*«i + A*M*/‘u) + /*ia(A*so + A*ii) 

From (47) and (49) c and 7 can now be easily determined. 

The moments Op and 7 , are obtained by expanding the binomial in (44). Thus 

Op =s /qa + ^ . c . Pp-i,! + ®’’/‘op 

7p ~ 7** /fpo + • 7^^ • /fp-J,! • ■y 

AppUcaUon. The method is illustrated on the example treated by J^^rgensen 
for the simplified form of Type AaAa, equation (18). The moments Op and 7 p are 
evaluated; fij. and fit for each of the functions ft and/g correspond approximately 
to a Pearson l^pe 111 curve. The resulting equation of the surface is of the form : 

+ — “ 1 ® + .....(51). 

The cell mid-ordinates are computed and exhibited together with Jorgensen's 
result. From an inspection of the table it is fairly obvious that StefTensen’s 
method gives the better graduation. Moreover, it does not give rise to the 
objectionable negative frequencies. 



11. Rhodes Surface* (1922). The equation! of the surface is 

-i+D' (i +s-fr (“)> 

the mode being given by: 



( 0 ) Determinofion of Hhe Constants in (62). By considering integrals of the 

//^’** *^* * ^iuds the following equa- 

tions for the determination of 0, s and Sg; 


fiu — 


4(<^»+\)« 

«(4>*+X)*’ 


9(0» + \f* 


* ".On a Oartain Skew CoinlatloB Sufkae,” Simetrilta, Vol. xiv. 1933-^23, pp. 886—877. 
t Bqnatisna (SI) and (SB) are of etsentially tke eame fomt. Bhodee* SorfiMe ean te ottaiaed from (he 
prodiM( o( two Peamon Type in oatves by Uneac inmeformatlone of the argnmente. 
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r = 


6^+% ^ __ -Zf . X .p* . j)*** 

V(^+xy("^*+^’ ^“"■e*-».r(s).r(s') 


-where 


?S1 - r V/8io 

i*/\ <^(1-<#.)1 

1 

> 

Vi '(^»+\)t 

q-Ui — r’J Soi 

2Vx 5(1-0) 

Vl-r» 

+ 

II 

-'j 


.(63), 


X=-4r- 


^b~aF‘ i2“i>+3>'+2, + «=jp + l. 

In the illustration one equation is formed from the two equations (63) so as not to 
give greater weight to one part of the table ; but Rhodes does not tell us how he 
combines them. 

The following relations hold amongst the moments of the surface : 

. V3 = V2)9«, - 3^,0 - 6 

Vl-r* 


^ V2ffo, - 8;8oi - 6 

vl — r* 

The distance of the mean from the mode is 

/ 1 / 1 1 ^ 


■m 




\pa' p'aj 


(b) The Arrays of the Surface. The marginal and regression curves are expressed 
as infinite series : 


y-marginal curve : 

sy^o.er^ •[_" B ^ 21 ’B.B + l’^ '"J* 


Begreerion curve* of a on y: 

1 1 

where u«=- + ^ + Xy, 

a a . 

/8(b, . tt* + . . . , 

Sjt+i. ^+1- tt* - oa'f . . tt»+» + . 


It aan be easily shewn that also the seedastio, olitio and ktirtlo oonres ace in the form of Infinite 
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(c) Applicaiim. The results of the theory are illustrated on the distribution 
of baTometrie heights at Laudale end Southampton. The cell mid-ordlnates and 
frequencies are computed, and the Goodness of Fit Test is applied to the whole 
surface as well as to the marginal totals*, 


12, Narumi’s^ System, of Frequmoy Sur/aaes (1923). Narumi starts his in- 
vestigation on bivariate frequency surfaces from a consideration of the regression 
and scedastio curves. The regression curve need not be restricted to the curve of 
means; it can be any series of points defined in the same manner for each array. 


Let ®“/i(y) and y^fi.(je) be the two regression curves; and let 



and 


■stt-t be the scales of measurement which will reduce the system to complete 
is (®) 

homoscedasticity. Then the most general fhnctional equation to the frequency 
surface will be 


^ = <#>1 iy) -A (y)} ^i(y)l “ h (®) Ely -/* (®)} (®)3* 

The corresponding surfaces are determined for definite forma of /i (y), /»(«)» Fi(y) 
and Fa (a). 

The array distributions reduced to the regression curve as origin au<l reduced in 
scale owing to the beteroscedasticity, are similar and similarly situated curves. 
According to Narumi there is physically much to uphold this conception of the 
similarity of parallel arrays. 

The most interesting cases considered are: 

(i) Homoscedasticity and linear regression both ways normal surface ; 

(ii) 8oedasticity and regression linear both ways Filon'lsserlis surface ; 

(iii) Scedastio and regression curves equilateral hyperbolae both ways 

^ .e = ao(a +/iP (y + . s’’’ (v+ffi ) ; 

the arrays ate Pearson Type III curves ; 

(iv) Parabolic variance and linear regression Pearson non-skew surface (see 
next section). 


18. Pearson's^ Fon-Skeio Frequency Surfaces (1928). An investigation by 


* I would like to draw attouUon to the faot that hjr reducing the number of froguenoy groups In 
a bivariate distribution to about 26 broad groups and then applytes the P, x” doodncsa of Pit Teat, we 
are likely to get almost any vslue for P. Where a single surface has been fitted to an observed distribution 
too much aignifioance should not be attached to the corresponding value of JP in judging the 
descriptive power of that surface. Wo really want more oomporatlve results ; difierent egnations fitted to 
the same observed distribution, the grouping not being altered throughout the Inveetigation, The P's 
will then enable us to arrange the egnations in order of merit as to their suocessfUl representation of the 
data. A. oomporison of this nature has been mode by Pearson between " The Pifteen Oonstant Surface ” 
and fihodes' snrlaoc (see p. 128), and also between the Pilon'IssetUs surface and the symmetrical surface 
described on p. 1B7 (sea p, 124), 

t " On the Oeneral Forms of Bivariate Frequency Distributions whloh are Mathematioaily Possible 
when Begresslon end Variation are subjeoted to Wmlting Conditions, ” Biometrika, Vol. xv. 1929, 
pp. 77—8^ 209—921. 

t "Non-Bkew Frequency Surfaces,” BlomtrUai, Vol. xv. 1928, pp. 981—244. 
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Pearson on the range of frequency surfaces which would have symmetrical marginal 
distributionsj led to the surface 


_ _ 

iir . (Ti, er^, Vl 


where 

i.e. 




r* n — 2 1 1 , _ 1 /a® \ 1“ 

L 2 (n — 2) ' 1 — r® Wi® ci , ffjj ffa / J 


3(/3m- 2) a(/3tt>-2) 

^ao “ 3 jSoa — 3 ’ 


.(65), 


TAe x-marginal distribution is 

<f,i (a>)’=^-=£— . _i=. 1 

V27r.o-i Vm- 2 r(n-l) T 1 

[^ + 2(n-2)V,®J 

The surface has double linear regression and double parabolic variance, It has 
been shown later by Narurai that no other surface than Pearson’s has these forms 
of regression and scedasticity combined (see previous section). 

Regression curve of as on y ; 

^i'(«)«-r.S.y. 

o^a 

Scedmtic curve of as any s 

When /9 b = 3, (65) reduces to the normal surface, 

A number of special oases are considered when /9 b< 3 : 

(i) 71 = 1, /8a = 2'26 : (B6) -*■ upper portion of a paraboloid ; 

(ii) 71 =s J , /8 b = 2*1429 : (66) -.»■ upper half of an ellipsoid ; 

(iii) n = 0, /9 b = 2*000 : (56) elliptic cylinder ; 

(iv) 0>7i> — J, 2>/9 b> 1'8; (65) surface is cup-shaped ; marginal totals 

are rectangles when /8 b— 1*8 ; 

(v) —!•>«>- 1, 1*8 > /9 b > 1*6: (66) “♦also the marginal totals are now 

(J -shaped. 


14, The Dissection of Frequency Susfaoes. In Medd. fran Lunds Astr. Ohs., 
Ser. 2, No. 9, Gharlier has dealt with the dissection of a bivariate distribution into 
two normal components with zero correlation; 


and 




Za "sL 

I ♦ ® 


lr(fP-w>a)"+(y"Way 


0 


2 ^ . cb® 

The dissection into normal components with elliptical contours having their 
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principal axes parallel to the coordinate axes, has b^en treated by Akesson*; 
the quite general case of normal components with any direction of principal axes 
has been discussed by Oharlier and Wicksellf. Here 




400 


,<ri.<ri vl-r* 
Zf! 






In this last paper general equations are given for the moments of a bivariate 
distribution in terms of the moments of any two components. The case of normal 
components is then worked out fully. For the moment coefficients up to the 
fourth order fifteen equations are obtained involving the twelve unknowns. There 
are thus certain identical relations between the moments; and these may bo 
regarded as criteria for dissecting the distribution into two normal components. 

The determination of the unknowns is shown to depend on tho solution of 
equations of an order nob higher than the third. Some special cases, for which the 
general analysis is not valid, are treated separately. 


16. * Mutually Gonmient Multiple Regresmn Surfaces' Campt (1925). The 
object of Professor Camp’s study is to determine what forms of the regression 
surfaces and of t1io total regressions are mathematically consistent with one 
another; arbitrary forms for tho regression surfaces may not be combined with 
arbitrary forms for the total regressions, 

He confines bis study to trivariate distributions and assumes the regression 
sur&cea to be polynomials of the second or higher order. These simple assumptions 
generally lead to total regressions of the form : 


pol ynomial in a? 

^ ** polynomial in 

Kg. Let the regression of « on «, y be : 

P (ffl, y) * a + 6y + c® + d(cy, 

i.e. all the partial regressions linear, then the regression of s on ® is of the form ; 

' ' parabola m® 


If 

then 


P («, y) “ a + hy + 0® + (i»y + +/ya^, 

„ , V cubic in to 

« (») « — rt—. — . 

cubic m« 


The first of these expressions for p (a, y) is subjected to a detailed treatment, 
as it is of the form assumed by Isserlis in his paper on the partial correlation ratio. 
* •' On the Digaeotion of Oonelaiion SntfMOg," ArhivfCr 2£ai., d$tr. ochJPyiik, Bd. 11, No. 16. 1916, 

pp, i—ie, 

t "OnaieDiS8eo«onbfErequenoyB'nno«on8,''irWvyiirJlfaf.,ili«j‘. oehJS^Hk^'Bi, 18 , No. 6, 1928, 
pp, 1—64. 

t Biometrifca, 7ol, xvs, 1925, pp. 448—458. 
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16. “On Treating Skcfie Gorrelation" Vm Uven* (1925 — 29). The method 
followed by Van Uven in analysing skew correlation is equivalent to the principle 
of translation underlying the frequency curves of Edgeworth and of Kapteyn, viz. 
if fl! be the directly observed quantity, to find that function /(®) of ® which 
will be normally distributed. Whereas Edgeworth and Kapteyn assumed definite 
forms for /(®), Van Uvenf has developed a scheme for determining /(as) graphically. 
This method is now extended to the t-eatraent of correlation. 

If the observed variates, ® and y, are not normally correlated, the problem is 
to construct two functions t and t' of ® and y which will follow the normal law 
and which will give as high a measure as possible of the correlation between ® 
and y. Each of the new variables may involve both ® and y, but it is generally 
possible, with the use of certain transformations, to express t (or t') as a function 
only of ® (or only of y). 

Let Xp-hjt and yq-kii be the mid-points of the^th ®-array of y's and of the gth 
y-extay of ®’s respectively ; h and k the grouping units of ® and y ; and suppose 
p to vary from 1 to n, q from 1 to n\ Then in our usual notation : 

V tt 

^=1 * * ji-i * 

The relative frequencies of the a- and y-marginal totals will be and 

mspeotively ; those of the eop- and y, -arrays will be and ^ respectively. 

Assume so and y, measured in terms of their standard deviations, to be normally 
distributed, i.e. 

Write Vl — r®.a = a;and y-^rco^^, then 

v2Tr V27r 

where « = ^ (s:) «= -is f and 

VStt*' *- 0Q v27r'/—« 

Similarly, by writing Vl - r* . y = and a-rym f', we get 

dA = ~ . ds' X -tL . fl” . df' « dw' . d«', 

^ V27r 

where 

* Ptoq, Km, Ak, v. Wet, (Amaterdaiii), Yol. xxvm. Nos. 8—9, 1926, pp. 797—811; No. 10, pp. 919— 
936; Vol. XXIX. No. 4, 192G, pp. 680>— 600; Yol. xxxn. No. 4, 1029, pp. 408—413; bm also **8kBv 
Qorielatlon between lihree end more Yaiiables,” Frse, Km. Ak. v. Wet, Yol, zxxti. No. 6, 1989, 
pp. 798-807; No. 7, pp. 996—1007; No, 8, pp. 1086—1103. 

t Kapteyn, 3, 0. and Yan Uven, M. 3.; Skew Fregveney Curves in Sioloffy and Statieliee. Snd Paper. 
Groningen, 1916, pp. 80—68. 
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It is easily seen that : 


v27r. 


in. 

“ iV" 








Sn, 


(.1 

‘IT ’ 


in. 


e (approximately), 


in. 


and = •■■ ( ” )‘ 


The conditions for normal correlation are : that the sets of values of the functions 
«(«)> {y), and ?'(®, y) obtained from these equations, have to sotiafy 

linear relations ; 

z^cuo + h, ^ = a'a)+ + o\ etc. 

If m and y follow a law of shew variation, two new variables t and i' are intro- 
duced as functions of z, z\ f and — and thus os functions of se and y — to reduce 
the correlation to normality. 

The method is illustrated on the correlation of height and volume of ^ati 
trees — a distribution that tends to be J-sbaped in the one direction and thus 
representative of extremely skew correlation. The total number of observations is 
916. The correlation is found to he '948 os against *831 calculated by the product- 
moment method. I find the values of the correlation ratios to be in fair agreement 
with the value of the relationship found by Van Uven; they are* yift»“'916 and 
y«v‘='dB8, where m is the height and y the volume of the trees. No general 
conclusious can be drawn from this one example, but, on grounds of the agreement 
obtained, I think that the relatively small amount of labour demanded by the 
correlation ratio method in comparison with that involved in the application of 
Van Uven’s method, is sufficient to establish, in the absence of further illustrations, 
the superiority of that method. 


II. 

D. JNrihw Amlyaiz of Bems of ihz Pr(>posed Omstruotiona. 

1. The Array Momenta of a Certain Double Eypergeometi'ical Series, Let us 
consider the case of composite sampling specified on p. 123. It was stated there 
that the chance of e marked characters being drawn in the first sample and s' in 
the second, is 

/ jv n\ w'l (iV-n— n')l m\ (jy-m)! 

sls'l(n— s)!(»'-s')l’ Nl ' {m'-8--a')\\F~n — n' + s') J 

( 66 ). 


* No conteotiona for grouping or ubroptneaa hare been applied. 
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We have further, that the actual distribution of the terms of an array of second 
samples corresponding to a definite number s of marked characters in the first 
sample, is given by* 

N —n—(m — 8) — — N — n—n" + 1 —(m — s) 

N-n jy^— ■» — 1 “* ^—n—n' + l 


", . , m-s 


n'(»'-l) 


(m—a)(m—8-l) 


+ 7? 


21 'fJV-n— 7i' + l“(m— a))(jy-n-n' +2 - (ot-«)) 

n' ! (m-3)(m—»— l)(m--s-2)...(m - a - a' + 1) 




a' I (7i' - a') 1 ■ (iy - n - n' + 1 - (to - . (iy - n - n' + a' - (m - a)) 


..(67) 


Write «= — «', )S«’-(TO~a), 7 Mjy— 71 — n' + l — (m—s); (67) is then seen to be 
the hypergeometrical series F(a, /9, y, 1). 

From the usual formulae for the moments of a hypergeometrical series, the 
moments of (67) can be readily written down and these will furnish us with the 
required expressions for the array moments. 

Pearson finds the regression and scedasticity to be 
,/ t ni-^8 

md « (s') = »' . • [J ■ (jEi - 1)'] 

The third array moment is given by 

Hence 

O I'a'CO /iy -n-2nV jy-ti-l f (JT-Tiy I 

^‘^*^"v,»(8') \ly-n- 2 ; ■n'(iy-n-n')'L(»»-«)(-^“ «-(»»-»)) J 

( 68 ). 

The fourth array moment is 

, , N-n—n* m—a f, m~8\ fi 6(n' — l)(Jy— n— n' — 1) 

• Fr;r:T • ir:;; • “ w^n ) • ” (iy - n - 2) (iy - n - s) 

+ 8 (n' - 2). (1 - i 2 • ( 77 ^^ + iy- n - s)}] 

r, 6(n'-i)(jy-7i-7»'-i) . o/_s jy-»-i 

-"•(a) [ 1 - “^^n'(iy-7i-n')‘^^ ^ 

(, ft'-l /7i'-10 . 9 Ml 

^ r iy-7i-2*\»'-2 “’■jy-Ti-sjjj' 

* Feanon, Earl: " On a Certain Double Hypergeometrical Series and its Representation by Con- 
tinnouB Frequenoy Sorfaoes,'* Biomtrika, Vol. xn. 1924, p. 176. 

Biometrika xxn 10 
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Thus 


ff /J\~ ) _ ^ 

f “ (i^-7i - 2) (J^- n - 8)(iV- n - v!) 

(■y.^ n)«((iy-n)(iy~n ~0ft*+l) + 6>m 
■*■ (w-fi)(i7-n^(m-«))~ ' “J 

The relation between Bt (s') and Bt (f) can be obtained from equations (58) and (69). 
After some reductions I find it to be 

o /_/N . (ir-n~5)(iy-n-2n7 . 

J + (j^ _ 2) 1( - w) (6n' - ilf + n - 1) - 6»'»} ' 

(iV- n - 1) (i\r - n - 2n0* {8»'*- (i^ - n) (3n' - 2)1 
” n' (J^ - n - 2) (i^ - n - n' ) { (i^^ - «) (i^ - n - 6»'> 1) + 6?i'»} ‘ ' 
Accordingly, y9i and B» of the arrays lie on a straight line in the /5-diagram ; 
the curves of both /8i(s') and /5a(«0 are U-shaped. Of course only a portion of 
these curves may correspond to appropriate values of <. 

As an example we shall consider the case of whist correlation. Putting 
nwft' =sin='18, we get; 

»'*(«')“TfT(13-s)(26+s), 

“ (ifi^^V) 


/S,(O«8'081,081. 


‘ 861,861 

v,(?r 


.(69)«», 


/9i(s') + '361,861 B% (s') - r027,02r « 0 (fiO)***. 

The curves (68)**, (69)^, (60)®** are shown in the accompanying diagram (p. 143), 
As s increases from 0 to 12, Bi(s') increases from ‘007 to -600 and /5,(«') decreases 
firom 2'903 to 1‘500 ; the rate of increase or deorease being small for low values of a. 
The diagram besides being instructive as to the form of the /d-ourves, shows why the 
Filon-Isserlis surface and the Pearson non-skew surface wore found inadequate to 
represent the double hypergeometrical series*. Both these surfaces have similar 
parallel sections. 

2, The Third and Fourth Partial Moinenta of the Type AaAa Surface, The 
equation of the surface can be written in the form 

^ ^ i + BgaiZu + 

+ + Qn^n + SQm^u + J5oi<8()i ........... .(61 ), 


where 






Qn* ^ (ga- 3r), Qa ss ^ (gr„ 1 - 2r*), etc. 
* See p. m. See remarke, Biomtrika, Vol. xyi. p. 186. 
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The regression and scedosfcic curves of (61) have been dealt with in Section 0, 6. 
The third and fourth partial moments will now be considered, firstly about the 
mean of the surface and then about the regression curve as origin. These moments 
have, in fact, been found before*, but not about the line of means. Moreover, the 
expressions con be put into forms much simpler than those given by Wicksell, It 
will thus bo possible to perform the numerical applications more readily. 


mnST DoUBUB HVFBROEOmBTRIOALi SbribS. |i^ AND fig OF PARALliBL ARRAVB. 



The following results are restated as we shall have to refer to them later on. 
y-marginal Owrve : 

«■ T J + V| . . T4 + (^0* — 3 ) Tj 

s Ti + + CtjT# (62). 

* Seep. 186. 


10-8 
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Regression Curve of x on y: 

III' (x)^Ty+ 

(63) 

ty 

= ry+-f. 

Zy 

SoedasHc Curve of x on y; 

j[ia(ft')=«(l-r*) 

V2 (gu- - (gai - rqu)] t, + VS [r (r/» - rRw) ~ H(/a - ^ (ffw- ^ ))] Ta 

Zy 

3(i-o-a2i±:5a_f^vy (e*) 

Zy \Zy J 

(i) TTie <Atr(2 partial Moment 

Write 2da‘==^^.e~^^’‘sv(B&y), ^(w)sf*- 

Consider the integral | z.x^dx^zy. pfix). 

J ««eo 

f +* 

We have ir.<c*dffaat([r®(y*-3y) + 3ry], 

J -CO 

[ ^aB.«®da=-6v, ^it.ai*ctea=-Gw'(^*--l), 

./ -W J -flO 

f Za.«»dfl?=- 8« [r»(y*- 6j/»+ 3) + (y»- 1)], 

/•+« „ 

I 2!oi,x*dx-Vt[i-‘(y^- 3y) + 3ry] + 9n»» [r* (y* - 1) + 1 J + 6r*» [1 - 3y“J, 

|*+«* r+to 

I ^«.fl;*dto=3 0, I Zn.a^dxssQvy^ 

J ■“OH J _igp 

r+» 

I Za.a^dxsaBrviy’—Sy), 

J "*00 

j ^Za. x’dx - 3v [(y® - 3y) (1 - r* + r*y*) ~ 6r*y (y* - 1) + Oyr*], 

/•+« 

J ‘ ~ 3y) + 3?^] + 12v»r [?-• (y* - 1)+1] + 8e»>r*y - 24w*y. 

Accordingly: 

Pa'(x)>^3(l^t^+ry)Ay-^3ryRy+[r>(y>-8y)+8ry]zy 

+ v[6y(Qsi- SrQja + 8r* Qu — 4r^jBot) + V/8jo - r* \^/9oi ■" 8^ (ff*i “ <"5^]* 
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Using the expressions for (a?) and (x), we get 

_ - 3^ (gn - Tt + 6 v^2 [Q 31 - QrQjs + 3r* - 4r® jBoa) Tg 


(«') 

K|')+K^)(t)^KtT- 

(ii) The fourth partial Moment. 

f +« 

Consider the integral z . a^dx— gy . fit {x). 

J —00 

We have [ — r*)*+ 6 }'*(l“r*;y® + r*y*], 

J -00 

f +w ^+00 

Zaa,ci/^dx<= — 24ivri/, I ^ji.aJ*iflJ = -12t;[y+r®(y®-3y)], 

f 2’ia . ai*<Z® s= - 4 [«« {»^ (y* - 3y) + 8 ry} + 6 uir {r» (j^ - 1 ) + 1 } + 6 w^y], 

J -00 

j Zoa , a/^dx = vg [3 (1 — r®)* + 6 r* (1 — r“) + r*y*] + 12»ar [r* (y* - 3y) + 3ry] 

+ fle®!*® [r*(y® - 1 ) + 1 ] + 24^^^, 

Z4o.iv*dx=^24iV, f ^8i.aii*tte=»24w'(y*-l), 
j «00 J -00 

f J?M./B‘dfl;s=12®[r*(j;*-6y*+3) + (s?*— 1 )], 

•/ —« 

f ^ . ®*(ia =» - 4 [vs {r® (y* - 3y) + 3»^} + 9war {r* (^ - 1 ) + 1 } - 1 8vr*y* + 6®r*], 

J -40 

I ^ JZ'oi • fl!*da [3 (1 - r®)* + 6 r* (1 - r*) ^ + r*y*] + 16®»r [r* (y* - 3y) + 3ry] 

+ 72v,r* [r» (j/» - 1) + IJ - + 24w^. 

Combining these expressions, we get 
Sy . /i*' (aj) = [3 (1 - r*)* + (1 - r®) 2 /® + r*/] Xy + 4 [r® (y* - 8 y) + 3ry] Ay 

- 6 [r*(y*-l) + l]J9y + 4ry.Cy + [(^„-3)(l-4r*)-8r«(/S„-3) 

+ 61 '* (gaa - 1 - 2r®) - 4r ((/n - r^*,) - 4r* (^u - r/9o>)]. 

Hence, if the regression curve be the origin : 

([(/S» - 3) (1 - 4r^) - Sr® (/?« - 3) + 6 r« ( 9 ,,- 1 - 2r«)| 

.. - 4r (ga - r^») - 4r» (gw ~ r^n)l tj ) 


fH(x) 


([(/3k - 3) (1 - 4f*) - Sr® (/?oa - 3) + 6r« (g„- 1 - 2r«) 
= 3(l-r»)» + ^ - 4r (ga - r^») - 4r» (qu ~ r^n)l tj 


-“(trS-Kt)* 
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This can be written as 
where By »> ein. 

From equations (64), (6.*)) and (66) the clitic and kurtio curves can bo obtained. 

3. r/ie Logarithmoally Transformed Normal Gurve*. The object of this section 
is to analyse more My the relations between the fourth and lower moment 
coefiScients of the curve : 

,.i.8 n • > 


2/“'yo< 


m. 


We have from p. 120 : 




. [flOJ*'** ~ 46®'*'^** 4- 6e''’*“ - 3] . 

The mode of (67) is given by 


Write 

then: 


Skewness => ^ 


» 

Mean -Mode 


.( 68 ). 




Standard Deviation V\ - 1 

/9i«X*(X+8)-4. 

DifiFerentiating we find it has a maximum value for X*l'720l which gives 
XTn«“‘6661. The skewness of the curve therefore ranges from 0 to ’6.961. 


* After I bad ooupletad (he analjaia of (hie fiaatlon a paper by 9. B. Savles on “The A&alyeU 
of Frequency Diatribations ” appeared in the Jburn. Am, Slat. 4u. Peoenaber, 1939. The author refers 
theieiu to a study by himaelt on “ The Logarithmlo Outre of DiatribttUon’' la (he name Jounat, 
Beoemher, I93d--a etudy of whloh I had been unaware. 

In the first of these papers the parameters corresponding to our { and i, are found from the mean 
and standard deWation computed by replacing the olais marks by their logarithms. In the seoond paper 
the quartUe dispersion is adopted as the basis of the method of fitting. Two inttstratlons of the 
appUoation of this method ate glrsn \ the total number of ohaerrationa being 10 and 83, X have not had 
oeeasion to teat the efficiency of this method in idatiott to the method of moments (desoribed in 
Seotipn 0, 2), but it is oonoelTable that for such small numbers the method of quartUes might be 
adequate, 

On p. 859 of his second paper Paries mites : 

“ Since [the logarithmic normal] oan be varied to give any required degree of ekevness....” 

The anthor gires two equations ootreapondlng to our (68) as well as a small /3>diagrain Indioating the 
relation of the log. normal curve to the Fearson carves, yet he makes the above remark. The xelatiou 
between and expressed by eqnatlone (68) will always exist, no matter by what method the 
parameters of the curve have been determined, and thereby the skewness of the Onrve is strictly defined. 
Xu pattioulox, It cannot describe mesoknriio distributions. 



8. J. Pretorius 


147 


DiAGRAm Showing the ReiiATioN Between y3, and 
TOR the LOGARITHmiCAtl-Y TRANSFORMED NORMAL CuRVE, 


oo O'* O'O 


<4 E« 3-e S-6 *-0 


BggMsiTiiiiii ii m eaid 

TH-HmW— M—M ^ 

jmmmmmmmmmnmmmmmi 

mmmmmmmmmmmSSmmmmi 

siiaaiiBBBaaBaBaaaaasaaBaaaaaaaB 

IBBBBafiBBaBBBBBBBBBBaBBBBBBBBBl 

BBBBBBaKiHBBBBBBBiBBBaaBBBBBBB 


IBBSSBSBB 


BBBBBBBBBBK^aBBBBBBBBBBBBBBBfl 

BBBBBBBBiBBiiKBBBBBaaBBBBBflflBB 

BBBBBBBiEBBBBBBBBBBBBBBBBBBBBB 

BBBBBBBBBBBBBBaB^figiBflBBBBBBBBB 

BBBBBBBBBBBBBBBaaiBBiaBaHBBBBB 


BBBiflBaBflflBiBBBBBBBBBBI 

BBBiBBBBBBaEBBBBflBBBBBI 


Dia-gram (4). 

The relations between the first four moments of (67) are expressed by /9i and 
Pi, both being functions of \ only. Eliminating X between equations (68) we get* 
pi* + I2pi^ + l66/3i» + 64/9i^ i7» + 12??» - 36i? + 9Pi ^ . ■>? - 6^i . - lOSpi .v^O 

(69). 

* The maximum value of x equation oones^uding to our (69) ore inoorreot as given on 

p. 196, Biomtriha, Vol. tv. 
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This curve, plotted in relation to the Pearson Types, is shown as the broken line 
LL in the accompanying 0t diagram; it posses about midway through the 
Type VI area, The diagram will be of use in ascertaining from the of an 
observed distribntion whether the data follow a law of the form (67), or not. 

We proceed to a comparison of the log. normal curve with the corresponding 
Type VI hy fitting both curves to a distribution whose ^’s satisfy approximately 
relations (68). The outcome of such a comparison is of practical importance in so 
far as the log. normal curve is easier to apply than the Type VI ; the particular 
advantage of the former curve being that the cell frequencies are directly 
obtainable. 

The second column of Table (1) shows the distribution of 1951 readings of the 
height of the barometer, at Greenwich, on the first day for a reading of 301" — 30’2" 
on the third day (see Table III, p. 154). The constants are 
Mean height of barometer = 30’0049", 
tr«2-419,847 (unit « 0i^ *712,997, )8, « 4*307,638. 

TABLE (1). 

Disirihiiim, ofBaa'onMtric Seights^ repr6sented hy a Log, Normal 
and a Typi VI Curve. 


Barometrio 

Obsemd 

Theor, 

Theor. Fraq. 

Height 

Ffeqoenoy 

Log. Honnal 

Typo VI 

30’76 

1 


f 


f 

30*60 

1 

f 

l8*4 


,3*4 

SO’OO 

10 

\ 

\ 


1 

30*46 

33 

1 

34*0 

1 

84*2 

30*36 

111 

127*2 

127*1 

30*35 

214 

262*6 

262*6 

80*16 

386 

336*8 

330*3 

30*06 

366 

342*1 

342*0 

39*96 

3BB 

288*3 

288*6 

30*86 

109 

212*8 

213*2 

29*76 

129 


143*0 

143*1 

39*66 

86 


89*6 


89*6 

89*66 

62 


63*4 


63*3 

39*40 

36 


30*0 


30'6 

29*36 

17 


17*1 


17*0 

29*36 

10 


9*3 


0*3 

29*X6 

9 


6*1 


6*1 

39*06 

2 


3*7 


3*7 

28*06 

2 


1*4 

. 

1*4 

28*66 

1 




[{ve 

Totals 

1961 

1961 

1961 




23*334 


23*464 



*038 


*087 
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The jS-diagram showe that the condition (69) is approximately fulhlled. The 
observed value of /9i in equations (68) gives /3a = 4’2908. 

The constants of the log. normal curve are, in tenths of inches as units : 

= mean-start == 8'813,403, 

-929,362, « = -117,082. 

The constants of the Type VI curve 

are = 60-869,290, = 16-683,288. 

a = 15-613,666, log yo = 67-414,365, 

Mean-start = 7-918,337. 

In columns three and four of Table (1), the theoretical frequencies are exhibited; 
a very close agreement between the two theories is manifest. 

The question now arises, how accurately will the one curve reproduce the other 
for /3 ’b satisfying exactly the relation (69) ? Suppose we take 

/3i= -961,000, ff = 2-400,000, 

/9a - 4-766,100, iV’=1000. 

The log, normal curve has for its constants : 

fi- 7-689,466, 2 « -859,616, s- -134,077. 

The Type VI, with origin at the mean: 

has Oi » 22-407,476, a» =» 6-694,602, 

qt « 38-769,830, qt = 10-116,484, log yo = 2-226,843. 

Corresponding ordinates of the two curves at unit intervals of the argument 
are given in Table (2). The argument is measured from the start of the log, normal 
curve and the correspondence is about the means of the curves*. 

The close agreement obtained between the two theories in this example, as in 
the previous one, indicates that for all practical purposes the Type VI curve may 
be replaced by the log. normal when fit t^i^d fit satisfy relation (69). The examples 
suggest too that for fairly high values of the /S’s, a small deviation from (69) 
hardly affects the form of this curve. However, it remains to be investigated 
generally within what range of de-riation from (60) the two curves will still give 
equally reliable results. 

The high contact the log. normal curve has at its start — a theoretical dis- 
advantage — ^is brought out clearly in these illustrations by the distance from start 
to mean. 

* [The Log. Normal Carve can only he looked apon ae a poaeibly easier means of determining sub- 
range freqaenoiee in aaoh a ease. Its form is dedaoed from the Weber-Feohner Law in psyohology, 
vhloh can have no application to meteorologioal phenomena. The agreement is really only established 
vith a Type VI omrve, whioh lies on an InftniteslmBl portion of the area to yrhioh this onrve applies. Bn.] 
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TABLE (2). 

Correnponding OrdinaUs of the Log. Sormttl and Type V! CiLi‘ve& 

{Upeetal Oase). 


Log. Normftl 

TypoVr 

•11 

•(Ml 

7*.38 

7-14 

81-12 

81-83 

126-19 

126-.'i4 

179*18 

178-80 

183-64 

183‘17 

183-22 

1.83-10 

111-87 

111*6.'5 

74-6.'5 

74-7(1 

4e’fll 

40-90 

28-14 

28-17 

10-42 

18-42 

9-40 

9-38 

6-30 

8-29 

2-97 

2-90 

1-06 

J-68 

•92 

•02 

•81 

•81 

•29 

‘28 


E. An JSaamination of ike Adequacy of the Mathmaticd Surfaces. 

GraphioaL AnaJpais and SpedJioaSion of Observed Data, 

1. Data, When 1 Ijegan investigating the present problem, Professor Pearson 
kindly placed at my disposal a number of correlation tables showing the distribution 
of contemporaneous barometric heights at various meteorological stations. The 
total nnmter of observations, in the tables, varied from about 1800 to about 8000. 
1 tested Narumi's surfaces on one of these distributions by fitting the theoretical 
regression and scedastic carves, but found the surfaces to be inadequate. Eventually, 
the IS-Constant Surface ^Type AaAa) was resorted to, Tho process of fitting and 
of constructing the contours was arduous enough ; in addition, however, tho result 
did not repay the labour. The scantiness of the material made it impossible to 
judge the accuracy of the graduation. A similar insufflcioacy of observations is 
found in the examples on which the surfaces have been test^ in earlier papers. 
As a first requisite, therefore, for obtaining results that would be of some value, 
distributions had to be found in which the irregularities of sampling would be less 
pronounced. 

Table 1 shows the number of marriages contracted in Australia, 190V — 14, 
arranged according to the ages of bride and bridegroom in 8-year groups. It was 
form^ from Table LIV of Knibbs’ work: The Mathematioal Theory ofTopudaMont of 
its Gtuvracter and iPlvctmtione, and of the Factors vjhich influence Stem, Melbourne, 
191V,, jpp. 190—191, where the ages are given by single years. Unspecified cases, 
brides , oyer 85 and bridegrooms over 90 were rejected. In these data, as in 
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practically all marriage statistics, there is unquestionably a misstatement of ages 
by persons under 21 years of ago, the chief motive of such a misstatement being 
to avoid legal requirements. No attempt was made to adjust the numbers. 

In Table II the number of single births (male and female) in Australia, 1922 — 26, 
is tabulated according to the ages of father and mother in 3-year and 2-year 
groups respeotivoly. The table was compiled from the corresponding tables in the 
Australian Demography Bulletins, Nos. 40, 41, 42, 43, and 44, the unspecified cases 
being again omitted. 

The distribution of barometric heights on alternate days at Greenwich, 1848 — 
1926, for the whole year, summer months (March 21 — September 21) and winter 
months, is shown in Tables III, IV, and V respectively. These tables were drawn 
up from the baromettio readings published in Astroiiomioal and Meteorologioal 
and Magnetioal Observaiions made at the Royal Observatory, Greenwich, for each of 
the 79 year’s. The marginal totals of Table IV, and also those of Table V, are nob 
identical because the lost reading in the summer or winter period was not corre- 
lated with the first reading in the period for the next year. 

Finally, Table VI exhibits the distdbution of a set of measurements made 
by W. Johannsen on the length and breadth of beans. The table is reproduced 
from Wicksell's study, The Gorrelation Fv/notion of Type A and Ihe Regression 
of its Oha/raoteristics, p. 40. 

The choice of one or two of the distributions might be regarded by some 
readers as ill advised. There were, however, no alternatives; other data, with 
equally large numbers, that would be better suited for illustrations, could not be 
found, Looked at from the skewness of the distributions, which varies from slightly 
abnormal to considerably abnormal, the data are representative of statistics of 
common occurrence. 

In each of the tables only the central values of the groups are recorded. 

2. Regression, Soedaatio, OUtia and Xurtio Curves. The problem of skew 
correlation has repeatedly been approached from a consideration of the form of 
the regression curves. But we are concerned not so much with these discussions as 
with testing the regression, scedastic, clitic, and ktirtic curves associated with the 
theoretical surfaces. In particular, an examination of the clisy and kurtosis of the 
arrays will provide us with a practical test as to the generality of Narumi’s 
hypothesis, namely, that the array distributions reduced to a common origin and 
scale are similar and similarly situated curves. 

The statistical measures computed from the distributions and to be used for 
specifying them, are given in Tables I (a), I (&), I (c) to YI (o). The higher moments 
of the extreme arrays, where the observations are relatively few, wore not calculated. 
The standard deviations of the arrays, as well as those of the marginal totals, are 
expressed in terms of the grouping units. Sheppard’s corrections have been applied 
to all the momental constants. Often they reduced the values of the correlation 
ratios below that of the corresponding correlation coefficient. Gorreotions for 
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Skew Bivariate Frequenmj Stirfacee 


TABLE I(tt). 

Constants of the Distnbviion of Aga at Mmriage of Bride and Biddegroc 


Age ot Btide 

Age of Bridegroom 

. .... ....... 



26*731, 821 jw. 
iri>= 2*239,687* 
VAo- + 2*013,900 
j9*o= 9*290,441 

ym 29*383,066 yra. 
0-J-. 2*640,700* 
V/3bi« + 1*963,079 
8*338,818 

r-.‘70B,lfS4 
n„« *710,878 
*707, m 

j*i»= 1*576,067 
1*477,487 
ff3i«7 *069,828 
jfa« 8*346,730 
6*897,500 


* UnitfsthiQoyean. 


TABLE I (6). 

Constants of the Distribution of Age of Bride for a given Age of Btidegroc 

(Central Values). 


Aga of 
Bridegroom 
in years 

Number of 
Obsemtione 

Moan Aga 
of Bride 
in years 

(») 

lo tbree year 
unit* 

Si 

/*»(*) 

18*6 

19*6 

88*6 

26*5 

28*6 

31*6 

34*6 

37*6 

40*6 

43*6 

46*6 

49*6 

62*6 

66*6 

68*6 

61*6 

64*6 

67*6 

70*6 

73*6 

78*6 

79*6 

82*6 

86*6 

88*6 

294 

10,096 

61,001 

78,064 

66,601 

33,478 

80,560 

14,281 

9,320 

6,236 

4,770 

3,620 

2,190 

1,666 

1,100 

810 

649 

487 

326 

211 

119 

73 

27 

14 

6 

18*640,818 

20*066,711 

21*871,010 

23*624,166 

26*132,271 

28*087,494 

28*117,823 

28*720,222 

31*869,012 

38*782,393 

35*700,866 

38*067,126 

40*609,600 

42*383,987 

46*248,362 

47*014,814 

40*110,170 

61*460,710 

62*374,233 

04*373,038 

57*096,638 

66*226,026 

66*066,667 

64*973,682} 

*849,742 

1*000,300 

1*168,988 

1*389,366 

1*614,018 

1*878,609 

2*107,620 

2*361,849 

2*60^022 

2*761,511 

2*904,726 

3*089,507 

3*248,947 

3*404,343 

3*721,307 

3’964,900 

4*016,732 

4*172,709 

4*368,691 

4*441,906 

1*760,638 
1*455,142 
1*061,578 
•887,181 
•697,360 
*624,843 
*512,228 
*340,680 
■218,977 
•138,784 
■072,260 
-*059,673 
- *038,079 
-•186,099 
-•143,180 
-■152,912 
-•326,509 
-•248,391 
-•402,176 

0-86«,687 

8*579,920 

6*392,154 

5*152,802 

4-091, 898 

3'550,400 

3*237,101 

2-787,481 

2*719, 178 

2*717,731 

2‘891,692 

2*738,178 

2*715,627 

2*627,812 

2*673,860 

2*410,205 

2*647,233 

2<220,272 

2*362,104 

4MM 
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TABLE I (c). 

Constanta of the Distribution of Age of Bridegroom for a given Age of Bride 

(Central Values). 


Age of 
Bride 
in years 

Number of 
ObaerrationB 

Mean Age of 
Bridegroom 
in years 

in three year 
noits 


Mv) 

12-6 

16*6 

18-6 

31-6 

24*6 

27*6 

30*6 

33*6 

80*6 

39*6 

42*6 

46*6 

48*6 

61*6 

64*6 

67*6 

60*6 

63*6 

66*6 

69*6 

72*6 

76*6 

78*6 

81*6 

84*6 

6 

2,976 

38,291 

80,847 

71,010 

44,541 

24,261 

13,762 

8,883 

6,062 

3,478 

2,603 

1,803 

1,139 

646 

613 

201 

242 

206 

130 

66 

26 

16 

6 

1 

24*177, 18 o| 

24*077, 362'' 

26- 073,166 

27- 841,233 
30*022,606 
32-621,663 
36*311,618 
38-367,276 
41*474,926 
44*309,665 
47-263,633 
60*460,004 
63*637,761 
66*397,676 
88-676,023 
61-747,422 

63- 024,792 

64- 907,766 
67*730,780 
71*892,858 
71*940,000 

73-780, 868 j- 

1*636,113 

1*464,074 

1*606,919 

1-666,006 

1*877,199 

2*174,789 

2*437,164 

2*706,296 

2*942,219 

2*044,690 

3*114,804 

3*273,171 

3-216,616 

3-112,789 

3-066,301 

2*878,866 

2-866,280 

2*600,362 

2*456,386 

2*280,582 

2*080,477 

1*888,116 

1*888,896 

1*829,298 

1*633,246 

1*337,310 

1*018,662 

-710,997 

•685,660 

*406,820 

*238,121 

*138,628 

- -032,434 

- ‘221,098 

- *206,697 

- *016,836 

- *789,109 

- *620,610 

- 1-491,384 

10*440,077 

9*616,703 

9*604,856 

8*990,077 

7*761,172 

6*214,616 

4-932,679 

3-932,594 

3*921,733 

3*821,961 

3*637,179 

3*698,322 

3*628,247 

3*616,078 

3-729,017 

3-213,237 

4*196,793 

4*391,686 

7*436,024 


TABLE n (a). 

Oonstawts of the Distribution of Ages of Parents at Birih of Child. 


Age of Mother 

Age of Bather 


— 

^bs29’629,067 yrs. 
0 -1- 3*083,148* 
V^-« + *317,180 
3*480,327 

5=33-600,298 yrs. 
<rs= 2-495, lilt 
V/901- + '724,331 
/3oa= 3*624,169 

r— *734,944 
tfmg = *732,763 
,,,=•747,617 

?«*“ *276,142 
*302,216 
yji-l*823,465 
1*837,166 
^13=2*066, 266 


* UiutatwoyearB. t UnitsthzeeyeuB. 


11—2 
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Sk&VD Bivariate Frequency Surfaces 
TABLE II (&). 


Gonstmts of the Distribution of Age of Mother for a given Age of Father 

(Certtral Values). 


Age of 
Father 
in years 

— 

Number of 
Obserrations 

Mean Ago 
of Mother 
in years 

(Tt*) 

m two year 
units 



16-6 

181 

17-896,028 

-869,357 



19-6 

7,936 

19-916,674 

1-106,697 

1-420,909 

7*640,026 

22-6 

40,789 

21-032,114 

1-371,058 

1-167,144 

6*493,840 

26-6 

79,964 

24-184,358 

1-664,972 

*692,084 

4*622,681 

28-6 

99,328 

26-362,838 

1*768,487 

•357,841 

3-802,816 

31-5 

vy^2oz 

28-629,868 

1-939,264 

■041,134 

3*182,722 

34-6 

90,670 

30-677,270 

2-134,633 

- *226,993 

2*863,438 

37-6 

73,609 

32-737,206 

2-296,682 

- *399,867 

2*831,788 

40-6 

62,930 

34-694,068 

2-424,931 

-■662,244 

2-922,367 

48-6 

36,607 

36-091,222 

2-514,318 

- *601,612 

3-074,234 

46-5 

21,817 

37-183,894 

2-605,658 

-•666,868 

3-222,510 

49-6 

12,781 

37-766,692 

2*668,669 

-•710,871 

3-367,968 

62-6 

6,717 

38-087,986 

2-647,144 

- *708,980 

3-260,171 

66-5 

3,687 

38-203,234 

2-728,736 

-•710,828 

3*480,831 

68-5 

1,821 

38-206,930 

2-733,062 

- *703,866 

3*393,736 

61-6 

911 

37-886,938 

2-800,767 

- *632,496 

2*904,562 

64-6 

489 

38-069,304 

2-796,094 

- 623,136 

3*011,293 

67-6 

183 

37-886,248 

2-703,871 


...... 

70-6 

85 

36-952,942 

— 



73-6 

38 

36-308,422 


— 


76-8 

25 

I 




79-6 

9 

36-444,444}- 




82-6 

2 

J 

— 




TABLE II (o). 

Oonstantf of the DistribiUion of Age of Father for a given Age of Mother 

(Oentral Values). 


Age of 
Mother 
in years 


13-0 
16 -0 
17 -0 
19'0 
ai^o 
23 0 
26'0 
27 '0 
29‘0 
31-0 
33-0 
36*0 
37-0 
39*0 
41-0 
43-0 

46- 0 

47- 0 
49-0 
61-0 
63-0 
66-0 


Number of 
Obimrationa 


191 

4,673 

21,822 

42,768 

62,620 

73,423 

74.834 
72,640 
66,182 
68,407 

48.834 
39,932 
31,060 
18,976 
11,283 

4,366 

1,072 

199 

13 

4 

2 


Mean Age 
of Father 
in years 


23’39e,907]- 

23- 668,009‘^ 

24- 700,268 

26- 289,678 

27- 861,709 
29-436,369 

31- 100,716 

32- 769,064 
84-491,348 
36-360,661 
38-241,246 
40-184,638 
42-162,764 
44-147,904 
46-089,471 
48097,938 
49-947,762 

61-609,176 


^■(y) 

in three year 
units 


1-610,032 

1*460,400 

1-626,606 

1-660,772 

1-601,309 

1-637,089 

1-686,861 

1-710,096 

1-773,938 

1-823,740 

1-848,826 

1-920,486 

1-912,000 

1-923,478 

1-901,278 

1-921,691 



Mv) 

2*296,606 

13-786,722 

1*780,686 

8-083,177 

1*640,047 

7-836,430 

1*519,602 

7*180,398 

1*474,353 

7*112,446 

1*371,696 

6*606,027 

1*328,398 

6-592,213 

1*206,339 

0-013,309 

1*166,161 

6*101,660 

1*042,839 

6-697,604 

•864,808 

6-066,700 

•788,422 

4*917,428 

*610,390 

4*662,062 

•461,864 

4*638,673 

•350,883 

4*230,476 

■365,142 

4*707,391 

— 

— 





S, J. Peitortus 


161 


TABLE m (a). 

Constanta of the DiatnbtUion of Barometrio Heights {Whole Year) 

on Alternate Bays, 


First Day 

Third Day 

-- 

— 

*=29*'780,934" 
<ri= 3-079,720* 
VAo- •♦•• 450,793 
/3jo-= 3-397,763 

^-29-780,931" 
05 - 3-080,000* 
^oi~ *461|289 
Aa« 3-398,787 

f» -680,721 
-583,316 
ij*y— -681,703 

fuB •162,059 
Ji2= -169,381 
j8i=l*88l,406 
gn= 1-817,042 
Ju-1-866,340 


* In -ft inohes. 


TABLE in (6). 

Constants of the Bistrihuiion of Barometrio Heights {Whole Year) on 
First Day for a given Bsading on Third Day {Centred Values), 


Beading on 
Third Day 
in inohsB 

Nnmbet of 
ObBerratlons 

Mean Height 
on First Day 
in inohes 

. "■(*) 

IS fir iQohes 


ft(®) 

30-76 

30-66 

7 

13 

30-420, OOoj 


— 

— 

30‘66 

73 

30-300,686"^ 

2-020,096 

— 


30*46 

268 

30-240,310 

2-196,790 

•868,163 

8-770,611 

30*36 

663 

30-160,302 

2-349,221 

-648,474 

•760,496 

3-495,686 

30-26 

1148 

30-066,679 

2-431,306 

4-067,606 

30-16 

1961 

30-004,946 

2-419,847 

•844,391 

4-307,638 

30-06 

2961 

29-929,261 

2-396,162 

-819,870 

4-446,142 

29-96 

3760 

29-876,960 

2-276,430 

•688,461 


20*86 

3921 

29-811,719 

2-376,768 

•666,346 

3-686,299 

29-76 

3699 

29-763,866 

29-604,490 

2-368,077 

-414,211 

3-670,364 

29-66 

3176 

2-630,774 

•468,017 

•633,460 

3-329,710 

29*66 

2333 

29-633,069 

2-661,476 

3-694,689 

29-46 

1762 

29-686,301 

29-634,023 

2-741,230 

<318,388 

3-112,579 

29-36 

1233 

2-897,096 

2-884,793 

-278,186 

3-367,779 

29-26 

813 

29-487,023 

-363,886 

2-782,646 

29-16 

641 

29-442,606 

3-07^942 

•169,269 

2-676,631 

29-06 

282 

29-422,696 

2-99^660 

•276,610 

3-027,310 

28-96 

189 

29-361,111 

3-483,078 

— 

— 

28-86 

82 

29-304,878 

2-899,690 


_ 

28*76 


29-338,333 

2-941,606 



— 

28-66 

43 

29-226,744 

— 

— 

28-66 

12 


— 

1 

28-46 

4 

20-286,294}- 




28-36 

1 

J 
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Shew Bivariate Frequency Surfaces 


TABLE III (o). 

Constants of the DistnbvUon of Baronnetne Heights (Whole Year) on 
Third Bay for a given Reading on First Day (Central Valves). 


Beading oa 
First Day 
in inohes 


30-76 

30-66 

30-66 

30-46 

80*36 

30-26 

30-16 

30-06 

29-96 

29-66 

20-76 

20-66 

29-66 

29-46 

29-35 

29-26 

29-16 

29-06 

28*96 

28-86 

28*76 

26-66 

26*65 

28:46 

28-36 


Number of 
Observations 

Mean Beight 
on Third Day 
in inches 

rfll) 

in ^ inobes 

v'ftCv) 

A>(}/) 

7 

13 

73 

30-460, 000 j- 

— 



80-329,603'^ 

1-844,786 



268 

30-249,248 

2-071,363 

*988,036 

4-441,460 

663 

30*174,834 

2-086,388 

-659,046 

3*860,262 

1148 

30*085,279 

2-216,604 

*698,379 

4-064,244 

1961 

30-004,076 

2-229,617 

'646,631 

3-866,614 

2961 

29*937,326 

2-225,411 

•616,284 

4*238,683 

3749 

29-866,631 

2-298,247 

‘606,296 

4*192,648 

3921 

29-804,068 

2-387,431 

'640,445 

3-883,601 

8700 

29-747,784 

2-479,312 

•371,684 

3-880,310 

3176 

29-690,460 

2-688,024 

-467,062 

3-733,761 

2333 

29-644,209 

2-716,802 

'300,583 

3-426,421 

1762 

29*598,868 

2-769,067 

-223,362 

*282,386 

3*224,785 

1233 

29*638,970 

2-941,199 

3*266,638 

813 

29*477,021 

2-888,266 

•121,441 

2*842,953 

642 

29*444,834 

3*118,031 

•276,861 

3*201,096 

282 

29*412,411 

3-227,022 

'284,802 

3*142,634 

189 

29*389,163 

3-166,014 



81 

29-330,247 

3*348,281 



60 

20-376,000 

3*109,790 

—V 


43 

20-240,698 


«*MI 

12 



1 -II 

4 

28-862,941 \ 

— 



1 

) 



_ 



TABLE IV (4 

Constants of the IHstrihviion of Barometric Heights (Summer Mmlhs) 

on Alternate Days, 


First Day 


29-790,076" 
2*416,849" 
Vfto- -I- *448,990 
^20- 3*274,413 


Third Day 


Sf»29*70O,763" 
0^- 2*407,294" 
*432,218 
i9iB= 3*214,970 


*634,646 
ijw» *634,897 
);*,=. *633^048 


ffjjaa *161,949 
5-1, » *169,110 
y«« 1*687,368 
fa-* 1-649,768 
Sru» 1*630,614 
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TABLE IV (6). 

Oonstants of the Distribution of Barometric Heights (Sv/mner Months) 
on JPirst Dag for a given Biding on Third Day {Central Values). 



TABLE IV (o). 

Oonstants of the Distribution of Barometric Heights {Summer Months) on 
Third Day for a given fading on First Day {Central Values). 


Beading on 
Fimt Day 
in inohea 

ITnmber of 
ObBerratiodB 

30*46 

10 

80*86 

81 

30*26 

338 

30*16 

830 

30*06 

1676 

29*96 

2266 

29*86 

2427 

29*76 

2279 

29*66 

1812 

28*66 

1236 

29*46 

822 

28*36 

484 

29*86 

262 

29*16 

122 

29*06 

47 

28*96 

27 

26*86 

9 

28*76 

6 

'88*66 

2 


Mew Height 
on Third Bay 
)nin<diee 



80*1«,604} “ 

30'076,740'’ 1*684, 868 

30*001, 064 1*741,844 

28*837,066 1*806,284 

28*867,609 1*860,661 

28*808,878 2*027,160 

29*767,685 2*122,282 

28*706,467 2*148,778 

28*669,488 2*S09,815 

28*634,060 2*188,841 

26*670,661 2*878,887 

28*026,000 2*407,206 

29*469,672 8*171,182 

29*460,689 — 

29*442,683 

29*362, 60o\ — 
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TABLE V(a). 

Constants of the Distribution of Barometric Jffeights (Winter Months) 

on alternate Dags. 


First Day 

XhirdDay 

— 


®«29-77L562" 
0-1- 3'684,798* 
\/^lO« + '377.097 
2-861,622 

y-29-770,66{y' 
3-640,723* 
Vfti- +*378,687 
^oa«=> 2-862,281 

r» *600,961 
‘008,313 
ij. M :6O4,089 

gnwi *103,602 
Ou«= -119,304 
3si»l-609,l91 
ysg “ 1 -603,029 
yis» 1*609,874 


* In ^ inohoB. 


TABLE V(&). 

Constants of the Distribution of Bardmetrio Heights (Winter Months) on First 
for a given Reading on Third Day (Centred Values). 


Beading on 
Third Day 
in inehas 

Number of 
Obserrationa 

tCean Height 
on First D^ 
in inohes 

ir(x) 

in iV inohes 


ft(*) 

30-76 

30*66 

30-66 

30-46 

30-36 

30-26 

30-16 

3006 

29-96 

29-85 

29*76 

29*66 

29*66 

29-46 

29*36 

29-26 

29*16 

29-06 

28-96 

28-86 

28-76 

28-66 

28-66 

28*43 

28-36 

7 

13 

73 

248 

484 

812 

1109 

1371 

1494 

1498 

1426 

1369 

1082 

926 

766 

662 

423 

236 

184 

76 

66 

42 

12 

4 

1 

30-420, OOO]- 

30*300, 686“^ 

30-239,113 

30*166,116 

30-077,966 

30-009,603 

29-930,016 

29-879,461 

29-804,206 

28*741,184 

29-074,032 

29-608,410 

29-662,432 

29*612,781 

29-474,666 

29-430,861 

29-408,051 

29-361,629 

29-287,333 

29-340,909 

29-233,333 

29*286, 294 j- 

2-226,484 

2-438,117 

2-663,449 

2*769,468 

2*803,430 

2*721,317 

2*878,610 

2*897,747 

2- 064,080 

3- 134,400 
3*108,770 
3*193,847 
3*090,936 
3*130,860 
3*093,051 
3*657,266 

-866,786 

-677,793 

-828,636 

■862,810 

■700,497 

-690,782 

•523,148 

•568,668 

*372,890 

‘303,198 

‘168,964 

•209,166 

‘330,929 

•115,633 

•146,121 

3*690,966 

3*444,674 

4*163,907 

3*938,848 

3*728,026 

3*634,137 

3*233,638 

3*047,418 

2-910,239 

3*006,976 

2*746,087 

3*166,914 

3*000,836 

2*700,373 

2*800,636 
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TABLE V(c). 

Cmstants of the DistribvMon of Baromeirw Heights (Tfinier Months) on Third Day 
for a given Reading on First Day (Central Vahies). 


Beading on 
EiTst Day 
in inohes 

Number ot 
Obserrationa 

Mean Height 
on Third Day 
in inobee 

- 

in ^ mohea 


Mv) 

aO'VS 

30*66 

7 

13 

30*480, OOO} 

— 

— 


30*65 

73 

30*322,603 

— 




30*46 

248 

30*244,768 

2*080,683 

1*029,967 

4*646,211 

30*36 

482 

30*179,876 

2*166,189 

*703,291 

3*864,196 

30*25 

810 

30*086,259 

2*431,190 

*628,479 

3*788,161 

30*16 

1121 

30*006,289 

2*530,627 

*654,686 

3-513,264 

30*06 

1376 

29*937,036 

2*626,626 

*682,473 

3*740,428 

29*96 

1493 

29*862,793 

2*843,796 

*606,873 

3*667,920 

29*86 

1494 

29*796,262 

2*876,403 

*473,828 

3*337,469 

29*76 

1421 

29*731,984 

2*966,678 

3*063,120 

•277,631 

2*894,125 

3*174,969 

29*66 

1364 

29*669,208 

•360,034 

29*66 

1097 

29*616,907 

3*167,617 

*291,203 

2*926,329 

29-46 

930 

29*667,312 

3-180,523 

•088,028 

2*843,682 

29*35 

749 

29*618,491 

3*236,809 

*241,729 

3*006,220 

29*26 

661 

29*466,774 

8*192,760 

*068,007 

2*711,697 

29*16 

420 

29*437,819 

8*339,718 

■222,960 

2*937,186 

29*06 

236 

29*402,786 

3*319,181 

•287,181 

3*120,079 

28*96 

162 

29*380,247 

8*166,841 

.Mi. 


28*86 

72 

29*320,833 




28*76 

66 

29*376,464 

— ... 




28*66 

41 

29*246,122 

— 

— 

.... 

28*66 

12 

— 



28*45 

4 

29*102,941 j- 


..iM 


28*35 

1 





TABLE VI (a). 

Constants of the Distrihuiiou of Length and Breadth of Beans, 


Length of Beana 

Breadth of Beana 


— 

14*404,608 mm. 
0*1= 1*799,662* 
Vfto-- -910,669 
|3n» 4.*862,944 

5= 7*976, 630.mm. 
<ri- l*369,461t 
*440,832 
/3 m= 3*664,374 

f-i-781,142 
7,,,= *771,996 
1?,^= *772,270 

Sii** - *663,267 
Oijw — *602,496 
931= 3*641,829 
933= 3*167,011 
9t8** 3*072,626 


* In } mm, nniti. 


t In 1 mm. nnitR, 
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TABLE VI (6). 

Constants of SistribuHon of Length of Beans for a given BreadHi, 

(Central Values), 


Breadth of 
Beane 
in mm. 

Number of 
Obaervatione 

Mean Length 
of Beane 

In mm. 

in 4 mm. 


ft(*) 

9*126 

8*876 

8*626 

8*376 

8*126 

7*876 

7*626 

7*376 

7*125 

6*876 

6*626 

8*376 

6 

48 

400 

1483 

3742 

2679 

1397 

630 

170 

72 

10 

4 

18*047,l70j 

16*610,000'^ 

15*133,166 

14*736,689 

14*258,823 

13*777,380 

13*136,849 

12*370,888 

11*763,889 

13 *367,1431 

•890,218 
■976,320 
•964,928 
1*028,400 
1*122,765 
1*267,017 
1-609,946 
1663, 320 

1 ’564,314 

-■046,364 
-•338,931 
- •361,031 
-*246,804 
-•447,634 
-*639,326 
-•062,792 

2325,986 
3*479,772 
3-466, 680 
3*390,668 
3-606,273 
.3-316,963 
2*693,873 


TABLE VI (c). 

Constants of the Distribution of Breadth of Beans for a given Length 

(pentral Values). 


iMOgth oi 
Buhb 
In mm. 


Number of 
ObMTvatioaa 


UeBoBreedih 
of Beane 
in mm. 


17*0 

16*6 

16*0 

15*6 

16*0 

14*5 

14*0 

13*5 

13'0 

13*6 

13*0 

11*6 

11*0 

10*6 

10*0 

0*6 


66 

S76 

1128 

3082 

2384 

1787 

930 

437 

108 

116 

70 

36 

18 

7 

1 


8*684,017]- 

8*449, 273'^ 

8*306,301 

8*163,698 

8*000,436 

7*846,631 

7*712,098 

7*671,384 

7*434,046 

7*288,044 

7*188,386 

7*007, 222 

6*836,638| 


'(y) 

In 4 mm. 




*878,333 

•887,066 

*831,161 

•846,562 

•834,188 

•878,803 

•885,637 

•063,672 

1*036,346 

1‘113,178 


-*461,038 
+ •030,368 
-’106,878 
-•068,086 
-•116,096 
-•066,017 
-•331,257 
-•183,446 


PiiV) 


3*133,322 

3'O40,O13 

3*646,700 

3*210,250 

3*374,600 

3*167,436 

3*187,621 

3*816,962 
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CLifw or Am or BtiiDBQROon on Aat or Bmon. 



KifUTOjifiti Aat OP Bmoconoori on Aoc or Bfodb. 
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REQRCWOn, AOE OF BRIDE OH AQE OF BRIPGGROOPT 




19 H SB 49 99 99 19« 


A^e of Bridegroom, 
Diagram I (/), 
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RE»3RG3SI0K, AQE op FXTHBR ON AOB OP rdOTHBR. 



Dlagtam II (a). 


SCBDASTICITY. ACB OP FXTHBR ON AGB OP lYIOTHBR. 
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GliI&y, Age or Father on Aob or IYIothpr. 



KuRTOjHit. Aok or nmoBR ON Aqb or Toother . 




SlDl of Am^ of nUiluis (iiiat'2 
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EEaRBSPTON, Aaa or Klornm on Age or Fathbr, 
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Ouisv, Aa& OP Mothbr om Aob or Father. 



Kutmeia. acib op moTHBR on aob op Father. 






rieatt HdjiMr of BaromdiBr on,Third''D!ty 'm lnche». 


S. J. PjusToaius 


176 


Ri:aAE»»oR, Height op Barotieteri IHirs ttnr on nRjiT Onr. (VtioLE ’VEar). 



M-S M-« 304 50 E 00-0 Ef-B E«-0 B9-4 E9B BOO US U6 BB-4 


Height of Borometer on Tir^t in Inche>. 
Diagram HI (a). 


AcxDABTictTY, HEiaHT OP 'BARom.TiiR' Tkird Dw otc Fthst Pat (WhOl.E IrtCAR). 



Diagram III ((). 


ia-2 



176 


Skew Bivariate Frequemy Surfaces 


Owsv, HBWHT or aAROMCTBR: THIRD DAY OW FiBST HWf (WHOLB VfeAI^ 

I' rr— — I 



S06 104 SO-l S04 fOO tO’O BH* tlB tIt’O 

Height Of Borowrter on Plrplr Doy In TncHe>. 

Diagram III (o), 


lOiRrwo, Hbioht or BARomsttR: Third Day on Pmr Day (whoubVIbar) 






fteAtt Heig^iA of Barom^er on FirsT Daoj tn Indtea. 
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REGRE?siorr,KEiaHT OP Barofieter. mar Hwr on TWiroPav CMVioee '%ar) 



Diagram III (a). 


5ccoxaTiciTY, HciaKT or BAROPtETcni T^R»t DHy on 'Bflin) ttw (WhOLE^R). 



Diagram HI (/). 




Sk&w Bimriate Frequency Surfaces 


CLiav, Hbtokt or BAiionmmRi Ptwr Dw on Tktoo tvw VbAR.) 



KURfTOMS, HsIOHT op BmOMBTER! FIRST DAV ON THIRD IU.Y (WHOUB YEAR.) 




ne&tt of Ba.-ro«irf»r ot» Daiy m Tnchc$. 
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RE6RE^?T0rr,'HtelGHT OE BAROWETERt 

Thtrt) Batt orf Ptrist Day. (Pumwer nowH^) 



Diagram IV (a). 

C pcBtiA?TT«TY, Height of BARonsTEn) 






p.of of BMtHncJricHeiftW? onThif^ Dai| Arr^yp of BAromelric HeigWp on Thira D ay 

• I O 
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CLipY, Height o? Baeoweteej 
Tkied Day otT FiRprr Day. (puwvtBn moriTHp) 



Kfcigh? of Bftromrter o« Flrpl Dai^ In Tnchep. 
Diagram IV (c). 


iCuRTopip, Height of Bakoketse* 

Third Day ow Ptrst Day. (Puttmbe Wotithp) 



304* aot SO'O 39*3 29'6 29’4 £9*3 

HeighT of BMOnteler on Fi»T Daaj In Tnchep. 

Diagram IV (d). 





inektt at Bbronzder otz D&'y 
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RBaRBSSION, HBTGHT OV BAROmETTBR: 
Pni5T DAY ON Thtod DAY (SummcR Months) 



SCBDASnCTTY, HEIGHT OF BAROmETCR: 
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Cusv, Hbight or BAROmBT&R. 

Pm^T Day on Third Day (SumrnsR IyIonths.) 



KURTOSIS, HfilOHT or BAROimSTBR: 
First Day on Third Day (SunrmBR inoNTH^ 





Meait HtigU oT Buwiuferan Tturd Dav ia fisdis. 
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RBaRE^ioN, Height or Baboiiie.tsb: Third Day on FiWT Day (Wintbr moNTHS.) 



SCBDMnOFTV, KBIGKT OP BATOWETWe 'WflTO DWY ON T^T DW (WWTEII ntONTIo) 
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CLisr. Height w BARomETBB, Third Dav oh Pitot Dfiv^iNTBRlrtoKTHs.) 



30-6 304 304 30-0 Sf-B e9-6 flf S fi9‘(> 

of Bbronoter on Firtf m IiwW 

Diagram V (e), 


Kurttow, Hwgkt op BARomeTER: Twuo Dav oh Pitot Oav (wihter Mohtms) 





93 ){9ztl ai ted pay w» Jspoiawe 


S. J. Peitorius 

Regression, Hbiokt op BnROin&TBR: First Dmt on Third Day (Winter ITIonths) 


18 fi 



308 iO-i 504 50-8 30-0 89-8 S^-b 894 29-8 89 0 8S'8 2S-6 8S4 

Height of BbfOtttShr or Third in tuohob 

Diagram V (e). 


SoBUMTioiTV, Height or BKRomenn: First Day on THibd Day (wiwtbr iflormiB.) 
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0U8V, HewHT or Barombtbji: rnar DAV on Thito Dav (vi^ntm Moniw) 



KuimMo, Heiokt or BMwn&Tt». Pnor Dav on THmo Qav (wintcr inoKrK9) 





a-50 


, 8<&a 


.£ 8-00 

I 


fQ 


T-TS 


T-SO 


4 

9f 


lO TtH 




7-00 


679 
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i«<00 tV90 l«-00 l«-50 MOO IS‘90 U-OO II'M 

Length of BeAn> in mnt. 


Diognm YI (o). 


Kubto&i», BniiAOTM orr LsnoTH or Biumfr. 


"6 

I 

% 

§CS« 

S 

•gSO 

<■ 



Plugram TI (d). 
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RcGRGKion. LEnenrH ott Breadth of BsATti). 




Biometrika xxii 


IS 
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CijI»y, LBTtGTH on Breadth of Beams. 



Kubtosis, IjcnoTK on Breadth or BsATfS. 
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abruptness will be dealt with in Section 6 ; as a matter of fact, they were found to 
be negligible. 

The observation points are represented by small circles in Diagrams I (a), I (6), 
up to VI (A). Except at the extremities of the distributions, the means follow 
fairly smooth trends. The regression of age of mother on age of father is of 
the rectangular hyperbolic type, while the other regressions deviate less from 
rectilinearJty. The scedasticity reveals, not infrequently, a resemblance to the 
parabolic form of the double hypergeometrical series ; for example, in the barometric 
and birth statistics. Approaching the higher momenta we find, as could have been 
anticipated, that the observation points become more and more erratic. Yet, for 
the first two distributions, the variation in the clisy and kurtoaia is still remarkably 
regular; for the barometric data a quite definite trend, other than constant, is 
noticeable ; and it is only for the distribution of length and breadth of beans, 
where both the number of points on the graphs and the total number of observa- 
tions are small, that these two measures seem to be scattered at random. This 
finding of a fairly regular variation in the shape of the array distributions dis- 
proves, beyond doubt, the generality of Narumi’s hypothesis for these cases. 

We proceed to fit to these points the appropriate curves of the Type AaAa* 
and of the Logarithmic Surface. The expressions for the partial moment curves of 
the former surface are given in equations (62), (63), (64), (66), and (66) j those for the 
Logarithmic Surface in equations (39) and (40). The constants in these formulae 
together with the values they assume for the different distributions are shown in 
Tables VII and VIII. The surfaces will be considered in the order named. 

Both regression curves of the Type AaAa surface were fitted to the array 
means of the last five distributions. The curves are geometrically somewhat quaint, 
but, with the exception of the regression of age of mother on age of fiither, the 
results are quite reasonable. The scedastic curves fitted for the same distributions 
are oscillatory to a much higher degree than the regression curves ; even in the 
most favourable oases the fit is rather unsatisfactory. The clitic and kurtic carves 
were fitted for the barometric data ; whole year and winter months. For the first 
of these distributions they do not fit badly : perhaps they fit even better than the 
corresponding scedastic curves do. For the latter distribution, however, they are 
less successful. 

The regression curves of the Logarithmic Surface were tested for the barometric 
(whole year) and marriage distributions f. They fit very well in the former case 
and probably better than the curves of the Type AaAa surface do. For the 
marriage distribution a want of flexibility in the curves is manifest. This in- 
eflSciency is still more marked when we come to the scedastic curves. For the 
barometric distribution these curves, bad as they are, are to be preferred to those 
of the lype AaAa sur&ce; far the marriage distribution, too, the results are 

* Bead Tifpe AaAa instead ol Typt AA in the diagrams. 

t Bee Seetion 4 lor a disonseion of the orlteria jnstifjriug the application of this snt&oe to these two 
dlstribationa. 


18—9 



TABLE m 
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rather poor. Finally the clitic curve {y on oi), fitted to the barometric data, tends 
to a constant value. 

In considering the goodness of fit of these curves we must bear in mind, as 
Feaison pointed out when he discussed the IS-Constant surface, that the constants 
in the equations of the curves are determined not directly from the moments of 

TABLE ym. 

Constants* in Expressions for Partial Moment Curves of Logarithmio Surface. 




Austraiian Marriages 

Barometer 'Whole Tear 



y on a 

X on y 

y on X 

X on y 

m 

P 

1 

3-73616 

4-49910 

20'64737 

20-62685 

'Q 

« 

-60662 

-68884 

1-31009 

1-30966 


s 

-24068 

■23630 

■06442 

•06449 


xw 

1-440,318 

1-494,278 

1-366,084 

1-303,180 

§ 


■788,330 

■942,229 

1-793,429 

1-786,158 

"S 

kn 

-689,051 

-672,276 

1-316,766 

1-315,314 



■942,228 


1-005,604 

1-003,222 


AW 

•098,467 


- -007,483 

- -012,877 


’A<‘> 

•997,329 

■794,486 


- -774,629 


x(*) 

2-880,636 

2-988, 662 

2-731,067 

2-726,378 

'Q 


1-696,844 

2-009,130 

3-694,603 

3-686,043 


dW 

■872,486 

■766,709 

1-321,426 

1-320,983 

s 

AW 

■884,465 

■911,279 

1-011,208 


a 

AW 

■393,826 

•662,034 

- -029,732 



AW 

1'99^657 

1-688,971 

-2-700,667 

-1-649,267 


xw 



4-097,961 



yW 



5-403,620 

1-327,094 

— 

1 



— 

— 

AW 



1-016,812 

— 


AW 


— 

- -066,896 

— 


AW 

*— 


-4-050,836 



the array distributions, but from the momental constants used in fitting the 
surface os a whole. The fit of the regression curves, excluding the regression of 
age of mother on age of father, does not leave much to be desired. The practical 
utility of the curves, however, is greatly reduced by their algebraic complexity. 
For the higher moment curves, generally speaking, the results are rather unsatis- 
factory, How the flexibility of a surface w affected by the number of constants in 
the equation is shown clearly by Diagrams III (a), 111(6) and III(c); two terms 

* For the marriage data - '001,4SS, Rus - '001,076, /)=’687,181 foand from eguationa (86). 
For the barometric data + '000,0101, Fu= +'000,0068, p8s’662,683 found from equations (86) 

and (87), 
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added to the equation of the Logarithmic Normal Surface are not enough to 
effect an arbitrary degree of variability in the conatant clitic curve of this surface. 

3. Gontours. We turn now to the contours, or curves of equal probability, of 
the data to study not only their form, but also their symmetry about a set of 
principal axes. They were constructed directly from the observed frequencies. 
The labour involved in replacing the frequencies by ordinates would have been 
prohibitive ; besides, by such a treatment of frequencies negative ordinates appear 
in the tails of the arrays. The method adopted in determining the contour lines 
is the same as that described by Pearson in Biometrika, Vol. xvir, pp. 296-97. 
The smoothing of the array curves by aid of a spline, the plotting of the contours 
from these curves, the smoothing of the contours and their final adjustment to 



DlagtamL 
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one another, are the main steps* in the process. Each of these steps called for much 
painstalcing in preventing the personal equation from playing too great a part. 
The final solutions are shown in Diagrams I to VI. 



In form, the contours occasionally resemble the ovals inside a Bernoulli’s 
lemniscate ; for instance, those of the three barometric height distributions.' The 
distribution of length and breadth of beans indicates a system of ellipses not 
concentrically placed ; lor the contours of the other two distributions no definite 
laws are recognisable. In fact, it is very doubtful whether any mathematical 
surface could reproduce the asymmetry displayed in the distribution of ages of 
parents at births of children. 

The idea of axes of independent probability is not applicable, as is fairly 
evident firom the diagrams, to any of the distributions. By considering a set of 
principal axes such as Of, Qtf — to be described later on — we can easily convince 
ourselves that whereas sections parallel to the major axis might be homoscedastic 
and similar, sections parallel to the minor axis, if not dissimilar, are heteroscedastic. 
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If these sections, reduced to homoscedasticity, were found to bo similar, an exten- 
sion of Narumi’s hypothesis would be justified. 

The set of principal axes which would be the moat likely to give similar 
parallel sections, was that through the modes of the distributions. Accordingly it 
was first of all necessary to locate the positions of the modes as accurately as 
possible. This was done by the one or the other of the two following methods accord- 
ing to the skewness of the distribution. Both methods depend on the modes of the 



arrays, centred about the mode of the surlace, first being determined. Usually four 
rows and four columns wore found to be adequate. The intersection of the ourves-r- 
either straight lines or parabolas of the second or higher order — ^fitted to the 
modes of these arrays was taken to be the mode of the surface. The modes of the 
arrays were determined either from the /3-foxmula expressing the distance between 
the mean and mode for the Fearsonian system of curves, or, by fitting a cubic by 
the method of least squares to the six largest frequencies in the separate arrays. 
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The latter method was used for the fimt two distributions; the former for the 
last four. Through the inodes thus located the sets of principal axes Of, Oif were 
constructed. The following table gives the positions of the modes, and the angle {6) 
Of malces with the a;-axis. 


Table I 

x modes’ 31*20 years 
y mode=:23’70 „ 

Table IV 

.» modeia 29*86" 
y modeas29'86" 
flta44'’28' 

Table II 

St mode a 27*08 years 
w mode=2a*G6 „ 
d=40"19' 

Table V 

» mode= 29*90" 
y mode=»29*96" 
d='44“29' 

Table III 

modo= 29*87" 
y modo=2fl*88" 
^«44*30' 

Table VI 

:t;niode«> 14*62 mm. 
y modes 8*04 mm. 
6=34" 48' 
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There is one interesting feature about the axes that might be pointed out. 
In five out of the six cases the major axis (Of) passes, if not completely then 
very nearly, through the observed mean. Accordingly, we could almost just as well 
have considered the principal axes through the mean instead of those through the 
mode. 



We proceed to test sections parallel to the axes for similarity, Eight sections, 
two on each side of an axis, were examined for each of the first five contour 
systems. The cuts were made in such a way that they touched two of the contour 
lines. This at once fixed the modal ordinates and defined the vertical scale of the 
sections. The toils of the section>ourves were determined from the array-curves 
originally used for plotting the contours. The area under each curve was sub- 
divided and planimetered, whence the first two moments were computed. Next, 
the standard deviations and modal ordinates of each set of four sections were 
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Disgnm TX. 


equalised, and the two sections differing most were superposed. Diagrams I (i), 
I ( j) to V (t), V ( j) show the results. As an illustration, I take the distribution 
of barometric heights (whole year). The modal ordinate, standard deviation, and 

skewness (Sk.) = : T* of the sections are given below. 

' standard deviation ° 



Seotione parallel to 

Sectioru parallBl to 0i) 


Section 1 

Section 2 

Section 8 

Section 4 

Section 1 

Seodon 2 

Section 8 

Section 4 

Mod. Ord. 

n 

370 

370 

70 

70 

370 

370 

B 

S.D.* 

■■ 

3*79 

3-81 

3-70 

8'74 

2'2e 

■a 


Sk. 

+•11 

+•20 

+•17 

+ •24 

+ •02 

+ •06 

B 

B 


The skewness, as measured hy Sk., being not sensitive to deviations in the vertical 
direction, does not indicate clearly the degree of similarity between the sections. 
A direct comparison of corresponding ordinates of the sections was possible after 

* The anlt in which the gtanduci deviatlone are mearoted corresponde in aoale to the gronping unit 
of the oheeived Taariables. 
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Diagnm II ( j). 
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DiAgraffi III ((). 



DiagTAm m {^, 
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Diagiam V (<), 



Diagram Y (J). 
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both scales of measurement had been equalised, and on this the decision as to 
which two sections differ most was based. The sections parallel to Of are, to all 
intents and purposes, homoscedastic ; but this is the only instance where such a 
marked consistency was found. A rough appreciation of the heteroscedasticity of 
sections can be obtained from the range between the ordinates defined by, say, the 
lowest contour. Taking the sections parallel to 0i), I find the range* of the most 
outlying contour (6) to have the following values ; 

Section 1, 12'3'7 ; Section % 14‘04; Section 3, 9'43; Section 4, 6*12. 

The ratio of the ranges of Sections 1 and 4, and of Sections 2 and 3 is *496 and 672 
respectively ; while the corresponding ratios of the standard deviations are *511 
and ‘673. Such a close agreement can, of coarse, not always be expected ; but for 
determining only approximately the “ scedasticity,” 1 think this method will be 
quite adequate. 

The only contour systems about whose asymmetry there could have been some 
doubt are those of the barometric height distributions. The superposed sections, 
however, ore of help in this issue. It is true that they do not definitely disprove 
the validity of an extended Harumi’s hypothesis, but they show at least that a 
good fit cannot be expected in these cases from surfaces based on such au assump- 
tion. The hypothesis is not disproved because of the absence of a regular variation 
in the shape of the sections ; it is not sanctioned because of the presence of rather 
significant irregularities. 


4. Identical EelaMons between the Momenta. The application of (a) Edgeworth’s 
method of simple translation, (h) the Logaritbmio surface, and (o) Bhodes’ surface, 
depends on certain relations connecting the moments of the observed distributions 
being fulfilled. These criteria are contained in equations (29), (32), (68), and 
(64) respectively. The term “ conditioned " will be used to designate the value of 
a constant computed from these equations. 

(a) Equations (29) can be written in forms more convenient for treatment. 
On combining them, we find 




.(70). 


r (4 - r*) 

If now, we assign to r, qu_ and gu in (70) their observed values, the " conditioned 
values ” of /Sm and fita, will be directly comparable with the observed as in the 
table on p. 206. 


To bring out the significance of the difference between the two sets of values, 
I have tabulated in the last two rows the ratio 


m Observed ffj — " conditioned ” fix 
~ Standard Errorf of “ conditioned ” /8i‘ 

* Measured in the same unit as the standard deviations oi the eeotions. 
t Found from Table XXXVTT in Tablet for StaHttieiam and Biometrieiani, Part L 
Biometrika zui 
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The divergence testifies to Edgeivorth’s remark that simple translation is in- 
adequate (p. 130). 




Table I 

Table II 

Table III 

Table IV 

Table V 

Table 71 

Obflorved 

^10 

4*0SB 

•101 

•203 

•202 

'142 

‘829 

All 

3-864 

-825 

•204 

•187 

•143 

•194 



6*602 

•160 

•084 

•104 

•036 

1*072 

“Conditioned" 

Ai 

4-968 

•226 

•128 

•161 

•059 

•314 


Ad 


32 

12 

e-n 

23 

2*3 

A 

Ai 


71 

6-2 

2-1 

12 

3-6 


(h) The determination of the constants of the Logarithmic Surface depends on 
momenta and produot moments up to the third order only. The relation between 
the fourth and lower momenta is expressed in terms of the according to 
equations (68), whence the “conditioned" values of were calculated. For 
examining the fourth order product moments I assigned to the constants in 
equations (32) their observed values and then deduced the absolute product 
momenta (gr«) about the mean as origin. Only two distributions were considered, 
for it was clear from Diagram (4i) that while the Logarithmic Hortnal Curve might 
hold for one of the marginal totals of some of the other distributions, it does not 
hold for both of them. The results summarised in the table below point to an 
approximate fulfilment of the relatious between the moments. The effect, how- 
ever, of this approximation on the shape of the surface had still to be investigated, 
and it was primarily with this end in view that I fitted the partial moment and 
marginal curves (pp. 208—218). The outcome, in short, is this ; (i) that, if the third 
order moments and produot moments are sufficient to give an account of the 
regression, they fail to do so for the scedasticity, clisy and kurtosis ; (ii) that the 
relatively small deviation in /Sjo of the haroraetrio data is sufficient to rank 
the Logarithmic Normal Curve as last, for goodness of fit, amongst four theoretical 



■ 

Table 1 

Table HI 

• 


Tablet 

Table m 

Observed 

m 

9*290 

8-333 

3-398 

3’399 

Observed 

fu 

Sfu 

3n 

m 

B 

“Conditioned" 

Ad 

A» 

10>980 

10-664 

99 99 

“Conditioned” 


1 

2*111 

1-866 

1-777 

E 



•69 

•69 
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curves, the other three curves having all four moments equal to those observed ; 
(iii) that notwithstanding the large deviations in the /Sa’a of the marriage data the 
Logarithmic Normal Curve gives as good a representation of the margins as the 
best-fitting Pearson curves. The equality of the fits in this case can be explained 
on the ground that when the /S’s are very high, the form of the frequency curve is 
not very sensitive to a change in them. Otherwise, we are bound to conclude that 
the agreement between the observed and " conditioned " values of the fourth order 
moments is not close enough for justifying the application of the logarithmic 
surface. 

(o) The criteria justifying the use of Dr Rhodes’ surface 

<781 - r v^= V|(l - r*) (2 ^m - 3^io - 6 ) 

< 7 is — r =» V|(X — r®) (2^0* — 3^oi - 6) 

were examined for all six distributions. In each case the “conditioned" /Sa was 
found by assuming for the other constants their observed values. In the table 
below JE has the same meaning as in (a). 



m 

Toble I 

Table II 

Table III 

Table IV 

Table V 

Table VI 

Observed 


9*290 

2*430 

3*398 

3*274 

2*862 

4*863 

^03 

8*.333 

3*624 

3*390 

3*216 

2*862 ■ 

3*654 

“Oonditioned” 

fix 

9*167 

3*157 

3*332 

3*319 

3*240 

4*267 

Aa 

8*603 

3*960 

3*325 

3*288 

3*243 

3*388 

£ 



80 

— 

*56 

5 

2*8 



14 

!■ 

•98 

5 

2*6 


The conditions are satisfied best for the data of Tables I and IV ; for Table I 
certainly far bettor than were the conditions of the Logarithmic Surface. Un- 
fortunately, the partial moment and marginal curves, not being expressed in finite 
form, cannot be directly discussed. The disagreement obtained in the pase of 
Table IV will be sufSoient, 1 think, to affect appreciably the goodness of fit of the 
surface. 

6, The Marginal JDiairibvtions, Pearson’s system of curves, the Type A series, 
Edgeworth’s translated curves, and the Logarithmic Normal Curve were used in 
specifying these distributions. Edgeworth's curves do not appear as marginal totals 
in his translated surfaces, but being at the basis of the method of translation as 
applied to correlation, they could not be left out of consideration. 

* The equations show that, striotl?, the surfooe eennot desorihe distributions whose msTginaJ totals 
have P’s lying below the Type 111 line, i,e. in the Type I area. 


14—2 
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The probability integral of the Type A aeriea is 


- Vffi '■ (A - + M) ’•• — •] 

s [J (1 i Ot> - a*Ts - Okra - Ost# - a*T^- . . .] (72), 

where t «» a/tn. 

The equations of Edgeworth’s curves and that of the Logarithmic Normal 
Curve are 




m, 


and 


a«a(f ) 

y.ipi} I 


.(74). 


In referring to a particular frequency group* I shall state only its central value. 


Marriage StaMstics. The fi'a of the marges arc 

j8m “ 4-067, 681, fin - 3*863,680, 
fin » 9-290,441, fin m 8-832,812. 

Taming to biagram (1) we notice that both pairs of fi’e fall outside the area 
demarcated for the application of Edgeworth’s curves. They suggest further the 
application of the Logarithmic Normal rather than of Type Aa. But before passing 
on to fitting that curve and the Pearson curves, we shall consider the correction 
of the moments for abruptness. 

The sub-frequencies necessary for applying these corrections were obtained 
from the original table in Elnibbs’ MaihmatiocU Theory of Population, the sub- 
intervals being single years. Discarding in the distribution of age of bride the 
observations in the lowest age-group, I find for the uncorreoted and corrected 
moments about the beginning of the age-group 16-6 the following values ; 


XFnooneatei 

8*907,280 
!//» 20-685,694 
vt* » 142-046,089 


Sheppud't Qotnotlon* 
applied 

/4i'« 8-907,280 

Ai«'= 20-282,261 

/i,'- 141-069,269 


Xbroptoew OorveotioaB 
applied 

Ik! - 3-907,140 
20-282,190 
/za' « 141-069,626 


The moments of the distribution of age of bridegroom about the beginning of 
age-group 16*6 are ; 


Uncorreoted 

4-794,366 
va'^ 30-042,820 
Vs"* 247-864,868 


Sheppard'a OorrecUone 

ADDlied 

in' 4-794,366 
29-969,486 
m/- 246-666,269 


Abtnpiaem Oomotions 
applied 

Ml' =» 4-794,368 

Ma'« 29-959,668 
/ia'« 246-666,423 
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The slight difference between the values of the corresponding moments in the 
last two columns establishes for these coses the sufficiency of Sheppard's corrections. 

(а) cs-Margin. (i) The /8’s suggest a Pearson Type VI curve. The curve was 
fitted by fixing its start and by determining its constants from the first three 
moments. As a first trial the start was fixed at the beginning of the age-group 16*5 ; 
but this gave a too high frequency in the first group. The start was then fixed at 
a distance of 3*7 grouping units from the mean, i.e. at age = 14*622 years. This 
led to 

y « yo (« - 6*26763)*'«*» . 

where log yo=I5'684»963, the /S’s of the curve being 

/Sio = 4*068.346, = 11*706,879. 

(ii) The constants of the Logarithmic Normal Curve found from equations (12) 
and (13) are 

3*73616, = *60562, *24068. 

The curve starts at 14*516 years, and. its /3*s are 

Ao = 4*067.631, = 10*990. 

The frequencies aro shown in Table IX. Notwithstanding a relatively large 
difference between the the curves are markedly similar, there being not 
much to choose between them. Both curves tail off too slowly at the higher age- 
groups and fit badly at the lower ; but here the material is undoubtedly spurious. 
Taking the largeness of the numbers into consideration, 1 think the graduation is 
not unsatisfactory. 

(б) y-Margin. (i) Instead of the Type Ii indicated by the ;8’s, I tried a 
T^pe III and Type la by fixing arbitrarily the start of the former curve, and the 
start, range or mode of the latter. But not one of the many trials that were made 
produced reasonable results; the curves could not be made to give correspbndence 
at the tails as well as at the maximum frequencies. Mnally a Type III 

a!««*afo.6-w(l4-y/a)^ 

was fitted with start at the centre of the age-group 19*6. The position of the 
mode ♦ was fixed by choosing 1*76 ; while in assigning to p the value 1*2, 1 paid 
more attention to the modal frequency of the distribution than to its variability, 
The other constants are 

y •» *68182, 70004*8, 

the jS's of the curve being /8(a« 1*818, 6*727. 

(ii) The Logarithmic Normal Curve fitted from the first three moments has 
= 4*49910, *68884, s,- *23629, /3os“ 10*654, 

its start being at 15*886 years. 

* A Bmoothlng oabio fitted to the five lurgeit freqttenolee about the mode gave the portion of the 
mode at 1*8 grouping unita from the centre of age-group 19'6. 
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TABLE IX. 

Marginal IHstiihutione of Ages of Brides and Biidegrcoms, Australian Marriages. 



The frequenoies are seen in Table IX. As could have been expected the 
Type III fails to give a description of the long tail ; while the Logarithmic Normal, 
being better here than the I^pe III, is inferior to it at the mode. The divergence 
of the ^’s of the curves from those observed is noteworthy. 

Birth StatusHost (a) ohMargin. The observed B’e 

Bn - '100,603, /S, = 2'480,327 

fall outside the compass of Edgeworth's method of translation j the distribution 
was used in Section 0, 2 simply for illustrating the type of singularity to which 
the method of translation is subject. 
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(i) The equation of the Type I with start fixed at age 16'60*, and fitted from 
the first three moments, is 


76911 


■ 6 (: 


X 


\1.8UBD 

^ 6T20^ j 


(l ® 

V 12-46 


12-46834) 


3.69440 


TABLE X. 

Margiml Distribution of Ages of Mothers, Australian Births. 


Age of 
Mother 

Ohserred 

S-requenojr 

Theor. Preq. 
Typel 

Xheor. Freq. 
Type Aa 

— 

— 

H 

{-1766 

13-0 

3 


391 

16-0 

191 


3,670 

17-0 

4.073 


10,482 

10-0 



22,049 

21-0 


41,996 

37,646 

23-0 


68,466 

64,746 

26-0 

73,423 

60,796 

87,472 

27-0 

74,834 

76,176 

76,848 

28-0 

72,640 

74,822 

76,674 

31-0 

60,182 

69,637 

71,318 

33-0 

68,407 

60,909 

62,121 

36-0 

48.834 

60,071 

60,833 

37*0 


38,624 

38,804 

39-0 

31,060 

27,486 

27,222 

41-0 

18,970 

17,878 

17,237 

43-0 

11,283 

10,369 

8,678 

40 -0 

4,366 

6,088 

4,734 

47-Q 

1,072 

1,943 

1,973 

49-0 

199 

476 

676 

01-0 

13 

44 

176 

03*0 

4 

1 

/ 6 

66-0 

2 



Totals 

631,682 

631,682 

681,682 

X* 


— 

— 

P 

■— 

— 

— 


(ii) For the Type Aa probability integral we have 
aj*> '129,488, 014 *116,284. 

The theoretical firequencies tabulated in relation to the observed in Table X 
show a superiority of the Type I over the T^pe Aa; that curve, though, does not 
fit very well itseH 


* Again many experiments ven mode to find the hest-fitting onm, 
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(6) y-Marffin. (i) The Pearaon curve determined from the observed )8’8 

•624,055, /3m- 3-624,169 


la 


® = 105,928*6 (l + Jto) ■" 43-: 


57116 ; 


\»<0*38S 




The start of the curve is at 16*089 years. 

(ii) The Type A probability integral is 

. rfy - iV[J (1 ± ««) - -295.707x8 - •127,408x8 ~ *060,222x6 - *234,704x, 

j — «0 

'irh.ex&t — ylarx. The higher /S’s were found from the observations ; the series was 
fitted up to Xi only {s Type Aa). 

(iii) The parameters in Edgeworth's curve have the following values ; 

*00717, & = *17'ri7, tt- 3*61098. 

The median is at 32*567 years. 

(iv) For the Logarithmic Normal Curve 

1/1- 10*62783, 1,-1*01048, *10163. 

The start of the curve is at 1*917 years; the “conditioned " /So, — 3*947. 

The corresponding frequencies are compared in Table XI. A " break “ occurs in 
Edgeworth's curve at age 19*1, corresponding to a deviation of f- — 2*456* from 
the mean of the normal curve. About one>thousandth part of the area under the 
nornval curve is thus folded over. Beyond this “ break ” the curve fits very well but 
loses its advantage of oouise if the first two groups be taken into consideration ; 
the Type I is then to be preferred. In the tetrachorio series the t, and r, terms 
are evidently not negligible ; while the large difference between the observed /9u 
and that of the Logarithmic Normal Curve accounts for the failure of this curve. 

Barometric Heights ( Whoie Year), The two marginal columns being practically 
similar, I examined only one of them : the m-margin. The observed /S’s 

/8m = *203,214, /3m -3*397,7 63 

lie in the Type IV area very close to the Typ® line; they conform also 
approximately to the relation between the /ffs of the Logarithmic Normal Curve. 
The theoretical curves with their constants are as follows : 

(i) Pearson’s Type IV : 

X-86*4X8Qi X70*8B828t»U-»s^ 

y + 91.56S33 j _ ^ ' 

where log y, " 57*481,845. 

(ii) Type Aa probability integral ; 

a, = '184,086, a*- *081,193. 

(iii) Edgeworth’s translated curve ; 

-01046, fc- -10659, a =4*26484, 

the median being at 29*803". The curve presents no Bingularities in this case. 

* Theie ie auofhet bieak at 4-18*089. 

t The Type V, with the obeerved hae ita |^=8’88S and gives x*— 72*89. 



S. J. Pretobius 


213 


TABLE XI. 

Marginal Diatnbution of Ages ofFath&'s, Australian Biiih-s. 


Age of 
leather 

Obaerved 

Frequency 

Theor. Preq. 
Type I 

TUeor. Pteq. 
Type An 

Theor. Preq. 
Edgeworth 

Theor. Preq. 
Log. Normal 

— 

— 

— 

|-706 

— 

jas 

16-6 

181 

f 131 

3,164 

/ ’ 

1,689 

10-6 

7,936 

19,176 

13,464 

\8.9ia 

li;342 

22*6 

40,789 

39,776 

35,168 

41,244 

36,613 

26*.') 

70,964 

76,959 

66,936 

97,8C6 

76,912 

71, '862 

28-6 

69,328 

100,062 

99,682 

99;451 

31-5 

102,303 

104,277 

112,097 

103,614 


34*6 

90,670 

02,260 

102,082 

92,246 

06,787 

37-f) 

73,609 

72,643 

76,336 

721981 

74,643 

40-6 

62,930 

92,183 

47,600 

62,510 

62,376 

43-.'i 

36,607 

34,744 

28,709 

34,004 

33,913 

46-5 

21,817 

21,669 

10,101 

21,676 


49-6 

12,781 

12,748 

13,627 

8,920 

12,682 

11,068 

62*6 

6,717 

7,109 

7,036 


66-6 

3,687 

3.776 

4,991 

3,719 

3,626 

68-6 

1,821 


2,294 

1,882 

1,922 

91-6 

911 

921 

862 

914 

1,001 

64'5 

489 

426 

266 

427 

BIB 

67-S 

183 

187 

68 

193 

262 

70-6 

86 

79 

14 

84 

132 

73-6 

38 

32 

/a 

35 

07 

76-6 

26 

(12 

V 

ri5 

33 

79-8 

9 



1 6 

17 

82-6 



2 

t{, 

— 


8 






r 

Totals 

631,682 

631,682 

031,682 

031,682 

631,682 

X* 

— 

480-4 

— 

299-4 

— 

P 

— 

-000 

— 

-000 

— 


(iv) Logarithmic Normal Curve ; 

fi = 20'6473r, 1-31009, -06442. 

The curve starts at 31-846" and its “conditioned” /9»s 3-363. 

The frequencies are seen in Table XIL It is obvious that the first three 
curves, with both their /d’s equal to those of the data, are superior to the Logarithmic 
Normal Curve — ^the difference between the observed and computed /Si being only 
about "6 of the standard error of the latter. The values of are not directly com- 
parable ; the number of categories is less for the l^pe Aa than for the other repre- 
sentations. If this be home in mind, then there is not much to choose between the 
first three sets of results. 
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TABLE XII, 

IB-Marginal Distrihuiion of Barometric Heighie {Whole Year). 


Baremetrio 

Obserred 

Theor. Preq. 

Theor. Preq. 

Theor. Freq. 

Theor. Free. 

Height 

Brequenoy 

Type IV 

TypeAa 

Hdgoworth 

Log. Normal 


•M. 

2 

f 

1 

/1 2-6 


1-4 

aO'76 

7 

11 

i 

\ 

i \ 


L 

30<65 

13 

1 13 

1 

19-6 

1 14-0 

1 

ll-O 

30-65 

73 

03 


81-8 

63-7 


58-6 

30-45 

268 

280 

243-0 

218-7 

216-7 

30-35 

663 

683 

683-6 

679-1 

584-8 

30-26 

1148 

1219 

1165-8 

1214*1 

1229*6 

30-16 

1951 

2074 

1970-6 

2071-0 

2087-2 

30-06 

2061 

2948 

2878-0 

2952-8 

2967-3 

29*96 

3749 

3696 

3693-7 

3601-7 

3692-0 

29-86 

3921 

3636 

3966-9 

3840-8 

3623-8 

29-76 

3700 

3648 

3798-1 

3648-3 

3633-8 

29-66 

3176 

3140 

3209-8 

3138-7 

3130-4 

Se'55 

2333 

2479 

2484-0 

2476-2 

2476-8 

29-46 

1762 

1817 

1703-3 

1813*4 

1819-1 

29-35 

1233 

1247 

1143-8 

1246-0 

1252-2 

29-26 

813 

810 

763-9 

809-6 

814*4 

29-16 

642 

601 

611-2 

601-2 

603-8 

29-06 

882 

296 

333-9 

297-4 

298-3 

28-95 

189 

169 

204*9 

170-0 

169-9 

26-86 

81 

93 


U4-8 

94-1 


93-6 

28-76 

60 

60 


57-8 

60-6 


49-9 

28-66 

43 

27 


26-4 

26-6 


26-9 

£8-66 

12 

13 


r 9-8 

13-6 


13-2 

28-46 

4 



8*6 

f 6-8 

/ 

6-6 

28-36 

1 

({ ® 


(l-6 

3-4 


d*s 

f 

— 

— 

vl 


ll 

\{3-l 


|2-9 

Totals 

86,866 

26,866 

28,856 

28,856 

28,866 

;<» 

— 

68-64 

61-95 

64-96 

79-63 

jp 

— 

-000 

-000 

•000 

•000 


Baa-mebm Beights. a-Margina* of {a) Summer and (&) Winter MonUia> 

(a), (i) The /S’a satiefy approximately the condition of the Type III cur 
The resulting equation is 

/ ft* 

The start of the curve is at 30‘866". 

(ii) The coefficients of the tetiachoiic terms are 

0, = -188,299, ot* '066,014.; 

* Bdgeworth'g onrvfl vu not fitted to theee dietribstione, for the; ate of more or leee the ea 
degree of ekewness as the diatdbation ooneidend in the hut paiagraiA. 
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(b), (i) The appropriate Pearson curve is 

f m \3.iaa56 / 

S,=1519'88(l + 5:gj5-j-^) (l 

with its start at 30‘748". 


22-08814; 


9.03680 


(ii) The Type Aa integral has 

08 -‘163,949, 04 --‘028,267. 

The frequenoiee for both margins are shown in Table XIll. The goodness of 
fit, M measured by P, manifests the superiority of the Pearson curves over, the 
Type Aa. 

TABLE Xin. 


as-Margvml JHstnbuticyna of Barometria Heights (Summer and Winter Months). 



Bummer Uontha 

Winter Months 

Borometrlo 
Height 
in inohoB 

Qbiervad 

Freqnenoy 

Theor. S'req. 
Typelll 

Theor. Freq. 
TypeiAa 

ObBsired 

Frequency- 

Theor. Freq. 
Typel 

Theor. Freq. 
Type An 

30-76 


— 

— 

7 

r 

f{-ll-l 

30-66 




13 

ill-6 

1 48*7 

30-66 


/ 

f 

73 

81-3 

129-7 

30-46 

10 

VlO-6 

ill-20 

248 

260-8 


30-36 

$1 

79-0 

102-6 

482 

608-9 

478-3 

30-26 

338 

329-9 

344-3 

810 

811-6 

743-9 

30-16 

830 

662-2 

826-4 

1121 

1103-0 

1034-1 

30-06 

1676 

1680-3 

1613-1 

1376 

1334-8 

1298*8 

29-96 

2266 

2190-3 

2182-3 

1493 

1476-6 

1486-7 

29-86 

2427 

2446-4 

2616-2 

1494 

1614-7 

1669-0 

29-76 

2279 

2274-1 

2363-8 

1421 

1468-7 

1611*7 

29-66 

1812 

1818-4 

1827-2 

1364 

1327-0 

1366-8 

29-66 

1236 

1280-4 

1220-1 

1097 

1146-1 

1169-7 

29-46 

822 

808-7 

766-4 

930 

939-6 

933-6 

29-36 

484 

464-8 

462-9 

749 

733-8 

717-7 

29-26 

252 

246-1 

262-7 

661 

645-2 

628-8 

29-16 

122 

121-2 

140-0 

420 

384-7 

373-2 

29-06 

47 

56-0 

64-8 

236 

267-2 

261-2 

28-96 

27 

24-4 

26-2 

162 

162-1 

160*1 

28-86 

9 


f8-l 

72 

96*8 

96-0 

28-76 

6 

4 4*0 

\ 2-1 

65 

62-7 

63-7 

28-66 

2 



41 

26-6 

27*9 

28-66 


'12-2 


12 

fl2-2 

13-6 

28-46 

MM 

l»HM» 


4 


f 6-0 

28-36 

— 

— 


1 

^(2-1 

T|3-8 

Totals 

14,615 

14,616 

14,616 

14,240 

14,240 

14,240 


__ 

7-73 

33*76 


34-49 

89-84 

F 

— 

‘966 

-006 

— 

-032 

-000 
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Length and Breadth of Beans, (a) x-Margin. 

(i) The observed )3’8 

/9tt« ‘829,136, 4-862,944 


led to the following Pearson Type IV curve 


•395,121 (l + ;^7.goj3 J 


-8'84MB -18‘880Mlfcn-> 

. e 


X 

mm 

* 


(ii) An extensive trial with the Type A series was made in this ease ; successive 
approximations, including the Type Ab (see p. 114), were considered. These are 
denoted in Table XIV by the symbol S, the suffix indicating the order of the last 
tetrachoric term in the approximation. The higher /8 ’b involved in the coefficients 
of the tetrachoric terms have the observed values 


/S'*, « - 12‘5V4,125, - 63‘221,083. 


TABLE XI7, 


Marginal JXetribulion of Length of Beans. 
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Whence we get 


I* . (to = [i (1 ± at) + ‘Bn,nSrt - •380,272t4 + •316,623ts - •382.998Tfl + ...]. 
The coefficient of t*“ — *309,001 in the Type Ah approximation. 

(iii) Edgeworth's curve has 

X« *06836, * = *20076, a =2*294.16; 
its median is at 14*523 mm. 


(iv) The Logarithmic Normal has 

fi = 6*10087, ii= *76728. 8i = *12544; 
it starts at 17*445 mm. and its y9»= 4*509. 

The frequencies are compared in Table XIV. The practical non-convergency of 
the Type A expansion, which is suggested by the coefficients of the successive terms 
in the series, is brought out clearly by the results in columns 4, 6 and 6. The effect 
of the Tg and rg terms is to reduce instead of to increase the goodness of fit. More- 
over, there is a hump in the curves at a about 12 mm. which is contrary to the 
nature of the data. The Type Ab produces negative freqiiencies at the high values 
of the variable, but beyond this it fits batter than any one of the other approxima- 
tions. I fail, however, to find any a priori justification, in this case, for neglecting 
the T( term. Edgeworth's curve gives the beat representation of the data ; it presents 
no singularities and fits better than the Type IV at the high values of the variable. 
The Logarithmic Normal is rather unsatisfactory, especially at its start. 

(h) y-Margin. The observed /9’s 


/3oi « *194,383, /9oa = 3*654,374 

led to the following curves ; 

(i) Pearson's Type IV 


\-U*16896 - 1O'624O0 


6‘8096e 


(ii) Type Aa integral 

08 « - *179,969, Ot = *138,574. 

(iii) Edgeworth's curve 

X-. -08079, *« *10066, a =>1*82812, 
with its median at 7*908 mm. Again there are no singularities, 

The frequencies are given in Table XV. The goodness of fit, as measured by P, 
shows a slight superiority of Edgeworth’s curve over the Type IV, and a distinct 
superiority of these two curves over the Type Aa, 

The results of this section point to the following main conclusions : 

(i) Of the curves we dealt with, the Logarithmic Normal is easiest to apply ; 
but because of the relation between its fourth and lower moments it is of small 
practical use. When and are not large, even a relatively small deviation from 
this relation affects appreciably the goodness of fit of the curve. 
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TABLE XV, 

Marffinal Distribution of Breadth of Beans. 


' 

Breadth of 

Observed 

Theor. Ptoq. 

Theor. Preq. 

Theor. Pmq, 

Beane 

Proquenoy 

Type IV 

Type Aa 

Edgevottn 


— 

f f 


(l*4 


r f 

9*125 

6 

|{3*0 

■ 

7*0 


^|4*3 

8*876 

48 

U »*6 


, 50*4 


L49*4 

8*626 

400 

393*6 


374*8 


386*7 

8*376 

1483 

1615*4 

1474*6 

1613*6 

8*126 

2742 

2732*6 

2793*3 

2740*7 

7*876 

2679 

2n30*.'5 

2609*8 

2628*2 

7*026 

1397 

1413*3 

1321*8 

1403*0 

7*376 

630 

667*9 


616*3 


6.57*4 

7*126 

170 

177*2 


213*6 


179*7 

6*878 

72 

49*9 


66*0 


51*1 

6*626 

10 

ri3*3 


f 11*0 


r 13*4 

6*376 

4 

({- 


({'•' 


[{4-6 

Totals 

9440 

9440 

04‘t0 

9440 

X* 

— 

14*38 

18*18 

13*60 

P 

— 

•110 

*033 

•140 


(ii) As a general frequency function the Type A expansion* with either of the 
approximations to it, the Type Aa or T^pe Ab, is inferior to the Pearson or 
Edgeworth curves. It is simple to apply, but unless the distributions be only 
moderately skew, this simplicity is not commensurate with the accuracy sacrificed. 

(iii) Edgeworth’s translated curves, although they also have definite limits of 
applicability, have a much wider range than the Type A series has. As set out in 
Section 0, 2 the method is not a universal one for describing frequency distribu- 
tions; it is discredited for all but a small portion of the Pearson T^e I area, 
Within the set limits, however, they give as good a representation of the data as 
the Pearson curves do. The method has the disadvantage that the start of the 
curves cannot be fixed at will ; and if a high degree of accuracy is desired, the 
determination of the fundamental constants as well as the solution of a number of 
cubic equations becomes rather lengthy; it has the advantage that the theoretical 
frequencies are directly obtainable. 

(iv) The Pearson curves are the most usefiil and most general of those con- 
sidered; they will describe almost every variety of distribution we have to deal 
with in pi^tice ; the start of the non-symmetncal curves, except in the case of 

* Bee ftleo theiemu^ on 118 — 114. 




S. J. PRETOBIUS 


219 


Type IV, is adjustable to the nature of the data. The greatest drawback of the 
system lies at present in the amount of numerical work it entails. 

F. Qen&ral Gonsideratiom, 

la Section C, I gave an account of the contributions that had been made to the 
solution of the problem of describing mathematically skew bivariate frequency 
distributions. After having further analysed, in Section D, some of the character- 
istics of two or three of the proposed frequency functions, I passed on to a detailed 
graphical analysis of six observed distributions with the object of studying the 
generality of the theoretical surfaces. These results will now be embodied in a 
short discussion of the more, outstanding aspects of the problem. 

As a general starting-point from which a system of skew surfaces can he 
developed, the idea of axes of independent probability does not appear of great value ; 
the heteroscedasticity of sections parallel to the principal axes through the modes of 
the distributions, such as we have actually found to exist, proves the interdependency 
of the transformed variables. Of course, this method might be adequate in certain 
isolated cases, but as its application will generally have to be justified by a 
comparison with other representations, there seems to be no point in using it. 

The method of linear transformation suggested by Steffensen includes the 
above as a special case. It, too, consists in replacing the correlation function by 
the simple product of two univariate functions, but the axes representing these 
new variables ore not necessarily rectangular; the angle they enclose is deter- 
mined from the moments about the original axes. It is under this group, I think, 
that Dr Bhodes' surface may be claeeed. Although these formulae have the advantage 
that they can be applied with relative ease, their breadth of application is limited 
by their not allowing for enough freedom in the variation of the array and marginal 
distributions. The small number of parameters they contain requires certain relations 
between at least the fourth and lower order momental constants to be satisfied. 
Bat such relations seem rarely to exist in practice ; those pertaining to the Bhodes' 
surface are satisfied approximately by only one of the distributions considered. 
Apart from these limitations, the formulae suffer from the serious disadvantage 
that their array moment and marginal curves are not finite expressions and thus 
not of any direct practical use. 

The supposition of homoolitio and homokurtic array-sections from which 
Narumi developed his system of surfaces is not supported by our numerical illus- 
trations. The data of Tables I — V involve (entangled with an irregular variation) 
a tegular variation in the shape of the arrays; for the arrays of Table VI no 
regularity, whether changing or constant, is discernible. I am inclined to think, in 
fact, that the conditions presupposed by Narumi will physically very seldom be 
realised if each variable has a more or less distinct upper limit and if neither of 
these limits is a function of the other variable concerned. Thus, if there be 
positive correlation the a (or, y)-variable attains a greater freedom of variation in 
the direction of its upper limit as y (or, so) decreases in value. The arrays tend to 
become more and more symmetrical and may ultimately even become skew in the 
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opposite direction if the variables have lower limits as well. This is what actually 
happens in the distributions with which we have been dealing. While the condition 
of similar parallel sections seems likely to be fulfilled sooner by the transformed 
variables represented by the principal axes through the mode or mean of the 
distribution, than by the observed variables, the enquiry we made as to this led to 
rather discouraging results; the method is moreover handicapped by the un- 
wieldiness of the resulting array moment curves. 

The direct extension of a system of frequency curves to the corresponding 
system of surfaces is, perhaps, the most natural way of approaching the skew-corre- 
lation problem. Several such attempts have been made involving the Pearson 
curves, Edgeworth's translated curves, the Type A series, and the logarithmically 
transformed Normal curve. Accordingly it was necessary to make a comparative 
study of these curves; the conclusions arrived at place the curves in the above 
order for general adequacy in representing observed data. Owing to the difficulty 
of mathematical analysis, it has up to the present not been possible to derive a 
general system of surfaces from the Pearson curves. Edgeworth extended his 
method of translation to two dimensions and discussed the two cases where the 
equations of translation involve the observed variables (i) separately: simple 
translation ; and (ii) conjointly : composite translation, The relations between the 
moments which justify simple instead of composite translation are not even approxi- 
mately fulfilled by our distributions ; while composite translation is not feasible. 
It is further bo be observed that here, too, the array moment curves and marginal 
curves cannot be directly discussed. In summarising the relative advantages of 
the Pearson curves and the method of translation, Edgeworth claimed as a proposi- 
tion in favour of his system that “ it is adapted to the representation of frequency 
sw/oofls”; the proposition is true, but in the light of the analysis we have made 
it carrieB hardly any weight. 

The Type AaAa (or, Ifi-Constant) surface still remains the most general of the 
surfaces that have been propounded. Its value lies more in its having 15 available 
constants, however, than in the form of its equation. Its limitations are essentially 
the same as those of the Type A expansion which we discussed in Sections G, 2 
and E, 6. The simplified form of the Type AA surface suggested by Jorgensen, 
where the generating surface is t6e simple product of two normal curves, is still 
less efficient as a skew bivariate firequenoy function. The differential terms alone 
are inadequate to give an account of the correlation. The Logarithmic surface, 
equation (30), is My specified as soon as all the moments up to the third order 
are known ; it has consequently only 10 available constants ; the relations between 
its fourth and lower order moments severely restrict the generality of its applica- 
tion. For a discussion of the regression, scedastio, clitic, and kurtic curves of these 
two surfaces, we refer the reader to Section E, 2. From the soedastic curves 
onwards the fits obtained ore rather unsatisfactory ; but having only one surffice 
with 15 constants and one with 10 at our disposal, we do not know what goodness 
of fit really can be obtained in fitting theoretical array moment curves to observa- 
tional data. A consideration of other characteristics of the surfaoesi however, leads 
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one to anticipate that better results could be obtained only with surfaces whose 
sections and marginal totals are more successful than the Type A and the Logarithmic 
Normal Curve have been found to be in representing observed univariate distributions. 

It can still be said, in conclusion, that after more than thirty years the pro- 
blem still remains the "most urgent task before mathematical statisticians.” The 
solutions that have been put forward will he serviceable in certain special cases ; 
but no satisfactory solution to the general problem has yet been reached. 

I wish to acknowledge with gratitude my indebtedness to Professor Karl 
Pearson for proposing the subject of this study and for his continual kindly advice 
and criticism. I am also indebted to Miss Ida M^Learn and Miss Joyce Townend 
for preparing the diagrams so well. 
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THE DERIVATION OF CERTAIN HIGH ORDER SAMPLING 
PRODUCT MOMENTS FROM A NORMAL POPULATION. 


By JOHN WISHART. M,A. D.Sc,» Statistical Department. 

Bothamsted Experimental Station. 

The recent publication, by R. A. Fisher*, of a paper on the derivation of 
moments and product momenta of aampling distributions has not only brought 
to a focms the work that has been done in this held by a largo number of workers, 
but has also set these different contributions in their true perspective, and shown 
them to be partial attempts to deal with the whole matrix of direct and product 
moments of the various symmetric functions customarily calculated from the sample, 
and used as presumptive values in defining the population of which the sample is 
a member. Dr Fisher has supplied all the formulae required up to the 10th degree, 
together with four others of special interest of the 12th degree. He gave in addition 
a rule rendering it unnecessary to deal in the above classification with moments 
involving powers of the first sample moment ooeffielont, i.e. the mean, a further rule 
(dealt with in greater detail elsewheref) for finding, for normal populations, the 
variance of the rth symmetric function of the observations, as defined by him, and 
an extension to multivariate distributions. It might seem that these results were 
sufficient, and that still higher order results, if they could be derived, would be of 
no practical utility. But at tho end of his paper, in a section dealing with measures 
of departure from normality. Dr Fisher considered a problem requiring new 
formulae of higher degree, in order to determine the second, fourth and sixth semi* 
invariants of an expression analogous to of the sample, and similar expressions 
for the equivalent of |9»-3. These expressions are only approximate, being expan- 
sions in powers of l/«, and proceed as far as terms in l/n* in the first case and l/n 
in the second. If it is desired to proceed to a higher degree of approximation in 
order to test the convergence of the series reached, particularly for the higher semi- 
invariants, and so to determine how large the sample must be before deductions can 
safely be drawn as to the normality or otherwise of the population from which the 
sample has been taken, then further formulae are required. It is the purpose of the 
present paper to supply the formulae which will enable tho results to be pushed to 
a further stage in the approximation, Their application in this connection has been 
made by Dr E. S. Pearson in the paper following this one|, 

As a number of different papers have appeared on the subject in the last year 
or two, it may be well to begin by pointing out their essential differences. Thiele, 

* B. A. Fieher, Pros. Land, Math, Soe, (2), Yol. xix, (1939), pp, 199—288, 
t J. Wishart, Proe. Roy. 8oc, Edin. Vol tax. (1929), pp. 78—90. 

]; Bee pp. 239— 249, 
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in 1889*, after defining the semi-invariants, used symmetric functions of the 
observations of a sample which are the same functions of the sample moment 
coefficients as the population semi-invariants are of the population moment coeffi- 
cients. He supplied an expression covering all the semi-invariants of the mean ; the 
first three semi-invariants of his symmetric function of 2nd degree (i.e. of the variance) ; 
the first two semi-invariants of his 3rd and Ith degree e^tpressions ; and the first 
semi-invariant or mean value of his 5th and 6th degree expressions. The steps in 
the derivation of these formulae were only outlined, the results depending on the 
use of tables of symmetric functions of the roots of equations; such tables were 
given by Thiele at the end of his paper. Earlier tables of this kind had been given 
by Cayley and other writersf. Later, in 1903 J, Thiele added a fourth semi-invariant 
of the variance, and the mean values of his 7th and 8th degree expressions. 

Later Tchouprofi'§ obtained certain general results for the moment coefficients 
of moment coefficients, and in particular gave formulae for the first four moment 
coefficients of the variance ; these were also given later by Church (|, by a method 
which has been described as the method of Student "K; it is essentially the same 
as that employed by Thiele, but later workers were probably unaware that the 
tables of symmetric functions had already been published in works on pure mathe- 
matics. It is clear, as has been recently pointed out by Rider**, that the formulae 
of Tchouproff for the moment coefficients of the variance can he derived from the 
earlier results of Thiele by using the general formulae connecting moments tmd 
semi-invariants. 

In an important recent paper, 0 . 0 . Craig developed Thiele’s work quite 
extensivelyft. It should be remembered that there are three kinds of moment 
coefficients, or semi-invariants, arising in this work. These are (1) the moment 
coefficients, or other symmetric functions of the sample observations, which are 
regarded as estimates of (2), the moment coefficients or semi-invariaats of the 
population of which the observations form a random sample. Finally the distribution 
in all possible random samples of the sample moment coefficients or other symmetric 
functions is specified by means of (8), its direct and product moment coefficients, or 
semi-invariants. Both Fisher and Craig postulate an infinite population having any 
law of distribution with finite moments. Oraig supposes the ordinary moments, mr, 
to he calculated from the sample, and he gives formulae for the semi-invariants of 
the multiple distribution of these moments, in terms of the population semi- 
invariants. His list is not exhaustive, for he considers only the semi-invariants 
for the simultaneous distributioDS of the second and third, and second and fourth, 

* T. N. Thiele, JPortlmntnger over AlmindeHff lagttageleetlm, Oopenhagen, 1880. 

t See Salmon’s Higher Algebra, where the fUnotiona an given up to the 10& order. 

t T. N. Thiele, Theory tif Obeervatione, London, 1008, 0. and E. Lawton, pp. 46—46. 

i A. A. Tehonproff, Hiometriia, Yol, m. (1910), pp. 140 — 169 and 185 — ^210. 

II A. B, B. Ohnioh, Biometrika, Vol. zvn. (1025), pp. 79—88. 

IT Used by “ Student ” in oaloulating the moment ooeffioienta of the mean and varianee in lamplee 
from a normal population. Blomtrlha, Yol, n. (1008), pp. 1 — 26, 

** Bider, Broe, NatUmal Aoadeiey o/ Science* (U.S.A.), VoL xv. (1920), pp, 430—484. 

+t 0. 0. Oraig, JIfetron, Yol. vn. (1028), pp. 8 — 74. 
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momenfcB. For the normal case, ho we vetj he does give three exsict expressions (Sffl(i/av«), 
and ii>oi(y*i' 4 ) in hia notation) which were not tahulatecl by Fisher, although 
the latter, in coiinoctioii with the teats for Monnality,gave the leading terms in the 
formulae corresponding to the last two of these fortnuliui. Further results by Craig 
are general approximate formulae for the first four senii-iuvariants of V/3i, /3a -3 
and «r, which are only worked out fully, however, for the normal case. A section of 
Fisher’s paper also deals with this point and fnmishes a higher degree of approxi- 
mation for the Bcmi-iu variants of an expression equivalent to adding the sixth 
(the fifth being zero), while for the equivalent of /8a - 3 he goes aa far as terms in 
1/n* as Craig does, but adds a fifth semi-invnriant. I have been unable, however, 
in the case of j9a to verify Craig's terms in 1/n*, which do not agree with Fisher’s*. 
Important as Gvaig's contribution to the theory is, liowever, it should be pointed 
out that there is an essential difference in Fisher’s method, a diifercnce that makes 
for simplicity in the resulting formulae. Craig at one jwint remarks “it rather 
seems that the best hopes of effectively further simplifying the problem of sampling 
for statistical charivcturistics lie either in the discovery of a new kind of symmetric 
function of all the observations which piny be used to characterise frequency 
functions and which will be more amenable than cither moments or semi-invariantB 
for use in sampling problems, or in, what may very well prove to be better and more 
feasible, the abandonment of the method of characterising frequency functions by 
symmetiio functions of all the observations altogether.” The line of Fisher’s work 
had followed the first of these two suggestions. The symmetric functions of the 
observations which he supposes calculated, i.e. his k\ are such that the mean value 
of any kf in all possible samples, is Kr, the rth semi-invariant of the population from 
which the samples are taken. His Ks are, therefore, more nearly allied to semi- 
invariants than to ordinary moments, and they are not the same functions of the 
sample momenta as ordinarily defined aa the semi-invariants are of the population 
moments. Thus, for example, if we denote by mr the rth moment coefficient of the 
sample about its own mean, ie, 

- S(ar— a/y, 

then the first four of Fisher’s symmetric functions are 

The employment of these fnnebions of the ordinary moment coefficients leads to 
a great simplification, not only of the sampling results, but also of the methods by 

* Craig’s fomiila for Ci, ilie mean value of is oevtainly vnong ia iha terms In X/n*, for the exaot 

W"* 1 

resnlt is 8 , irhioh if expanded gives a term - 1/n* in plaoe of Craig’s - 6/n*, It may he that Craigs 

degree of approximation hardly warranted his giving the terms in 1/n* for the semi-invaiiants of /3] , 
althon^ the term in Iftfi in Kj (Oiaig'e Oj) ia ooireet. 
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■which thesd are derived. For although Fisher shows hy an example how to proceed 
by direct algebraic methods to determine the semi-invariants of the multiple 
distribution of powers and products of any number of the k'a, expressing the results 
in terms of the population semi-invoriantSj he soon makes it clear that the inter- 
mediate steps may be left out and the final result written down, a term at a time, 
by methods of combinatorial analysis, following certain simple rules. The demon- 
stration of the validity of the rules is admittedly a difficult piece of mathematics, 
but the rules themselves are easy to remember and far simpler to apply than the 
direct algebraic methods. To illustrate first the nature of the general problem, 
suppose that we are concerned with the derivation of the formula for k (8p 2>). First 
as to the meaning of this expression ; ki and k^ have already been defined in terms 
of the observations of the sample. If we write (3^2«) for the mean value of 
taken over all possible samples, then is the corresponding semi-invariant, 

the Ac’s and fi’a being related by the identity in t% and 

1+ (2) (8) {2>) I? + ,. (28) + ,. (S') ^ + . . . 


5 exp 


« (2) i, + « (8) (. + « (2>) g + . (23) , (S') ^ + 



/i6(3p 29) may be expressed as the sum of terms each of order 3p -1- 2g, consisting of 

pwera and products of the semi-invariants of the sampled population, aci, 

and the general rules of the combinatorial procedure for determining the 
coefficients have been given by Fisher*. A simple illustration is given at the end 
of the present paper. 

In the case where the sampled population is normal we see at once the advantage 
of expressing the results in terms of semi-invariants, for all the k’b above ac* vanish, 
and thus we are left with only a single coefficient to evaluate — ^in the above example 
that of Certain interesting generalisations also follow. Thus the semi- 

invariants of the distribution of powers and products of moment coefficients, or of 
ft’s, of the second order, may be solved by considering appropriate ring arrangements 
of rods while general formulae for the variance of ftt and for the correlation between 
product moments of any order have also been determined for the normal oase§. 

We shall now consider in detail in the case of a normal population the derivation 
of the formula for ic (3* 2*) which is one of the new results required for further 
development of the tests for normality. The result will consist of a single term in 
Acg*, since the expression evaluated is of the 12th degree, Af» being simply er*, the 
variance of the sampled population. In following out the rules we must therefore 
write down all the two-way partitions which have 

5 columns, containing 3, 3, 2, 2 and 2 entries respectively (controlled by ac (3*2®)), 

6 rom, each containing 2 entries (controlled by kJ). 


* B. A. Bisher, he, oit. pp. 219—328. 
t The QoefiSoient venishee when p is odd. 

i J. Wishart, Proe. Land. Math. See. (2), Vol. rax. (1929), pp. 309-421. 
9 J. Wishart, Proe. Boy, 8oc, Bdin. Vol. xiiix. (1929), pp. 78—90. 
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We find that there ere three partitions that have other than zero coefficienta> as 
follows : 
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2 

3 

3 

3 

2 

2 

13 

3 

3 

3 

3 

2 

13 

3 3 

2 

3 

2 

12 


(«) g>) (c) 

Ko row can contain only a single entry, so that no 2 can occur, and the entries are 
therefore all units*. Now if the columns be regarded as corners having as many 
arms extending from them os there are units in the column, and if the rows be 
regarded as the junctions between the arms of different comers, we have the five 
comers shown in the diagram below to dispose in all possible ways so that there are 
six junctions 

AAAAA 

and two arms only at each junction. The partitions (a), (6) end (c) ere then found to 
be equivalent to the symbolical figures 



Figures (a) and (h) may'be regarded as two*dimensional models, unless it is preferred 
to think of the arms connecting J. to .S, directly and through C7, as m a plane 
perpendicular to the paper. Figure (o), on the other hand, is best regarded as 
a symmetrical figure in three dimensions. 

In each case there are two parts to the desired result. One is the numerical 
coefficient, which is derived from the number of ways in which the particular diagram, 
or partition, may be set up, the arms of any comer having separate identities and 
being interchangeable, and the comers themselves being regarded as distinct. The 
other part is the coefficient in n, the size of the sample, and this is fixed from the 
nature of the pattern, i.e. the arrangement of entries and zeros, irrespective of what 
the entries actually are, and the number of rows and columns — alternatively, looking 
at the symbolical diagrams, the n-coefficient is fixed by the number of comers and 
the number of breaks between corners and by the design of the diagram. The two 
parts will be considered separately. 

* For the oonditiooB under which certain patterns have zero-ooefficients see B. A. Fisher, loo. ei(. 
pp. 230—221. 
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(1) Numerical coefficient This is determined most simply from the symbolical 


(а) Having placed the two 3-way corners (A and B) together, so that they 
can be doubly linked, there are six ways of disposing the three 2-way corners 
{G, D and iS) BO as to form a ring. ,An arm (B to G) may be selected out of the 
three at B in three ways, likewise for the arm A to S, and in the case of the three 
2-arm corners there are two ways each of arranging the arms (0 to B or D, etc.). 
Finally there are two ways of linking the double arms between A and B. The total 
numerical coefiScient is therefore 6 . 3* . 2® . 2 = 864. 

(б) There are three ways of putting a 2-way corner (0, D or B) to one side 
of the line AB to form a triangle, and two ways of connecting up the others (D or 
E to B), These give a factor 6. The arms A to A to 5 and A to C may be 
stretched out in six ways, likewise for the three arms from B, while there are two 
ways of linking for each of the three 2-arm comers. The numerical coefiScient is 
therefore 6® . 2* = 1728, 

(c) This is a symmetrical arrangement. There are six ways each of stretching 
out the arms at A and B, and two ways each of linking up to the arms from Q, D 
and E. The numerical coefficient is then 6*. 2* =288. 

As a check on the correctness of the total numerical coefficient we note that the 
total, 864 +• 1728 + 288, is equal to 288 X 10. 288 is the numerical coefficient of the 
term in x*® of * (3*2*) (see R. Fisher, he. cii. p. 213, formula (31)), and 10 is the 
degree of x (3*2*). The coefficients can in fact be determined fVom the number of 
ways in which a new comer may be inserted into the pattern of lower degree. In 
the case of /e (3*2*) there are five junctions, and a new 2-way comer can therefore 
be inserted in five ways, and when its position has been decided, there are two ways 
of linking up the arms of the new corner to those at the broken junction. Hence 
the numerical coefficient for /<(3*2*), obtained by adding a 2 to «(3*2*), is equal to 
the number of ways in which the pattern for k (3*2*) can be arranged, namely 288, 
multiplied by 10. The diagrams on the top of p. 280 show the development from 
the simple result 

as far as the numerical coefficient is concerned. 

The derivation of new formulae can evidently, as to the numerical coefficient, 
he pushed as for as desired. In fact the total numerical coefficient of the term in 
*j^+*of«(3*20is 

2r 6 

(2) The n-ooejffident It is already known that the term in of x(3*2'’) is of 
the order l/n*’+' so that, approximately, 


x(3*2»') 


8.2".(r + 2)| 


n’ 


ti'+i 
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k(s0 

K(3*e) 


k(s*«’) 



l44(448)-nei l44‘S><8ea 


but if the exact coefficient is wanted, it is necessary to follow out the rules given 
by Fisher (pp. 221 — 222), and proved on pp. 226 — 230. It so happens that our three 
patterns, although essentially different in their structure, have the same n-coefficient, 
namely 


n 


(n- !)*(%- 2)* 


This is due to the fact that they are all derived from the same pattern, namely 
that for K (3*), by the insertion of fresh 2-way corners. By way of illustration of the 
general method one only of the above patterns will be evaluated, and this is more 
conveniently done from the symbolical diagram than from the 2-way partition. It 
should be noted that this work does not have to be repeated every time an example 
is worked : when the coefficient has been determined for any pattern it applies to 
all patterns of that kind, irrespective of the entries. B. A, Fisher has supplied some 
three pages of the more commonly occurring patterns (pp. 223—226), and it is only 
because our example is not covered by his list that it requires to be worked out*. 
We shall choose pattern (a) for illustration. The arms may now be regarded as 
being joined, thus: 


O 


and the reader is recommended to reconstruct this figure for himself by means of 
six matches, in order to follow more easily the reasoning. 

* The leaeoning ^rhioh Move la given fox the puipoee of illuetxetion, but it ie unlikely that a pattern 
of such a complex nature will ever reqtuira to he worked out by the reader. An indioation ia given later 
of methode whereby the n.ooe£Boienta of such patterns can be derived from those of simpler pattema : 
e.g, in the present ease the ooeffleieut of the normal term of ir{8*) is all that is required to develop the 
normal term of sooh a semi-invariant as k (8*2'}. 
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The rods (matches) are now regarded as the rows of the 2 -way partition, and we 
consider all the possible ways in which the rods can be separated into 1 , 2 , 3 , ... 6 
separate groups, or separates. With each of these there is associated a factor in n, 
according to the scheme of the following table, which also shows the number of 
such separates. 


Separation into 

Number of way » 

Factor 

(a) 1 separate 

ri and G 

S’! 

1 

n 

(b) 2 separates of ■ 

2 and 4 
[3 and 3 

15 

lOj 

•31 

«(«-!) 


fl, 1 and 4 

1.51 



(s; 3 separates of ■ 

1, 2 and 3 
[ 2 , 2 and 2 

60 ' 

■90 

a(ji-l) (w-2) 

ICj 



((i) 4 separates of .| 

fl, 1, 1 and 3 
i 1, 1, 2 and 2 

201 
45 1 

^CB 

n(n-l)(«-2)(ft-3) 

(«) 6 separates of 

1, 1, 1, 1 and 2 

IG n 

(m-l)(ji-2)(»~3)(7i-4) 

(/) 6 separates 



1 n (m- 

-1) (n-2) (n~3) (n-4) (n- 


In each of these 203 separations we consider the corners separately, Each 

unbroken corner contributes a factor n~\ a corner broken into two parts the factor 

1 2 ! 

— into three parts the factor —7 rv 7 Tv ■ '■The nature of the separa- 

n(n~l) n(n-l)(n-2) ^ 

tions will be expressed by a quantity in brackets, such as which specifies 

p unbroken comers, q broken into two parts and r into three parts, so that for our 

example jj + g' + r = 6 always, and such a group of separates would contribute a term 




(а) Here all the corners are unbroken, and the coefficient is tt/n®. 

( б ) Let us .number the rods as follows: 



(i) Separation into two separates of 1 and 6, however it is done, leaves three 
corners unbroken, while the other two are broken into two ports. We therefore have 
a contribution of 6 (1®2*). 

(ii) Separates of 2 and 4 . The fifteen ways that this can be done may be 
divided into a number of sub-ejassea. Thus if we separate off 1 and 2 from the rest 
we obtain a term (1*2®) and the same result is obtained by separating off 3 and 4, 
4 and 6 , or 6 and 6 . Total 4 (1*2*). Separating off 1 and 3 produces ( 1 * 2 *) and the 
same is true of 1 and 6 , 2 and 3, and 2 and 6 . Total 4 (1*2®). Separating off 1 and 
4 is the same as separating 1 and 6 , 2 and 4, 2 and 5, 3 and 6 , 3 and 6 , and 4 and 6 . 
Total 7(12*). The separates of 2 and 4 therefore contribute 4 ( 1 * 2 *) -f 4(1*2*) 
+ 7(12*). 
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(iu) Separates of 3 and 3. This can bo done in ten ways, subdivided as 
follows; 

1, 2, 3 and 1, 2, 6 2(1*2®), 

1, 2, 4; 1, 2, S; 1, 8, 6 and 1, 4. 5 4(1 2*), 

1, 3, 4 and 1, 5, 6 2(1*2®), 

1, 3, 5 and 1, 4, 6 2(2»). 

The total contribution from the 31 separations into 2 separates is therefore 

12 (1®2») + 6 (1»2») + 11 (12*) + 2 (2‘). 

(c) The separations into three separates are a little more difficult to follow 
out*, but result in 

1 (1® 3*) + 10 (1»2») + 12 (1*2*3) + 22 (12*) + 12(12® 3) + 6 (12* 3») + 13 (2») 

+ 12(2*8) + 2(2®3»). 

((2) The separations into four separates lead to 
3 (1*2 3*) + 6 (12*) + 12 (12*3) + 9 (12*3») + 9 (2*) + 16 (2*3) + 11 (2*3*). 

(s) For 6ve separates we have 

3 (12*3*) + 1 (2«) + 4(2*3) + ? (2»3«). 

(/) Here all the corners are broken completely and wo have simply (2*8*). 

The final n*coefficient is then made up as follows : 

If-,. 12 6 , 11 2 , 4 10(a-2). 24 

n*L ■‘■n-l^(n-l)*'^(n-l)» (n -!)*■*■ (a -!)(»-. 2)"' («-l)r’^(7^ 

22(n-2) 24 24 13(w-2) . 24 8 

(a-l)» ~(n-l)»‘^(n-l)»(n-2)’" (n-1)* ■^(n-l)*"(n--l)*(n-2) 

12(n-8) 6(n-2)(n-8) 24(»-3) 36(n-3) 9(n-2)(n-3) 

-(«-l)*(a-2)'^ (n-l)« “ («-!)» (n-l)»(7i- 2) (n-1)* 

32(a-3) 44(n-3) l2(»-3)(n— 4) (n-2)(tt-3)(»-4) 

(n-1)* ”(n-l)*(»i-2)'*' (a-l)*(u-2) (i:^!)? 

8(n-3)(n-4) 28(n-3)(n-4) 4(n-8)(n-4)(n-6)‘] 

(a~l)* " (a-l)*(n-2) (n-l)*(n-2) J* 

This reduces to 

n 

(n~l)*(ti-2)* 

As already stated all three patterns for the contributory portions of k (3*2*) have 
the same n>coefficient, and our result in full, therefore, is jbr normaUiy 


/o»<a\ 2880n . 


* (d), (4) and (<} an hut araluatad at tha same tuna ai (b), to avoid repetition of laboot. 
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List of Higher Order Formulae. 

The following results, which are of degree 12 and upwards, will enable expansions 
for the moments of end yS* from a normal population to be determined to 
a higher degree of approximation than has hitherto been reached. 

34560a , ... '7776n*(57i-12) , 

« (3 2 ) - (^ _ 1 („ _ 2) ** (a - 1)‘ (n - 2)« 

(n-l)»(»-2)» • W. 

,,,.g»^_ l741824n»(5a-12) 




«(3«) = 


466560n^ (22n« ~ llln + 142) 


(»-!)» (a -2)* 

.(3*2)=.;^«.«(3*) (7), .(8*2‘) = ^^^«,>.(8*) (8), 

1920n(n + l) 

(n-l)''(a-2)(n-3)'^* W* 

. /^j ^a\ _ 23040a {a +1) , ..j .. 

ff — 822560n(n + l) . . 

(a-l)»(a~2)*(a-3)» * 

* a»2») - 290304a (n + 1) (a® -5a + 2) - .... 

(a -1)® (a -2)® (a -3)® * 

/.,M\ 4644864n(a + l)(n* — 5a + 2) , 

*<*•*’> (n-lU-ikn-af 

* + ““1 '■■ 

.(V2) = j^,„(4.) (16), (IT), 


tc ( 4 BJ L — approximately* (18). 

The derivation of the foregoing results has been rendered much simpler than it 
would otherwise have been by the discovery of a rule which applies whenever a fresh 
ht is introduced into the kappa expression to be evaluated. We may regard te (3*), 
* (3*2), ... * (3*2*“) for example as a train of formulae each derived from the preceding 
one by the ad din g of a ibi, or, looking at the symbolical diagram, by the insertion of 

* There is a miapriut in Dr Fieher’e paper, p. 286, where **(») (not Kg aa printed) aliould read 
71 . 144 , .ye . n-f . Alao on p. 288 (top) the three wa^e of evaluating the aymbolioal diagrama for k (8«8) 
ahonld he 16552, 7776 and 16552 respeotively. 



234 


High Order Sampling Product Moments 


a freali 2-way comer. The cffecb this has on the numerical coefficient of the normal 
term in k (3*20 is bo multiply by the degree of this cxpresshm, i.e. by 2r + 6, in order 
to produce the normal term of /e(3*2*'+0> as explained on p. 229. The effect on the 
n-coefficient is simply to divido by n - 1 every time. Por example, the normal term 
in *(3*2) is derived from that of *:(3*) as follows: 


1 1 
1 1 

’i“r 


1 1 
1 1 

- 1 


(ft-l)(«-2)’ (n-l)»(7i-2)’ 

One of the rows (here the last) must be split to make two new rows, and the units 
of the new column placed in these rows. Now if In the working out of the 
n-coeffioient of the pattern for the normal term of *(3*2) the separations ore 
grouped into two classes, (1) those in which the last two rows occur together and 
therefore reproduce the separations of the normal term of * (3*) together with the 

contribution - from the new column, and (2) those in which the last two rows are 

1 

separated, bringing in a contribution — from the new column, it may be 

readily verified that the net effect on the coefficient of the normal term of *(3*) is 
to divide by n — 1. In the next stage two patterns are produced for * (3*2*) corre- 
sponding with the symbolical diagrams on p. 230, according os one of the first two 
or one of the last two rows of the pattern for *(3*2) is split to form two new rows. 
Thus: 


1 - -;i 
-1 -j» 

A 

n / _\ 

/ ‘ * -i" 

/ t - li- 
lt - / - 1 I'l- 

II-/ 

(tt-i>*(a-a) 

: 1 1 \ 1 < -{- 

...n r=>i 

(n-ov«) ■ ' 

(M»(«-*) 1 1 


The n-ooefficients are equal, both being derived from that of *(8*2) by dividing by 
n-1. 

In the last stage of the process for the example illustrated, i.e. * (3*2*), three new 
patterns are formed from the two patterns of *(8*2*) as shown on p. 230, and their 

■ fh 

n-coefficients are all equal, and equal to We are now able to write 

down the general formula 
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which is generally true for sampling from a normal population, for it holds when 
<pq is even, while when pq is odd the whole expression vanishes, since k (p*) has in 
general no term involving only, when pq is odd. A special case of (19) occurs 
when g=®l. We then find that, for the normal case, 

* ° ly ■ « (y) - 0 


.( 20 ), 


(i2)-l)!(a- 

when p is greater than 2. This follows from the general result that tc {p) ** «p, while 
all *’8 above vanish for normality. It is obvious also from the impossibility of 
constructing a closed symbolical diagram to fit this case ; for, to illusti'ate from k (p 2”), 
the only possible diagram is of the form 



the number of arms extending from A being equal top, and the conditions laid down 
by Fisher {loo. dt. pp. 220 — 221) are such that (1) no loose arms can exist and 
(2) a break at any one corner roust not divide the figure into two separate pieces. 
In the special case where p = 2 wo have 


*(2»'+i) 


2^rl 

(n-1)- 




( 21 ). 


which is the (r + l)th semi-invariant of the distribution of in samples from a 
normal distribution. In terms of the more familiar mt, the second moment coeifioient 
of the sample, the result is 




71' 




•( 22 ), 


a form which has already been published*, and which is derivable from "Student's ” 
distribution of the variance f, cr being the standard deviation of the sampled normal 
population. Forp > 2 equation (20) shows that there can be no correlation in samples 
between k^ and any power of kt. For comparison with this we have a more general 
result already reached, to the efiect that no correlation con exist between kt and ku 
unless .iss-M, or, for bi-variate populations, between ktu and unless < + 

This is another important property of the k functions which does not hold among 
moments. For correlation does exist between the sample moment coefficients of 
different orders, other than mi, the mean, which is uncorrelated with any of the 
higher moments. 

The tabulated formulae (1) to (18) are special cases of the general result (19) 
except for k (3®), (4®) and « (4*), and it is evident that any expression of the form 
*(p92') can be evaluated in full for the normal case as long as *(p®) is known 
exactly. The numerical parts of «(3®), *(4*) and a: (4®) have already been worked 
out by E. A. FisherJ, although he ffid'not in his paper give the separate contribu- 


* J, Wishart, JProe. LonA, Hath- Soe. (2), Vol. xxix. (1929), p.814, 
+ “ Student," Biametrika, Yol. vt (1908), pp. 6—8. 
t B. A. Fisher, Zee. eit. pp, 23S &nd 986, 
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tions of the different patterns. An extension of the rule already described for the 
adding of a A‘g enables us to develop the n-coefficients of the patterns in *(3®), e.g. 
from those of which are known*. By way of illustration we give the 
development of the two patterns for the normal term of k (3®) from the single pattern 
for K (3*). 

K(»») K{S>) k(5*) 



k>i 


w 




A 


1C 




t 

t 


TOTM. 


M«aS(Sa'l>) 


Alternatively the development in terms of the 2-way partitions is as follows ; 



(a) The rule here is that already described, for the new kz added is in the 
form of a column having only two entries. The n-coefficient is therefore obtained 
fimm that of k (3*) by dividing by n »- 1, while its numerical multiplier is multiplied 
by 64 (Three ways of breaWg the old pattern — six ways of arranging the new 
3- way comer at this break — and, since the resulting pattern is unsymmetrical, 
three ways of choosing which of the 3-way corners shall be unlike the others.) 


* These rales will be desotibed in a forthooning paper by B. A. lisher and the ^sent anibor, 
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(6) Consideration of the separations shows that the ^-coefficient of this pattern 
is of the form 

” A 1 n 

(n-l)(7i-2) (n-l)(«-2) ’ 


where A is the n-coeffioient of the 2 row — 2 column partition, i.e. 




, and B 


is the n-coeffioient of the pattern for the normal term of /e(3*), i.e. ; 

* — Aj (n — a ) 

The coefficient multiplier is therefore (n — 2) ’ numerical multi- 

plier is 86, (Three ways of breakini^ old pattern — two junctions to either of which 
one of the three arms of the new corner may ho connected, while the remaining 
two arms may be disposed in two ways at the break.) 

(c) and (d) In both these cases there is only one junction, i.e. that where 
three arms meet, that can be broken if the normal term of k (3*) is to be formed 
from the term in of «(3*). The new S-way comer can then be disposed at this 
break in six ways, so that the numerical multiplier in (c) and (d) is 6, while the 

Yh 

multiplier of the n-coeffioients of the patterns for k (8*) is in each case 
Pattmu of K (3*) 


o 

Numerioal multiplier 
699840 
n-coefficient 
n* 


w 




2099620 


n» 


4199040 


»»(n-3) 


lAl 

2799360 


466560 


w»(a-8)» wa(n«-6»+10) 


(n-l)»(n-2)»’ (»-l)»(n-2)»’ (»-!)*(« -2)*’ (n-l)»<n-2)*’ (».-!)• (»-S 
PaitmuofKd*) 


rPotAl 466660 n»(22w«-llln+142) , 
(»-l)*(»-2)» ''*■ 


Numerical mu » 



248832 


€3 


66206 


fl-ooefflcient 

»(»+ 1) («* - 8n» + 81tt* - 14» + 4) a (n + 1) (»« - 9ft» + 23«* - lln +4) 
(;n-l)»(n-2)»(»-3)» * (»-.l)»(»-2)» (»-3)* 

r a::iy»Tn"y(»U)» {S3»*-428n»+1026a^-474ft+180} a,». 

PaOertu of K (4f) 


nHn+l'^ 

(«-!)» («-2)*(»-3)'‘' 



Numerical 
multiplier 12^ . 12 


12».80 


IS*. 120 



x? 


12*. 32 


12*. 120 


Total *8“, approximately. 

Biometrika xxn 
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Procedure in ike non-normal case. 

In order to fix this simplified problem, which arises in the case of normality, in 
its place as a part of a wider scheme, it will perhaps be of value to conclude by 
indicating in a simple example the lines of procedure to be followed in the general 
case whore the sampled population is not normal. Consider »(3*), the second semi- 
invariant, or second moment coefficient about the mean, o(ka in samples. The method 
of expressing this quantity in terms of the population semi-invariants may be 
illustrated as follows : 


(1) 

ai tCg + 

at *4 Kt 

+ Oj *3* + 

a< *3® 

(2) 

3 3 10 

2 2 1 4 

2 113 

112 

3 3 ! 

1 1 1 2 

12 13 

1 1 2 



3 ■'3 1 

8 3 1 

112 

3 3‘ 

(3). 


O 

o 

<> 


1 

9 

9 

6 

(4) 

1 

1 

I 

n 

n 


n-i 

(n-l)(a-2) 

(5) 

1 

9 

9 . 

6n j 

fh 



»-!)(» - 27 '** 


(1) The result will be a sum of terms containing all the possible 6th order 

powers or products of the **8 0). There are four such terms. 

(2) The 2-way partitions associated with each terra are shown in this line. As 
we are dealing with a; (S') we sbdl in each case have 2 columns with contents 
totalling 3. The number of rows and their contents vary but the rule is simple j for 
Ki one row containing 6 ; for one row containing i and one containing 2; for 
*a* two rows each- containing 8; for three rows each containing 2. In this 
example there is only one possible partition associated with each coefficient (con- 
trasted with the case of « (S' 2*) dealt with above) and all the cells are filled. 

(3) The numerical coefficients are determined by considering in each case the 
number of ways of connecting up 2 junctions each having 3 arms. For Oj, Ot, 
Os, and a* we must make connections of 6, of 4 and 2, of 3 and 3, and of 2, 2 and 2 
respectively. It will be seen that the ways in which this can he done are 1, 3^, 9 and 
6 respectively. 

(4) The rt-ooeffioients depend upon the pattern of the four partitions in line (2) 
above*. These are given by Fisher (loe. oU, pp. 223 — 224), and are set out in line 
(4) above. The final result obtained by combining the expressions is shown in line 
(6). In the case where the sampled population is normal we are concerned only with 
securing the last term. 

We have taken of course a very straightforward example in which only simple 
patterns and rod combinations are required, but the elegance of the method, once 
it has been grasped, can hardly fail to attract the worker even in far more complex 
problems. 

• For example euoli partitionB [gg] *** associated the same “paitem," 



A FUETHEJa DEVELOPMENT OF TESTS FOR NORMALITY. 

By E, S. PEARSON, D.So. 

(1) Many of the simpler methods of statistical analysis have been developed 
only for variables which are normally distributed. We have often a prion reasons 
based perhaps on parallel experience for believing that the material is so dis* 
tributed, but in many cases it is important to obtain evidence on this point from 
the data, that is to say, it is necessaiy to apply some test for normality to the 
sample. The problem is of course two-sided; it is not enough to know that the 
sample coM have come from a normal population ; we must be clear that it is at 
the same time improbable that it has come from a population differing so much 
from the normal as to invalidate the use of "normal theory” tests in farther 
handling of the material. When dealing with a single variable a knowledge of 
the sampling distribution of /9i (or \/%) and in terms of the population moments 
would go far towards the solution of the problem. It is true that there have long 
been available tables giving the standard errors of and and their inter- 
correlation in terms of the population and but these are based upon 
the first order terms only in an expansion, and no precise information has been 
available regarding the size of sample- for which the expressions may be considered 
as accurate, nor as to the shape of the sampling curves. Recent v^ork of Dr C. G. 
Oraigf and Dr R. A Fisher^ has, however, now made possible a considerable 
advance towards the solution of one side of the problem ; that is to say, towards 
a knowledge of the sampling distributionB of and |3a if the population be in 
fact normal. Reference has been made in the preceding paper to these two sets 
of resalts§ ; in order, however, to place the test on firmer ground and present it in 
form readily available for practical use, it seemed desirable to carry the expansions 
for the moments of VRi and fit to a higher order of approximation than was 
reached by these authors. The fresh expressions for the higher semi-invariants 
given by Dr Wishart have made this extension possible. It should be remembered 
that os in sampling from a normal population •^fii and fit are uncorrelated, we 
have two separate tests. When dealing with other populations it becomes necessary 
to consider the co-variation of ^/^ and fit, 

* lQilaf(n'3taHttkiatu andBimetrieUWtfsti'L Oambridge University Press. Tables XXXYII— 
XXXnt. The values are of coarse based on the assamption that the population distribution may be 
represented approximately by one o{ the Pearson system of ficequsnoy ouires. 
t 0. 0. Oraig, Metrm, Vol. yti. 4 (1928), pp. 8—74. 
t B, A. Fisher, JProe. Lend. MathrSoe, (2), Yol. xxx. (1029), pp. 199—288. 

§ iT. Wldiart, pp. 924—988 of the present number of this Journal. 
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A Further Devdopmmt of Teste for NormalUy 


The present paper falls naturally into two parts; 

(a) In which the results of Fisher and of Wishart have been used to obtain 
values of the first four moment coefiSclents of the sampling distributions of Vj8i 
and /ff, as far as the terms in n*®. 

Q}) In which tables arc given showing for different sizes of sample, % the 
values of A and )8* correspondmg to ’06 and ‘01 probability points*; these being 
based on the assumption that Pearson Type VII and Type IV curves with the 
correct first four moment coefficients will adequately represent the true sampling 
distributions of the constants as £9.r as these two levels of probability are concerned. 


(2) Moment Coeffioients of the Samplinff ListrSiution o/ VjSi. 
I shall use here the notation of Fisher and takef 




n-~l .j'x- 


/ (w-l)(n-2) 

‘fin il*,»’"v'6(n~2) 


/ (n-l)(n-2) 
* fin 




K%* 1 K% ) 


( 1 ), 

( 2 ). 


Bememheriug that the population is symmetrical, it is clear that in sampling 
a will be symmetrically distributed alK>ut zero, Let us find the 2nd and 4th 
moment coefficients of 0 . We obtain from (2), 


+ + (3X 

(*)• 

"I tct J 


We must now take mean values of both sides of the equations, and shall need 
to evaluate terms of the form /*(Vi (^-# 1 )*) and /*(Vi (^’"*|)«), Following the 
method of Fisher, these /it’s must now be expressed in terms of the corresponding 
semi-invariants of kt and ki. If u and v be two variables this process is, in general, 
carried out by means of the identity in <Si and tt» 


1 + M («) «i+/t («)<*+ /* (w^)|j+ li + ■ ” 


s exp I* (tt) + A( («) t» « (u*) || + ( w) + /e (1^) ll + . . . I - . (B). 


* That is to say, the points at whi(di ordinatss of ths sampling distribution ont off tail areas msasnring 
6 “Z, and 1 ”/a of total area under the ficeqnenoy oorre, 

t The relations between hj, kg and and the sanapts moiusnt ooeffioients have been given above on 
p. by Wishart. « is really the ratio of m, (or to a sample estimate of its standard error. 
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In the present case « ®» Ara. » = Aa — «»; it follows that 

(а) ii(u) = 0 = n(v)] hence A!(u)s=0=«(v). 

(б) The tcB of 2nd and higher order being independent of the origin chosen, 

/f (As*’» (Aa ~ ^a)^) = K (kfP, ki^) •» (3^*29) (for convenience in writing). 

(c) Since the population is normal k (k», kj?) ■■ (32®) » 0 (jsee Wishart’s equation 
(20), p. 236 above). 

Bearing these results in mind and retaining wiihin the square brackets of (6) 
and (7) below terms up to the order of (nr*) for /ia(») and (n“*) for /**(»)*, it will 
be found that 

M W =• 1. j(3>) - i (3- 2) 

+ f. [(8*2*) + (3*) (2*)] - [(3'2*) + 3 (3*2) (2^ + (8*) (2*)] 

K\ 

+ ^ [6 (3«2») (2*) + 4 (3»2) (2>) + (3*) (2«) + 3 (3») (2«)*] 

- ^ [15 (3* 2) (2^ + 10 (3«) (2>) (2*)] + ^. [15 (3*) (2>)»1 . . .1 (6), 

(*) = I (3*) + 8 (SV - 1 [(8* 2) + 8 (3*2) (8^] 

91 

+ ^ [(8*2») + (8‘) (2>) + 6 (8»2*) (8*) + 6 (8«2)» + 3 (3»)* (2»)] 

- [3 (8*2) (2*) + (3«) (2») + 6 (3»2») (3*) + 18 (8*2») (3*2) 

+ 18(8»2)(3*)(2») + 3 (3»)*(2»)] 

+ ^ [3 (3*) (2*)» H- 36 (3*2*) (3») (2*) + 36 (3*2)* (2*) + 24 (3*2) (3*) (2*) 

+ 3(3*)»(2*) + 9(3*)*(2*)»J 

“^[90(3*2)(3*)(2*)* + 30(3*)»(2»)(2*)] + ^[46(3*)»(2»)»] ...} ...(7). 


We may now substitute into (6) and (7) the expressions for the semi-invariants 
of ki and k^ tabled by Fisher and Wishartf. Since the population is normal we 
are concerned with the terms which contain powers of ic% only, the population 
variance ; as is necessarily the case, since to is independent of scale the powers of 
x)i divide out and we are left with the following expressions in n, for the 2nd and 
4th moment coefficients of as, 


/*a(»)*l- 

« 1 - 


6 . 28 
n-.l+(n-l)» 
6 22 70 


120 . 
(n-l)**^"* 


( 8 ). 


* The term nc (8 p 8«) is of order 

t Fisher, loe, eit. pp. 210—314 ; these results ue general, for any population. Wishait, p. 333 above ; 
these are for a noraal population only. 
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, . „ 90 1680 25,200 . . 6n-12/ 18 640 . 10,080 

„ 1066 , 24.132 

3*8— ' — s~- + 


(»-l)^'‘'(n 


>,080 \ 


n* n» 

Whence, using the relation (1) between « and Vjoi, we find* 

/6/, 3.6 16 

VnV^“*« 


( 9 ). 




5,(V/9i). 


Mi(g) 864 12,096 

{/i,(a?)}**” n n* n* 




( 11 ). 


(3) Moment Goefflomts of the Sampling BxslrihuUon of Sv 
In this case Fiaber has takenf 


V 24n(n+l) V 24»(n-2)(n-3)r* 'n+lj'*’'' 

/c% J 


= / (n-l)(n- 2)(n 
V 24n(n+l) 


■ 8 ) 




(18). 


Here the mean value of as is zero becauee in samples from a normal population 
ki and kt are completely uncorrelated and mean (ArO** 0, It follows that 

Mean /9t 8 (n -l)/(n + 1), 

The 2nd, Srd and 4th moment coefficients of m may be found from (13) by raising 
® to the appropriate power and expanding the right-hand side of the equation. 
As in the preceding section we obtain terms of the form /*(k^, (Aa“K|)*) 
(p * 2, 3 and 4), which can be expressed in terms of the semi-invariants * (V. *e*) 
or (4» 2®) by means of the identity (6). It will be adequate to give only the final 
results in which the expressions within the square brackets have been carried as 
far as terms in n~* for /**(«), and n~‘ for /*$(») and /**(«). 

20 

- + 8 (4*2) (2*) + (4*) (2*)] 

+ — ,[6 (48 2*) (2*) + 4 (48 2) (2*) + (48) (2*) + 8 (4>) 
-g[16(4*2)(2«)'+lO(48)(2*)(2*)] + 0[16(4*)(2*)*] ...| (14), 

'»w- f - ~8M;+(rT h + Sk^*')+ 

- ~s [(4* 2») + 3 (4^* 2) (2*) -1- (4*) (2»)3 + ^ [6 (4« 2») (2*) + 4 (4» 2) (2>) 

+ (4»)(2‘) + a(4»)(2*)*] 

- ^ [16 (4*2) (2«)* + 10 (4^) (2») (2*)] + ^ [15 (4») (2»)»] ...| (16), 

* U«an tf^ and (^/^) are bofh equal to aero, 
t a is here the ratio of to a sample estimate of its standard error. 
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+ -a [(4*2*) + (44) (2*) + 6 (4*2») (4») + 6 (4^‘2)* + 3 (4*)* ( 2 »)] 

190 

- [3 (4*2) (2») + (4*) (2>) + 6 (4»2») (4*) + 18 (4*2*) (4*2) 

1C3 

+ 18 (4*2) (4^) (2*) + 3 (4*)* (2*)] 

OQA 

+ [3 (4*) (2*)* + 36 (4*2*) (4!^) (2») + 24 (4*2) (4*) (2») + 36 (4*2)»(2») 

+ 3(4*)»(2*) + 9(4?)*(2*)*] 

- -f [90 (4* 2) (4*) (2*)* + 30 (4*)* (2*) (2*)] + [45 (4*)*(2*)*] . . .1 (16). 

*a Kj j 

The values of the semi-invariants of ki and k% taken from the tables of Fisher 
and Wishart must now be substituted into (14), (16) and (16). If this is carried 
out, it is found after reduction that 

/N_i 12 . 100 720 ^ 

/h (®)-1 n-i + (n-l)> (n-l)*'*'-” 

, 12^88 682^ 

n TT ir ' ' 

.. n»~ 5n-H2 _ 1080 , 20,160 802,400 , ) 

^ (a) = _ 2) (n - 8 ) 1 ”n~l ‘^(n-l)*"' ( 7 i-l)»'*'***J 

« /6 66 . 4811 136,605 . ) 

"Wnf 

/ . Q 168 , 6644 141,120 

12(68n*-428n»+1026n*-474n + 180) f 66 1848 ] 

(n + l)n(n-l)(n- 2 )( 7 i- 3 ) t (»-!)»“ ’"J 

« . 468 32,196 , 1,118,388 

^ 

Hence, using the relation ( 12 ) between a and /9», it follows that 

Mean/ 8 a«i^^^ ( 20 ), 

/24/. 16 . 271 2819 . 

‘^''*“=VTl^“2;i+85i*”W+”‘j 

I>,nv {a*8(«)1* 216 29,619 7637 \ . 55 . 

t> /ON #**(®) *1 I 20,196 470,412 
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(4) Ap^roximaium to the Probability Integrals of and fit. 

The first problem, to consider is the degree of convergence of the series (10) 
and (11), and (21), (22) and (23). For this purpose the Tables I and II have been 
prepared in which the values entered for cr, Bi and Bt are based of course only on 
those terms of the expansions given above. It ts necessary to assume that the 
adequacy of the convergence can be judged bom the first four terms of each seriea 
The expressions for the standard errors are clearly adequately represented by the 
series at 60. Columns have been inserted showing the degree of approximation 


TABLE I. Moment Ooejpomts of V^i. 


n 

^6/n 

Terms 

Vs 

Terms in (j,/^ 


60 

*3464 

1 - *060 000+ •002 400 - *000 1 20 

‘3264 

.1+ -720 000- ‘346 600 + *096 768 

3-4712 

76 

*2828 

1 - *040000+ *001 067 - *000036 

•2718 

3 + ’480 000 - *163 600+ *028 668 

3*3661 

Min 

•2440 

1 - *030000+ *000 600- *000 016 

•2377 

3 + ‘360 000 - -086 400+ *012 006 

3‘2a67 


*2000 


*1961 

3+*940000- •038400+*003680 


k|iV 

•1732 

— 

•1706 

8 + *180 000 - *021: 600 + *001 612 

3-1696 


•1649 


•1631 

3+ *144 000 - *013 824+ -000 774 



•1096 


•1080 

8+ *072000 - *003 466+ *000 097 

3-0686 

1000 

•0776 


•0772 

3+*036000 - *000 864+ -000012 

3*0361 


TABLE n. Moment Ooeffioients of 0». 


n ijujn 


Tsnnt in v. 


Terms ia Si 


l--150000+*013660--00n89 ’Om l-‘68OOOO+-2O7eOO-’O61O0e 


l--100000+'00e 028- *000344 
1 - *076 000 + *003 387 - *000 146 
•4000 1- *060 000 +*001 606 -*000 043 
•3464 1- *037 600+ -000 847- *000 018 


1 - *386 687 + ‘002 267 - *018 100 
1 - •200 000+ -061 000- *007 637 
1 _ *103 333 + *023 067 - *002 261 
1 ~ *146 000 + -012 976 - *000 966 
1 - ’lie 000+ *008 304- *000489 
1 - -068 000+ *002 076 - *000 061 
1- *029 000+‘000519- *000008 


'.{QM 


Terms in B|(|9,) 


3+10*800 000 - 8*<W8 400+3*763 296 
3+ 7-2OOOOO-8*60O4O4+M14876 
3+ 6*400000 - 2-019600+ *470412 
3+ 3‘600000- *897691+ *139383 
3+ 2*700000- *604900+ *068801 
3+ 2*160000- *323136+ *030106 
3+ 1*080000- ‘080784+ *003763 
3+ *640000- *020196+ *000470 

6*8608 

6*8418 

6*2539 

4*8670 

4*0030 

3*6203 
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of V6/» to (T^ and of V 24/n to <rp, *. It may be said roughly that for most practical 
purposes a knowledge of J5i and 5* correct to the 2nd decimal place is sufficient. 
Thus at nsslOO and perhaps at *15, the series for and may be 

considered as satisfactory. The convergence of the expression for Bt (Bt) is & good 
deal slower. It would of course have been possible to develop the series to further 
terms by retaining semi-invariants of higher order, but even if for n less than 60 
the resulting series were found to converge, it seems likely that the test in such 
cases would be of no great practical value. The test might enable us to say that 
in a sample of 20, let us suppose, values of fix — ‘8 nnd ~ 4'8 could well have 
occurred in random sampling from a normal population. But such a sample might 
have come from a population in which, let us say, /9i=>l‘6, fii — 5'5] hence the 
sample data alone would give us no confidence in assuming normality in the 
population. Such an assumption must be justified from outside evidence which the 
sample values, while they would not contradict, would hardly strengthen. 

An exact solution of the problem must await a knowledge of the true sampling 
distributions of V/3i and /9(. In the meantime an approximate solution of some 
practical value can be obtained. Consider first the distribution of Table I 
shows that this is a symmetrical leptokurtic curve which tends fairly rapidly to 
the normal. Fisher has obtained an approximation to its probability integral by 
constructing a function of cd which as far as terms in n'** is normally distributed 
with unit standard deviationf. The relation between this function, and a is 
given as follows: 

the coefficients being determined so that Ktip), and Kt{a) (or ^(o)) 
and are correct as far as terms in n~‘. But the expression used ibr 
namely 16120/n*, containing only a single term is of doubtful value as an approxi- 
mation to the 6th semi-invariant of m even at » » 100. To proceed by this method 
to terms in n~’ would involve the calculation of ws (<r). It seems therefore possible 
that as good an approximation will be obtained by assuming that the distribution 
of may be closely represented by a Type VII curve of form 

y » yo (1 + (26), 

whose constants are to be determined from the values of <r^, and Bt{^Bx) given 
iu (10) and (11) above. Table 1 suggests that for a > 60 the expression (10) is comr 
pletely adequate, while little error will be involved in using (11) for n > 76. For, a 
curve of Type Vll with the moments of (10) and (11) it can be shown that 


/94 = 



\ n n* f 


(26). 


* These approximationa to the ataodard emna wen find given by E. Peanon in 1901, PMI. Ttmu, 
Vol 198a, p. 978. 

t Loe, eit. pp. 988—285. 
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A Further D&odopmenJt of Teete for Normality 


On the other hand, using Fisher’s value for icj(a!) quoted above, the true ^84 of the 
^-distribution as far an terms in n“* is 



n* 



(2t). 


At n=100 the error is about 47, which will probably not affect the form of the 
curve seriously in the region of significant frequency. In Table III are compared 
at n as 60 and 100 the chances Pi, Pa and Pj of *j0i exceeding in sampling certain 
multiples of its standard error, found on three different hypotheses, namely; 

( 1 ) that V /81 is normally distributed with given by (10), 

(2) that V/9i follows the Type VII curve, 


(3) that the f of (24) is normally distributed with unit standard deviation, 
where a; * (w 1 ) */0i[6 {11 - 2 ). 


TABLE III, Approxmatiom to Probability Integral 


Valuaa of 

Vft/Vs 

It 

s 

nalOO 








Pi 

•Pf 

Px 

Pi 

Pi 

i*a 

•1161 

•1094 

•1169 

•1151 

•1118 

•1126 

1*6 

•0648 

■0634 

•0632 

•0548 

•0639 

•0536 

3*0 

■0228 

•0241 

•0206 

•0228 

•0237 

•0227 

2*4 

•0082 

'0102 

•0087 

•0082 

•0098 

•0087 

2*8 

•0028 

•0042 

•0020 

'002G 

•0037 

•0032 


The values required on hypothesis (2) have been found by interpolating in 
♦‘Student’s" Tables*. For n«60 a value of Pa (V^)»*3'45 was usedf. It will 
be seen that at n =100 the differences are of very little practical importance; 
at n = 60, although they are larger, it seems impossible to say without further 
information whether Pa or Pa is the more accurate, There would be little error 
involved in assuming the distribution of to be normal with for 

n^lOO, In the Table printed at the end of this paper giving the 5 7, and I7o 
pomts for different values of n, I have, however, assumed the distribution to be of 
Type VII with the moments given by (10) and (11). The deviations from the 
mean to the ordinates cutting off these tail areas were found with the help of 
“Student’s ’’ Tables and graphical interpolation. 

The distribution of / 8 a is less easy to deal with. Fisher has suggested the use 
of another normally distributed function, of the « of equation ( 12 ), but as the 
transformation depends upon the use of expressions for and /fs(«) containing 
each only the first term of an expansion in inverse powers of n, the degree of 

* Uttim, Voi, v, 8, ms, pp, iia-'iso. 

t Ai far aa the tena in n~*, the value ehom In Table I ia 8*4712, and a longh gneae at the efteot ol 
the term in ir*^ vae made. 
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accuracy of the method is very uncertain. If the values of fiiO*) and Bt(^) 
given in Table II be plotted it will be found that they fall on a curve in the 
Type IV area which converges on the Type V and Type III lines, slowly approach- 
ing the Normal Point as n oo , I have therefore made the assumption that the 
distribution of /9* can be approximately represented by a Pearson Type IV curve 
with the moment coefficients given by the expressions (20) — (23), that is to say, 
by an equation of form 

2/ = yo(^l + -,j e a (28). 

At 71=3 100 it will be seen from Table II that the four terms in the expansion 
for PaOa) are not sufficient to insure convergence even to the first decimal place, 
but for they are so. Experience in curve fitting suggests, however, that this 
degree of uncertainty in B% when is known is nob likely to have much influence 
on the deviation from the mean to the 5 and 1 probability points. That is to 
say, the chief danger of error present at ti = 100 will not be due to uncertainty as 
to the Bt of the Type IV curve, but bo the use of a Type IV curve at all in place 
of the true curve. What this degree of approximation may be cannot at present 
be judged; Pearson curves based on theoretical values of the first four moment 
coefficients have been found in other problems to provide very satisfactory approxi- 
mations to sampling distributions*, but these skew leptokurtic systems form a 
somewhat extreme case. It may, however, be said without hesitation that the 
results set out in Table IV below provide a test for norma lity of which will be 
far more accurate than has hitherto been available. V24/n is a good approximation 
to the standard error of at n » 60, but even at a 1000 the sampling distribution 
is not normal, viz. *21, S'52. 

The method of computation was as follows. The ordinates of Type IV curves 
with Bi and 3% as in (22) and (23) were calculated for the cases n = 100, 160, 260 
and 1000. From these were obtained by quadrature the deviations from the mean 
in terms of the standard deviation to the ordinates cutting off 67o and 1% tail 
areas. As n increases these deviations tend to the normal curve values of ± 1’6449 
and ± 2*3263 respectively. Also as n increases the deviations approach closely the 
corresponding deviations in the Type III curve which has the same value of Bi\ these 
latter were found from the Tables of the Incomplete Gamma Function. With these 
results to form a guide, it was possible to obtain graphically with sufficient accuracy 
the deviations from the mean to the 6 “/« end 1 “/p points for all the other Type IV 
curves required f. These deviations with the appropriate means and standard 
deviations given by (20) and (21) have provided the limiting values of j8i given in 
Table IV. 

* E,g. whea used vrith expezlmeiital data, in eonnection witb the dutribntionB of the mean and the 
varianoe. A. B. E. Ohnroh, BimetHka, Tol. pp. 831—894. Or again when oompared with true 
theoietioal ontres as for the Bampling distribniionB of Pearson, Jeffery and Elderton, Biometrlhcif 
Vol. XXI. pp. 184—201, 

t The error involved la thia prooess shoold not be greater than a single unit in the last (Snd) deomal 
place of the valnoB of ft tabled. This oan hardly be greattr then the error Involved in the assnmptlon 
that IV oorves will represent the sampling diitribntion of ft. 
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Further Devdopmmt of Tests for Normality 

TABLE IV. 5 7« 1 7o i^oinifi/or md /S*. 




ft 

ft 

Site of 
Sample 

Lever and Upper 
Limits 

Upper Limits 

Lower Limits 

Upper Limits 


6 % 


10“/, 

3 “/. 

17 , 

67 , 

67 , 

17 , 

90 

•033 

•787 

•286 

•619 





76 

>440 

'661 

•198 

*424 

— 




100 

■389 

•667 

•102 

•321 

2*18 

2*36 

3*77 

4-.39 

120 

•300 

•608 

•123 

•268 

2‘24 

2*40 

3-70 

4‘24 

100 

•321 

•464 

•103 

•216 

2*29 

2'46 

3‘66 

4‘14 

170 

•298 

•480 

‘089 

•185 

2-33 

2‘48 

3*81 

4'05 

200 

‘280 

•403 

•078 

•182 

2-37 

2‘61 

3*67 

3>98 

200 

•261 

•360 

•063 

•130 

2-42 

2*65 

3'62 

3-87 

300 

'230 

‘320 

•003 

•108 

2*40 

2-69 

3*47 

3'79 

300 

•213 

•306 

■045 

•093 

S‘60 

2‘02 

3*44 

3‘72 

400 

'200 

•286 

•040 

*081 

2*62 

2‘64 

3‘41 

8‘67 

400 

•188 

•269 

•036 

•072 

2‘66 

2‘68 

3*39 

3‘63 

500 

•179 

•265 

•032 

■066 

2‘67 

2*67 

3-87 

S'iiO 

060 

•171 

•243 

•029 

•069 

2‘6B 

2‘60 

3*30 

3-67 

000 

•163 

•233 

•027 

•064 

2*60 

2-70 

3*34 

3‘64 

000 

•167 

•224 

•026 

•060 

2*61 

2*71 

3*33 

3'52 

700 

•161 

•216 

‘023 

•046 

2-62 

2*72 

8*81 

8*60 

760 

•146 

•208 

•021 

*043 

2*64 

2*73 

3*30 

8*48 

800 

•142 

‘SOS 

•020 

'041 

2-66 

2*74 

3'29 

3-46 

860 

•138 

•196 

•019 

•038 

2‘66 

2-74 

3-28 

3*46 

900 

•134 

•190 

•018 

•036 

2‘66 

2*76 

3*28 

3‘43 

960 

•130 

•186 

•017 

•034 

2‘07 

2-70 

3*27 

3’42 

1000 

•127 

•180 

•016 

•032 

2*68 

2'70 

3*26 

3-41 

1200 

•116 

•166 

•013 

•027 

2‘7l 

a*78 

3-24 

3*37 

1400 

•107 

'102 

•012 

•023 

2’72 

2'80 

3*22 

3‘34 

1600 

•100 

•142 

•010 

•020 

2-74 

2‘8l 

3*21 

3-32 

1800 

•090 

‘134 

•000 

■018 

2-78 

2‘82 

3*20 

3*30 

2000 

•090 

•127 

•008 

•016 

2'77 

2*83 

3-18 

3-28 

2000 

•080 

•114 

•000 

•013 

2*79 

2-86 

3*16 

3-26 

3000 

•073 

•104 

•006 

•Oil 

2‘8l 

2‘8e 

8* 16 

3‘22 

3000 

•008 

•096 

•006 

•009 

S'82 

2'87 

3-14 

3*21 

4000 

•064 

•090 

•004 

•008 

2‘83 

S‘88 

8*13 

3*19 

4000 

•060 

•086 

•004 

•007 

8*84 

2‘88 

3‘12 

3‘18 

6000 

•067 

•081 

•003 

'006 

2*85 

S<89 

3‘12 

3*17 


(6) llhistratwn of U«$ of Table IV, 

In a sample of 600 the following values are found : 

VA‘=a--2040; j8,=*0416; 

Is it possible that the sampled population was normal? 

The table shows that in 67o of rsmdom samples from a normal population 
VA may be expected to be less than — *1Y9, and in l7o i®® than —•266. The 
observed value falls in between these limits. In using positive and negative 
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values of V/Si are clubbed together, and we see that in 10 7, of random samples 

may be expected to be greater than *032 and in 2°/, greater than '066. The 
observed value of course falls again between the limits. For j8j we see that 6nly 
1 7 , of samples can be expected to give a greater than 3'60 ; the observed value 
of 3-7823 lies outside the limit. The test therefore provides a doubtful answer when 
applied to bub a decisive one when applied to and we may conclude that it 
is practically certain that the sample has not been drawn randomly from a normal 
population. 

(6) Svmmary. 

(а) The work of Fisher and of Craig has made it comparatively simple to obtain 
expressions for the moment coefficients of the distributions of V^and j9, in samples 
of n from a normal population, These expressions are in the form of series in 
inverse powers of n. In order to sea more clearly the degree of convergence* of these 
series and to obtain more accurate values in smaller samples, it was necessary to 
extend the series beyond the point reached by those writers. This it has been 
possible to cany out with the aid of new results obtained by Wishart. 

(б) The moment coefficients show that the distribution of is a symmetrical 
leptokurtio curve which tends to the normal foirly rapidly as n increases. For rough 
purposes it may be taken as normal with a standard error of V6/» for 100. The 
distribution of /9| is an extremely skew curve at « 100, and even when 1000 
can hardly be considered as normal. 

(o)_A table has been given of the approximate 6 7, and 1 7, probability points 
for and fit, based on the assumption that the true distribution may be 
adequately represented by Pearson curves with the correct first four moment 
coefficients. This table starts at n» 60 for nm 100 for /3|, 

(d) A complete test for normality must really be two-sided; it must help us 
not only to determine whether the population sampled oould have been normal, but 
also to judge how far Ikim normal the population might have been. A knowledge 
of the true sampling distribution of ^ and i9„ when the population is normal, 
would enable us to answer the first point however small the sample may be, but 
not the second point. 

(a) It is to be hoped that the true sampling distributions will be found, not 
only to remove any doubt as to the accuracy of the test, but also for the light 
that will be thrown on the adequacy of these methods of approximation— informa- 
tion that will be of considerable value in handling similar problems in the future. 



MISCELLANEA, 


All unuwal Frequenoy Dlitrlbution—The Term of Abortion. 

Bt THOS. YIBEET PEARCE, F.R.C.S.Esqla»5. 

Aboktioit in vomen U Ixsootning more prevalent, and gradually will assume economic and 
political imijortanco. From being a purely medical problem it will gather biological and ohemioal 
interest, since the interlocking of the Temale reproductive hormones is slowly being laidbEure. 

Out of 300 women admitted to St Giles' Hospital who left the hospital following completed 
abortion, 283 patients were able to give enough infonnation to allow of a fairly reliable estimate 
of the term of gestation prior to abortion. Term of abortion when used in this present con- 
nection io&B not mean the same thing as the time of devolopoment of the foetus. Even if the 
time of insemination is known— quite an unusual piece of information— the time of impregnation 
is quite unknown, and it is difficult to see bow it can ever bo ascertained. Impregnation '‘may 
bo postponed for daye or possibly three or four weeks." In the absence of earful measurement 
of the foetus and frequently in the absaiioe of the foetus itself, this possible lapse of time 
between insemination and impregnation oompds consideration of the term of abortion from 
tho standpoint of the maternal partner in this pathological condition. Abortion is commonly 
regarded as a disease of the mother and not os a disoose of the footus, although there is no 
logical or objective support for that opinion. Incidentally it is quite possible there may be a 
type of abortion due to defect in tho paternal germ plasm, At any rate the mother seems to be 
the more important sufferer, and the poBt>menskraal term in default of a better definition is 
used as the term of abortion. By plotting the firequenoies of tho post-menstruaJ term some light 
might be thrown on the likelihood of abortion occuning at the expeotod times of menstruation 
whioh are masked or abolished by impregnation. 

The women could generally remember the date of their last menstruation, although for some 
obscure reason they found it quite difficult to forecast the date of tho next. Frequently they were 
rather surprised at any attempt to find the exact inter*men8trual period. Some say it always 
ooouis on the same day of the month, and has done so for montk or years. They are then 
really claiming that the time of menstruation is sometimes governed by the oalendar fixed by 
Pope Gregory— a pretension that is hardly couvinoing, Some women say that their menstrual 
cycle lasts exactly four weeks, but yet ore ignorant of the day of the week on which it corn* 
menoes. The results of a aympathotio and veiled cross-ozamination really suggest that quite a 
large proportion of these women were ignorant of the length of tho menstrual period ^yond 
their estimate that it lasts "a month,” Onoo a woman naively referred me to her husband, 
A rather .young married woman told me to ask her mother, because she always menstruated 
ooBourrently with her. One patient was rather sorry for herself, for she unfortunately oom* 
msuoed menstruating on washing day, whioh was Monday— good evidence that she had a 28-day 
oyole, It was hoped that some estimate of the vmiability of the menstrual period might be got 
ilrom the statements of these women. The statements hardly ever bore examination, and were 
abandoned as being h(q)elessly iinr^ble. These women who had aborted or were aborting did 
not seem more stupid than the generality of women, Certainly their period of amenorrhoea does 
seem long enough for them to have forgotten their propte menstrual periods. 

Besides the oommencemeut of the lost menstruation, the other point of time that is fairly 
satisfiiotorily remembered is the date of the passage of the foetus, or, in default of whioh, the 
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dates of the maximum pain and bleeding which, if they happen to coincide, fix very well the date 
of abortion. The commencement of eymptoma before abortion ia difficult to date, and hence hew 
not been used to calculate the term of abortion. It is very hard to disentangle post-impregnation 
menstruation from the symptoms of abortion. Term of abortion is therefore defined as' the 
number of days between the commencement of the last menstrual period and the passage of 
the foetus. 

For dingrammatio purposes the term of abortion has been plotted iti nearest weeks. Division 
by 7 is voiy convenient and leads to no awkward half-divisions. The question of abortion at 
the expected menstrual times would be much better tackled by dividing the term in days by the 
number of days of the patient’s own menstrual cycle. A frequency diagram of term of abortion 
along a scale of menstrual months could then be made. Such a diagram for these women at any 
rate would bo uimoliablo. This is very disappointing, for it was rather hoped that by expressing 
the term of abortion in menstrual months it might be possible to get some evidence which would 
help to decide whether the abortion was spontaneous or artificial. Presumably spontaneous 
abortion would occur at an expected menstrual time, while induced abortion would occur after a 
menstrual period hod been missed and the assault on the pregnancy would be renewed after the 
missing of the next expected menstruation. 

The variability of the menstrual period in different woman when compared with the optimum 
term for abortion will not cause the firequenoy curve of the term of abortion to give so little 
help 08 it might on this question of abortion at- the expected menstrual times. The mean term 
of abortion is about 13‘41 weeks or 3 calendar months, and the variability of menstrual period 
seldom exceeds 1 or 2 days on either side of 30 days. It is only in the later months that the 
error of 1 or 2 days would bo multiplied to amount to a week. By reference to the table, the 
plateau at the 17th and 18th weeks does suggest that this kind of error has occurred there. 
The 17th and 18th weeks may include abortions that occurred at the 4th month of missed 
menstruation. On a scale of menstrual months, the frequencies for these weeks might be 
amalgamated. 


Frequenay Table of Term of Ahort/ion. 


Term (in weeks) 

4 

6 

6 

7 

8 

8 



12 

18 

14 

15 

III 

Afebrile 

3 

6 

7 

9 

11 

20 

13 

16 

9 

17 

9 

12 

6 

Febrile 

0 

1 

3 

4 

3 

9 

9 

6 

9 

11 

7 

7 

4 

Total 

3 

7 

10 

13 

14 

29 

22 

21 

18 

28 

16 

19 

10 


D 

18 

1 

g 

21 

22 

28 

24 

B 

26 

27 

28 

Total 

Mean Term 

Standard Devn. 

7 

8 

D 

2 

B 

B 

2 

2 

2 

4 

4 

1 

182 

13*08 

6*67 

6 

6 

H 

2 

H 

B 

2 

2 

1 

0 

2 

D 

101 

14*00 

603 

13 

14 

8 

4 

2 

10 

B 

D 

3 


6 

1 

263 

13*41 

6*41 


To tbe writer the frequency diagram does suggest that abortion occurs especially at the 
menstrual times, even allowing for the human obaraoteristio of rationalisation both in patients 
and the observer. Whether there is any statistical warrant for such opinion seems to be a 
difficult problem. Presumably it would be necessary to test tbe goodness of fit of a frequenoy 
curve which admits of a series of maxima at regular intervals ooourring along a omwe wbioh 
itself mounts to an apex about its mid-point, Perhaps another way of treating the problem 
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MUceUanea 


would Ijo one of diBaaotion. The ecalo ia one of 7 months. On the hypotheeia of abortion being 
more frequent at the meiiatrual timea, 7 Humtnits to the ourve could be postulated. The whole 
curve ia then regorded as made up of the aummaUon of 7 very pointed normal frequency curves. 
Such a method implies that abortion at any one month is a different ” clinical entity" from 
abortion at any other. Such an argument oould nob bo convincing, for women who have had 
multiple abortions do not miscarry at the same term every time. In fact the impression left 
is the reverae. A normal curve would not at all represent the terms of abortions of a patient 
who baa had multiple abortions. 

[A periodogram analysis of the above data shows, as far as weekly ranges will permit, a 
period of four and a half weeke. £d.] 

Soorata. And ftirthermore, the midwivos, by means of drugs and incantations, are able to 
arouse the pangs of labour and if they wish, to make them milder, and to cause those to bear who 
have difficulty in bearing; aud they cause miscarriages if they think them desirable, 

TkeaeMut. That ie true. 

Soeratit. Well, have you noticed this also about them, that they are the most skilful of 
matobmakers, since they are very wise in knowing what union of man aud woman will produce 
the beat possible children 1 

Theatietut- I do not know that at eJl. 

Pnato, J^cuUttu 

(Loeb Classical Library; H. K. Fowler), 
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TABLES OF THE PEOBABILITY INTEGRALS OF SYM- 
METRICAL FREQUENCY CURVES IN THE CASE OF 
LOW POWERS SUCH AS ARISE IN THE THEORY OF 

SMALL SAMPLES. 


By KARL PEARSON, assisted by BRENDA STOESSIGER, M.Sc. 


(i) The symmetrical curves to be considered are those for which * 0 and /8j 
takes any value from 1 to x . The curves are supposed completely determined by 
/3si and their standard deviations. 

Their dilTercntial equation will be 

1 dy 2nud 
y daf~ 

leading to y =■ yo (c» + «'*)"*> 


where 


Oi- 


<T , ana m » = ■ — 


’ 2 /9,-3 

We can throw them into the following forms: 

(i) = 1 to 1*8 (wi => 1 to 0), 

1 

y = yo 




(-9 


.(i). 


where 


„ a -8 „_j 

(ii, n ^ » ftnn wAj Q 


3 -/ 32 '" 3 -/ 3 * ’ 

This symmetrical curve passes from two equal lumps through U-ourves to a 
rectangle. 

(ii) ^a = 1‘8 to 3 (wa =■ 0 to x ), 


( af*y 


.(ii). 


where 


aa* 


2/8a , j 6/Sa-9 

(T*, and ffia' 


S^ySa'' ’ '"2(3-/8a)' 

This typo of curve passes from a rectangle through limited range curves to 
the normal curve (/8a— 3). 

(iii) /9a = 3 to X (wta = x to |), 

1 

y 


7^ 




.(iii). 


where 


« 2/8a « j I BSt~9 

* ^”2 /98 ~ -T ' 
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264 ProbabUitij Integral of Si/mmetrical Frequency Curves 


The limit -*■ « occurs when Wa » | and Oa* *• 2 <t*. This curve passes from the 
normal curve through all grades of leptokurtosis. The limits of range in (i) are 
from -- Oi to 4* ttt, in (ii) from - a* to + a*, and in (iii) from - x to + x . 


We will now proceed to the probability integral of these three curves. 
For (i) we have 

\jU 


iP* « i 4- • 


2 


r«i 


ill 


mi)) 


*■ i {^ + (i I *“ ”‘»)))> 


where Bf{p, ^ is the incomplete and Bip, q) the complete B-funotion, and 

2) ^hi®*** 


The required transformation is 

tt=oixf*ja^, or 


a* “ilA • 


Now mi lies between 0 and 1, and accordingly to obtain the probability integral 
of the curve (i) we have only to add unity to the B-funotion ratio J«(i, (1 - mi)) 
and divide by two. 

Since mi only lies between 0 and 1, this involves the tabulation of (1 - mi)) 

for small ranges of mt) but this has not yet been completed, and we cannot at 
present provide a table of tho probability Integral of the symmetrical curve (i). 

Meanwhile, and until tho required table be completed, a good method to 
determine Ja(J, (1 - tiii)) is to use the formula provided by Soper* for the integral 

J (1 — 

whenp and q are small. 

We shall not further consider the probability integral of the curve (i). 

For (ii) we have to make the same transformation, 




and have + ”»»))!• 

Table I gives the value of 

i{l4./.(il(«-l))h 

and accordingly we must take 2m>4” 3 ; it runs from m*® - ^ to m*= 14. 

When fni»14, /9js=2'818,182, and we have- not yet reached closely enough the 
normal curve (/9|=3) to use its probability integral as anything but a rough 
approximation. 


* JV«ti /or.OonyHit«rt, No. tii. pp. 31—39, Oombridga Univenitp Preas. Sae olao T<Mt» for 
StaHstMant and Nionetrioiona, Part n. 
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For (iii) the requisite transformation is 

® a'* 

Wa® 1 — a a * + Oa® 

and we have aF*- = i {1 + /« (i, (rriz - J))} ; 

our table will accordingly give aP*. from mt- 15‘5 to wa =* 2*6, or from /3a= 3’230,769 
to y9a==« • The former value of fit is still too far from I3a=d to allow anything 
but a rough approximation to he obtained from the normal curve. 

If we choose our curve to be y *= 

as is frequently done, then n «= 27na, and 

®“\/ ®'=s!V2ni3 — 3(r = Va--8«r, 

or <r = --r=^=^ if we take o = 1. 

vn — 3 

Accordingly at the end of Table 1 we have placed the probability integral of 
the normal curve with a standard deviation where n = 31, for comparison 

with that of the curve 

„ y> 

The result confirms the inference drawn from the value of fit, i.e. that the 
normal curve will only give a rough approximation to the exact probability integral 
at 31. At the top of the table wo .may be in error in two to three units in the 
third place of decimals*. 

(ii) We will now describe the two tables here provided. 

Table I gives the value of 

where the argument a increases by ’01. 

We need to know the relations between the «i’s and w's, and a and a/. 

Curve (i), nix lies betwoen 0 and 1, and the only values available in our table are 

o'* 

forn. =a 2 and 8, or wh®* 0*6 and 0, while w is determined by ® 

Curve (ii). mz ranges from 0 to oe , but the table only supplies values from 0 to 
14, since w* *=* J (w ~ 3). a) is found from a? “ -s . 

df 

Curve (iii), mz ranges from 2*6 to oo , or our table will supply the probability 

as'* 

integrals of this curve from 2*6 to 16*6. The ® is to be found from 0 *• 

* Actually tba unpublished tables of the B>fanoUoa will oatiy us up to tislOl, in,a{|0*lS, a valos 
which gives a much oloset approximation.to a notnai onrva 


17—3 
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When the curve is written in the form 


V 





our table will supply the probability integrals for n == 6 to 31. If we choose to 
neglect the infinity of the fourth moment we can proceed to »» 2. 

a* 

In the lost fprra of this curve ® * ■rr”** «*“*/(! - ®)* This value of s® is 

J. + 

given to five decimal places in the second column of each sheet of the table. This 
enables the user to ascertain rapidly whereabouts he is in the a-variate for a given 
value of z or a*. 


(iii) We need two kinds of interpolation into Table I: (o) we need to interpolate 
between the tabulated values of n, and (5) wo need to interpolate between the 
tabulated values of Both these interpolations give rise to difficulties, which 
require some consideration. 

(a) After 4t.«< 8, interpolations for n lying between tabled values are successful, 
if we use 3® and occasionally 3*. Neither Table I (nor the supplementary Table II) 
will give satisfactory brief interpolations for n less than B. It may even be doubted, 
if the argument n were tabled by O'l instead of I'O, whether satisfactory brief inter- 
polation could be achieved. Although the graphs of the function for constant x give 
very simple smooth curves, after many trials no short interpolation process has beon 
yet discovered. Luckily the chief use of the present tables is their application to 
small samples, and in such cases a is a whole number. For interpolation by the 
forward difference formulae, see the Appendix to this paper. 

(b) With regard to direct interpolation for a, this is feasible for ® = ■!! onward 
throughout the table using 8*, or occasionally if greater accuracy be required 8® 
and 8®, But from ® a '00 to '10, ordinary interpolation formulae cannot be applied, 
owing to the infinite differential coefficients appearing with the factor in the 
integral. Accordingly an auxiliary table — ^Table II — has been formed which gives 
the function 




P«(w)-0'5 


and provides its 8**. This will suffice to ascertain ^»(n) for any value of ® from 
•00 to *10, and therefore 

Pm (a) » (n) ^/® + 0’6. 


The user of Table II must therefore find the square root of the argumentf 
with which he enters it, as the multiplier for (a), 

* Determined from the nine-figure B-funotion Table. Bor S*^| (n) we need the formula 

9,»=4V-8J,H4V-»4»- 

t m will not generally exoeed four deeimala, eo that any table of square roots will provide what ie 
required! 
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(iv) Illnstrations of the use of the Tables. 

Illustration (i). The frequency curve for the distribution of the correlation 
coefficient r in samples of size p taken from a parent population in which the cor- 
relation is zero is given by the curve 

where the mean, f, — 0, and since aa=il, o-® What is the chance that in 

1 Vp-1 

a sample of 20, 

(а) r will lie outside twice its standard deviation ? 

(б) r will lie outside the limits ± '60 ? 

The above curve is our Type (ii), and therefore mg = •J (p - 4) = 8 for this special 
case. Now mg = J (n — 3) = 8j and accordingly n = 19. The proper transformation 

is r® => a?. We have cr = = '229,41 57 . 

\/l9 

If r - 2ff » *458,8314, then « = r* = *210526. If *50, ic = *26. 

We have accordingly to find from Table I, for n » 19, the value of the function 
tabled for at => *210526 and a = *25. 

The latter comes without interpolation at once as ^ (1 -f og) = *987,6152, or 
= *487,61 52, hence doubling, we find the chance is *975,2304, or the odds are 
about 975 to 25, or 39 to 1, that in taking a sample of 20 individuals from a 
normal population two characters of zero correlation will not show a correlation 
in the sample exceeding numerically ± *60. 

In the first we have to interpolate between the values for a of *21 and *22, i.e. 
Wo « *978,9246, wg « *981,6217, 

S»iio = -3461. 8*Ui = -3059. 

Fourth differences are here unnecessary. 

^**0526, <^ = *9474, *0083,0664, 

Wo = *9790,6111 + 0000,0827 = *979,0694. 

The chance therefore of r falling within the range ± 2tr is *958,1888. Had we 
assumed the distribution of r to be a normal curve, the chance of r falling within 
the range ± 2o- would be *964,4998. 

Illustration (ii). In a sample of 12, the correlation coefficient is found to be *3. 
What is the chance that in the original population there was no correlation ? 

In this case wig®# J(p — 4) = 4=s J(n — 3), 

and n=sll, fl3=sr* = '09. 

Our table under n®®!! gives for flj=s*09 the value *828,2807. The chance 
accordingly, of r exceeding + *30, if the correlation were zero, would he 

2(1 -*828,2807), 

or if the population sampled had no correlation between the variants considered, 
a correlation of numerical intensity *80 or more would occur in 343 out of lOOO 
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aaraples, i.e. in more than one 8iiini)lii in three. We cannot therefore assert that the 
correlation found in the aamplu marks a significant correlation in the parent 
population. 

Even if the ohservod correlation in the sample wore '60, there would still be 
98 samples in 1000 with a correlation of ±’50 or more if the parent population 
had no correlation. Imleed correlation coefficients found from very small samples 
are of small service in indicating significant correlation in the parent population 
unless the correlation in the soniplo be veiy high. For example, if the correlation 
in the sample of 12 were '80, samples from an unoorrelated population would only 
givo rise to such a value once in 500 trials. 


Ulus^atimi (iii). What is the chance in a sample of 31 that the regression 
coefficient will not differ from that of the parent iMpulation, supposed normal, by 
more than twice its slandani deviation ? 

If p be the correlation, Si, St the standard deviations in the parent population 
and Ri the regression coefficient in the sjunple, the distribution of is given by 



where Si = Mean Ri^ 



, the value of the regression in the parent population, 


I 1 St* ... JV 


and 


^ _ Deviation of JBi from Si 
~ Standard Deviation of Ri ' 


n being the size of the sample. 

The requisite transformation is 

Thus if a/ M 2, we have 


® in our case 4 = '125. 

We have accordingly to compute 

iPt/ =8^(1+ I.1J5 (i, i “ i))}* 

The value will be found in the column for n = 31, or (n — 1) 15, between the 
values of ’12 and ‘13 of a. We have 


= ■973,9461, = - 10629, 8*wo = -6ir, 

«i« •978,6801, = - 8669, fi^ui^-SOe. 
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We are therefore at a part of the table where it is requisite to use 8*'s as well 
as 8*’s, if we desire an accurate value of Now 

0 = -5, ^ = ’5, = ’041,6667, 

and M, = i (-973,9461 + ’978,6801) + 041,6667 x 1’5 (’001,9088) 

- ’041,6667 X 1126 x 2-5 (’000.0913) 

= ’976,3131 + ’000,1193 - ’000,0011 
= ’976,4313. 

Hence ’962,8626 is the chance that the regression coefficient will lie within 
i twice its standard deviation from the true value in the parent population. 

IllustraHon (iv), In a long series of observations on Fathers and Sons the 
correlation coefficient for span was found to be *454, and the standard deviations 
were 3"’14 and 3"’ll respectively. The regression Ri of Son on Father for 
span = ’44976. The standard deviation of JSj in samples is 

o- » =, — — - (1 _ (-4497)®) 

1 

or o-n, = -=z=r X ’884,666. 


Hence, if we take this to be a reasonable normal parent population for span, let 
us ask whether a sample of 19 pairs of Father and Son giving a correlation of 
•890 and standard deviations for span; Fathers 8"'19 and Sons 2"’98, may be 
supposed reasonably to have been drawn from this parent population. 

Now i2i for the sample = *36482 and <rj{, = ’221,1666. 


Thus 

Accordingly 

and 


. ’36432 - ’44966 
^ “ ’221,1666 
«/»« ’1488,9026, 


-•386,863. 


•1488,9025 
•1488,9026 + 16 


= ’0921,9844. 


This clearly lies within the first part of Table I where the differences are 
unsatisfactory. We therefore use the auxiliary Table II. For n = 19, we have 

«o « 1 ’886,4088, 8* wo » 12631, 

«i«l’306,4469, = 12088. 


6*’s will be unnecessary. 

0 = ’219,844, ^-’780,166, i 6^ = ’028,6854, 
«, = 1-328,8177 -’000,1064 
= 1’338,7113 = ^,(19). 


But P„ (19) = ’6 + ^, (19) 

P, (19) = -6 + ’303.6420 x 1’328,7113 = ’903,462, 
or the chance if the above sample yrere really drawn from the above parent popu- 
lation that its regression coefficient would differ as much as or more than it does 
do from the regression in the parent population = ’193,096. 
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We see therefore that in about 19 in 100 samples the deviation of the regres- 
sion would be greater than that ubsurved. 

Let us, however, look at this problem in another way, which will illustrate a 
further application of our present table. 


Jllvitration (v). In the sample of the previous illustration the firat produpt 
moment coefficient « pu => *390 x 2‘flH x 3’19 = 3*707,4180. What is the chance that 
a sample of 10 with this pa could have been extracted at random from a parent 
population with no correlation, but with standard deviations .3"*14 and 3"’ll ? 


We compute « : 


Pa 19(8*707,4180) 
’'"■'‘3*14x3*11" 9*7654 


». 7*213,3187, 

then the problem reduces to determining the chance that values of v will differ 
from zero by an amount as great os or greater than this. The distribution of v is 


given by 

N r(i(n + 4)) 1 

V,rlnCri)r('jf(« + 3))fw . 



where 

D ta n - 


and 0 * 1 , 0*1 are the standard deviations in the parent population. The curve 
obviously falls under our Type (iii) above. 

We write , -y, ) 

“ V 36o) 

We have accordingly to take wis® 11*6, and a#* = 360, which gives* 

71=23, 

62*081,087 oioo 

360 + 62*081,967 “ 

Hence from column for «= 23 of Table I we find 

uo= *961,3679, 11583, S‘«o-~407, 

«i= *068,2684, 8*1*1 =— 9804, S*mi=»~810, 

5 « *628,138, *371,862, = *038,9.301, 

M, « *966,6961 + *000,1240 - *000,0008 
= *956,8193. 

Thus in 884 out of 10,000 samples a v and therefore a jJu numerically as large 
or larger than the observed product moment ooeffi'eient could have arisen from a 
parent population without correlation. The odds are therefore only about 116 to 


* This n is thst of ths Tables, and not the n above vrbibh ie the eiae of the eample, the former 
n =the latter n+ 4. 



Karl Pearson and Brenda Stobssiot 


261 


10 that Pit did not arise from- a population without correlation. It would occur 
about once in 11 trials. We cannot assert significance in the observed 

= 3-707,41 80. 

It is well to investigate the significance of the correlation observed, 

The correlation is ‘390 and the size of the sample 19. The distribution curve 
will then be „ , 

and ni% =s 7‘5 = ^ (?i — 3), or n « 18, 

a,=r» = *1521. 


Turning to our Table I : 

«o = ‘949,3160, 8 *Mo = - ^631, 
ui- ‘956,1406, S®ui = -66ie, 

5 = ‘21, <^ = *79, = ‘02766, 

and the use of 8* is unnecessary, Accordingly 

= *960,6392 + ‘000,0694 
= ‘950,6986. 

The chance is therefore 1 — 2 (‘950,8986 — ‘6) = *098,8028 that a sample of 19 
from a population of zero correlation would show a correlation nvm&riocUly greater 
than ‘390, Thus such a correlation will occur in samples of this size about once in 
10 trials. 

It will be clear from the results in this illustration : 


(а) That the introduction of the observed standard deviations into the sample 
(i.e. using =^ 0 - 1 0*3 instead of r) lessens the probability of the parent population 
being one of zero correlation. 

(б) That very little of definite Value can be learnt as to correlation from small 
samples, i.e. in the above illustrations the sample might have been easily obtained 
from a parent population of correlation = ‘00 or *45 *. 


Illustration (vi). In the long series of observations referred to in Illustration (iv) 
the mean spans of Fathers and of Sons were 68"‘67 and 69"'94‘ respectively. Hence 
the regression line of Son’s span on Father’s span is 

gf = 39"‘06 + 0"‘44966a. 

If yg be the value of y found in a particular sample from the regression line of 
that satpple, the standard deviation of s for numerous samples is 

_ (8‘11)» (1 - (-464)*) f, 2 . - mi)»l 

%-3 ( n"^ (3‘14)M 

7‘678,6254 f, 2 . {<p-68"‘67)»1 
“ n-B r'n'*’ 9‘8596 )’ 

* Inferences like these in ohanoter may easily be drawn by looking at Table I forn = 19 end examining 
the entries above + ‘39 and below - '89 in the eolama with psO, -4 and '6. 
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Now suppose we fix our nttention on Fabhers with spane between 66" and 67", 
i.e. put a*=s0(i"*5, and suppose samples taken of size 19. Then 

» *4799.0784 jl - *1052,6816 + *4775,9544) 

« '6685,03O2, 

and ‘811,5374, 

For a *» 06" *5, we have =* (iH"*96 

from the regression line. 

Now we will suppose the regression lino for the sample of 19 (!) has been found 
and gives for the mean span of Sons of Fathers of 66" to 67" span the value 
gfj = 68"*26. The parent population gives 68"*96. Is this a reasonable difference? 

The distribution of y*- § will lie given by the curve 


Vo 


and wo havo 


71 — tJ 


V <rj?, /j 

1 

1 

•70 


or 


a/»== *74401. 


Thus 


..'1 


<ei 


«* + «»* 


♦74401 

'10*74401 


•04443. 


We have accordingly to interpolate from our tables for a » *04443 in the column 
n w 19. This for accuracy must be done by aid of Table II, 

We have «o« 1*605,8176, 8 *mo» 16731, 8*wo»27, 
ai» 1*468,4491, 15060, 5««i»27. 


Clearly we need not use S^'s. 

d=*443, ^=.*557. *041,1262, 

u,= 1*488.98486*^ -*000,19010 1*488,7948. 

Thus ^*-1*488,7948, 

and P. - *6 + x 1*488,7948 

-•818,8145. 

Hence assuming the sample to lie within the rango ± 0"*7 from the value 08'^*96 for 
Sons of Fathers having spans of 66" to 67" in the sampled population, the chance 
of a deviation numericdly os large as or larger than this — 2 (1 — P») — *372,8710, 
or we might expect 37*2 */, of samples of 19 to give a worse disagreement with the 
value in the sampled population. 

N.B. The reader will note that we are not comparing the mean of actual 
isolated individuals in the sample with Fathers having spans between 66" and 67", 
but we are eompaiing the mean of the Sons of this array of Fathers found from 
the regression Une of the sample with the value of the same mean os given by the 
parent population, 
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We can *nse oar tables as applied to the third type of curve to test whether 
a sample of which we know the mean and standard deviation comes from a parent 
population of which we know the mean. 

Let the size of the sample be n,- the mean and standard deviation of the sample 
be m and s, and the mean of the parent population be M. Then, if 

ffl' ts (ni — M)/s, 

the distribution of a/ in samples of size n is given by* 


^ (l + a/®)*"’ 

provided the parent population be normally distributed. E. S. Pearson has shown 
the extent to which this result may still be applied in a certain range of non- 
normal distributions f. 

It is difficult to imagine a practical case in which we know M so accurately 
that its probable error relative to that of m is negligible, and yet do not know 
% the standard deviation of the parent population with corresponding accuracy. 
If we know both M and S we have taro independent variables m and s to compare 
with them, and the writer of the present paper personally much prefers in all such 
cases the double test to the single test which involves both characters. 


Illustration (vii). Among samples of 10 from a normal population of mean variate 
zero and standard deviation 10, a sample occurred with mean 7*0 and standard 
deviation 14‘64|. What is the probability of such a sample occurring at a single 
draw as judged by the present test? 


, 70 

® “l4'e4’ 
The distribution curve of o' is 


•4781, and a/*** *2286. 


r 


a)'* 

and the proper transformation x — ^ = ’1861. 


Turning to Table I under nalO and a!=sl861, we have 

Wo '903,2890, S* Mo * 4882, 

Ml *=‘909,9040, 8 *m,=;-4443, 

^ = •61, .^ = '39, *03966, 

Mo = -907,3241,6 + *000,0649,9 
= •907,3791. 


This io the ease really proved by “ Student,'’ Biomeirika, Vol. t. pp. 7—8 ; however, the aotnal 
examplee he gives do not belong to thie ease, but indtoate that he foresaw a wider application of it, 
t Biometriha, Vol, xxi. pp, 959 tt teq. 

$ Baoh a sample waa one of a set of 700 sampleB aotually drawn from a normal population. 
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Thus the chance that a value of x' should occur as large as or larger than this is 
*183,2418, taking positive and negative excesses in »' together. The odds are only 
about 4*5 to 1 against such occurrence. 

Now let us consider the two chanwsters vi and s which have been combined in 
" Student's '* tc.st seiKvmtely. 

The means in the samples are distributed normally with standard deviation of 
■a in our case Ji'1628, or the ratio of the tibserved deviation in the sample 
mean to the sbmdard deviation of sample means is 2*2136. 

From Table II <jf Part l of these Tables /or Statistiaians : 

Mo -•986,4474, S*Wo--77, 
lit- *986,7906, a»Mi--76, 
d-*38. ^•*64, 

Accordingly m » *986,6709,5 + *000,0008,8 

» *986,5718. 


Thus the chance of a mean os groat as or greater than this occurring 
m ‘013,4282, or taking both positive and negative excesses » *026,8564. Thus the 
odds against such a mean occurring in a single sample are of the order 86 to 1, 
while those as judged by " Student's ” teat are about 4*6 to 1. 

Now turn to the standard deviation, which is 14*64 against the 10 of the 
parent population. 

If we judged roughly, assuming the distribution of standard deviations to be 


approximately normal with a standard deviation 


K 

2*2361 about a mean 


of 


2 =* 10, the deviation 14*64 - 10 - 4*64 would be 2*075 times the standard devia- 
tions, or deviations as great as or greater than this would only occur about 88 times 
in 1000 trials, or the ^ds are of the order 25 to 1 against such an occurrence. 

For a more accurate appreciation of the odds, we must note that the curve of 
distribution of s in samples from a normal population is 


where al ««/(S/V%) in our present notation. But this curve has not yet had its 
probability integral tabled for various values of n and a/, 

If, however, we write * »« i®'*, the probability integral becomes 


jP («, n) 


/, 


I IP it — 3 

e * tr*dz 


I 


a> 

a * erects 


» Probability Integral of a Type III curve as tabled in the Tallies o/ the InoompUte 
V-Funotion*. 


* FabUdied by H.U. Stationery Offloa, 1911. 
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The integral there given is 


rtt/v/pH-i 






g»e~‘d2 


In our case 


v=i(n-s)=a-s, 


~ V?5 ^ “ 4 V4^ (x/V^) “ 


For our interpolation in excess of mean we have from the above tables, under 
Argument Entry fi 

6*0 ■988,2683 -2497 Negligible 

6-1 •989,8982 - 2185 „ 

^=•616, ^ = -484, = •041,624. 

Required value = *989,1069,1 + •000,0292,1 

= •989,1361, 

or the chance of values of s as great as or greater than 14*64 = *010,8639. 

If on the side of defect we take as our limit 14*64 - 10 = 4*64, we find «= *6074. 
Our tables give us : 

Argumant Entry a** g* 

0*50 010,6996 +37648 -2442 

0-60 -020,3677 + 43867 - 2865 

5= -074, 0 = -926, *011,4207, ^(l + 0)(l + «^) = *103,4202. 

Required value = *011,3223,5 — 000,1366,1 — •000,0016,4 

= -011,1842. 

Accordingly the probability that a ■will differ from the population value by as 
much as or more than 4*64 

= •010,8639 + *011,1842 
= *022,0481, 


or the odds are about 44 to 1 against suob a deviation from the population standard 
deviation occurring. Now it would appear that these two sets of odds — 36 to 1 
against such an excess in the mean and 44 to 1 agaipst such an excess in the 
standard deviation — especially when we remember that by our hypothesis as to 
the parent population these two results are independent — are entirely screened 
when we apply " Student’s ” test, with its odds of only 4-6 to 1. The fact is 
that when the two characters, on the ratio of which *' Student’s ” test is based, 
deviate in the same direction, this test may be very misleading, when we use 
it as an indication of the rarii^ of a particular sample i it is the measurement 
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of tho rarity of a particular ratio connected with the sample, but may be dangerous 
if interpreted os a meiuiure of the rarity of the sample itself*. 

That “Student” himself has not laid too great emphasis on his test is, I think, 
clear, but the emphasis used by others must lead us to be cautious in its 
application. 

While "Student's” analysis follows the lines indicated above of the probability 
of his ratio in tho case of a sample drawn from a normal parent population, he 
uses it in the examples he gives for a somewhat different purpose, where its 
application needs some consideration. 

Let V and t; be two variates, each of which follows tho normal law, then their 
difference u-v will also follow a normal curve with mean u — v and standard 
deviation V ir^ + trj* - 2r<7i<ra, which latter is the standard deviation of the difference, 
(Fu-vt if r be tho correlation coefficient of it and v. 

Accordingly if we take samples from these populations with moans Mui w# and 
standard deviations Bu, Sv and correlation r, then 

and = V«u* + s»* - s* 

will follow tho two curves used by "Student" to obtain his ratio distribution, and 
if we write 

— .. (e), 

then as* will follow the law of distribution in samples of n given by 

^ (!+»'>)*** 

"Student” tacitly takes or he assumes the mean difference of the popu- 
lation from which ho is sampling to be zero. He is therefore measuring the 
probability of the ratio «e' on the assumption that it and v are taken at random f 
from tho same parent population. If the ratio of gives a very small chance of 
occurrence, he vety properly assumes that on his hypothesis it and v are not drawn 
from tho same parent population. 

But with "Student” it and v are not independent samples of necessity as in 
J, Neyman and E, S. Pearson's test for two samples (see below). 

Take the following series of values from "Student's" original paper: 

* k o^pbalio index nmons Bngliehmen of 80‘0 ie not nnoommon, but if we ea; U bee erlBen from. 
a iknll length of SIO mm. and a ekoU breadth of 168 mm. we reoogniee that we are dealing with a very 
exceptional case on two oonnts. That ie the non-rarity of a ratio ie not enfiSoient to jnetify ns in 
eonaidering the individnal whom it oharaoterieea aa of common oocorrenoe. 

t Actually, however, this is not so, in for example hialUustratlon I; hie two popnlationa are linked 
by a high ooirektion due to individual reaction to aoporlfioe. If he geta a high u, he will get a high v 
and if he gete a low a he will have a low v. 
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Now it is clear that is much less than V(l*70)® + (1‘90)*, which it 

should be, were u and v independent. Actually worked out on these ten cases the 
correlation is over *79. Is it likely even on ton oases that the correlation would 
exceed numerically ‘79, if it were really zero in the parent population ? 

The curve of distribution is (see p. 257) 

Wo have therefore to enter our table with ®‘=r**=*6241, and as ^(n-8) = 3 
with n = 9, wo find that the ohanco of such a correlation coefficient from a 
population of zero correlation lying outside the limits ± *79 is between 006 and 
•007. There is small lioubt therefore that u and v in the sampled population are 
correlated, probably highly correlated, as the influence of any sleeping draught 
whatever is a characteristic of the individual. " Student,” in applying his test to 
the difference, has noted this fact as accounting for the low value of the probable 
error of the difference. 

But what, I think, it is desirable to emphasise is that this correlation may 
exist in most of the examples to which “ Student ” applies his test, either owing 
to the influence of the same individual, or of the same year, etc, Accordingly the 
denominator of " Student's ” ratio will bo subject to large variation owing to the 
presence of this correlation in the corrolation itself being subject to large 
variation in small samples of such sizes os 10, the numerator being not 

subject to this influence of the correlation to the same extent. 

Now "Student” takes >*i 1'58/I*l7 »» 1’36, o'* “1*8226, and accordingly the 
transformed a> * a>y(l + «'*) « *6467, while » «» 10. 

Entering our Table I with n — 10, we have: 


0! 



9* 

•64 

•998,4448 

-216 

Negligible 

•66 

*998.6380 

-196 


^-•67, ^-*43, 

4 *04086. 


Required value « ■998,5640 -f *000,0026 
-•098,6674. 
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"Student" gives the value *9985, quite in keeping. 

The chance therefore that x' will not lie between the limits 

il'35-2x-00144~*0029, 

or the odds are 9071 bo 29 against it or 844 to 1 against it. 

Now let us suppose the 10 patients who had dextro-hyoscyamine hydrobromide 
were not identical with those who hod the laevo- form. Then there is no doubt about 
the application of formula (e). If wo suppose them to be independent samples of 
tlie same population r » 0, and ti » 5, In this case r»u -- = 2‘33 - 0*76 = 1’68, and 

ss Vtfu* + s#* V(l*70)* + (1'90)* 


Thus 


ot ' » r5«/2*5495 ^ *6197, »'» = -8840, 


and w**‘2775, and fts»10. 

1+a’ 

We have from Table I; 


/a 


X B* 

27 ‘949,8108 -2475 Negligible 

28 '952,9130 -2318 

e^'U, «^«'25, J0(^»'O386. 

Required value » *952,0124 + '000,0224 
» *952,0348, 

or the odds are about 9*4 to 1 that ^ does not lie in the range ± *6197. 

A further test has been provided by J. Noyman and B. S. Pearson* to deter- 
mine whether two samples, of which the means are mi, wit and the standard 
deviations Si and a%, have been drawn from the same normal population. 


They bake 


a' 


mn-rth 


^ + etsi 

and find its distribution curve bo be 


.7: 


-j- 71 * ' 


In the above case of “ Student " m • ti* w 10, and Sj, = 1'70, s* ** 1'90, mi => 0'76, 
mis 2*33. 

Accordingly of =i — - -4382, and o'* »s *1920, 

® ^ 2*6496 V2 

while 

1 + » * 


BimetrUUf ToL xx\ pp. 176 c( itg. 
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and we must look up the column for n = 18 in Table I. We have : 

(8 

*16 ‘959,7231 — 6564 8* may be neglected 

"17 '964,6820 — 5745 for present puiposes. 

0«-ll, ^ = ‘89, = ‘016,3167. 

Required result « ‘960,2676 + 000,0306 
= ‘960,2882. 

The chance accordingly of a/ exceeding the limits ± ‘1611 is ‘0794, or the odds 
against this are about 11 ‘6 to 1. 

This is roughly in keeping with the previous determination. Or, we conclude 
that there is some, but far from overwhelming, evidence that a population treated 
with the laevo- form of the soporific would have longer hours of sleep than another 
sample of the same population treated with the dextro- form. On the other hand, 
if we can trust the application of formula (e) to the case where the samples are 
not independent samples, then the odds are 344 to 1 that the same individual gets 
longer hours of sleep from the laevo- than from the dextro- form. 

The difference lies and can lie only in the correlation in the individual between 
hours of sleep due to the two forms. What real trust, however, can be put upon a 
correlation due to 10 pairs ? We need, frirther, some more definite demonstration of 
how (e) applies to this case with « — iJ = 0, which seems to involve the assumption 
that u and v are drawn at random from the same population. 

It may be of interest in regard to problems of this sort to exhibit a further 
example of the use of the Neyman-Pearson test as given by them on p, 206 of their 
paper cited above. 


IlhstraMon. A piece of work is carried out by one set of 30 workmen according 
to Method I, and by a second set of 40 workmen according to Method II. The two 
sets of workmen are supposed of like ability. The resulting frequencies were : 


Time in seoonds 

SO 

SI 

63 

68 

64 

66 

66 

67 

68 

66 

60 

Totals 

Method I 

B 

3 

0 

4 


6 

3 

1 

1 



30=Wi 

Method II 

B 

1 

2 

6 


9 

6 

3 

3 

1 

2 

dOasM] 


Here for I, = 63*700 secs., Si = 1*882 secs. 

„ II, m#- 66*176 secs., » 2*072 secs. 

Now according to the test we take 

yniSi* + n^Sa* V ni + w* 
a/*- *1342 and a? - * *11832, 

n=sni + ns— 1-69. 


Biomstrika xzn 


18 
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This lies outside our Table I for n, but the probability integral is 

Hl+4(i34)). 

and found from the Tables of the Incomplete B-function * = *998,2199, which agrees 
with the value *9982 given by Neyman and Pearson, Thus the odds are about 
277 to I that if the two samples were from the same population «/ would lie 
outside the limits i ‘3662. 

It is clear that such a problem cannot bo solved directly by “Student’s” ratio 
as originally given, unless we have the two samples of equal size. In any real case 
this would be likely to occur, for to produce equal ability in the two samples, the 
same men would probably be used for both methods. But if this were so, correlation 
would almost certainly come in and the Neyman-Pearson test would be inapplicable. 
Hence it becomes all the more important to be certain that “ Student's” test can 
be safely used, when the two populations are correlated member for member. 

It appears to me that in applying his teat “Student” has really to faoe two 
problems, which oannot be solved by a single investigation in the manner he 
proposes ; 

(i) If we take two wholly independent sets of individuals, and administer the 
laevo* form of the soporifio to one and the dextro- to the other, is there a prob- 
ability, and what value bus it, that the two means differ, and so can we determine 
whiob is the more efficient 7 

(ii) If we administer both soporiBcs to the same set of individuals, i.e. allowing 
for the individual reactions to the two forms of the drug, will the data indioate 
that the one is more effective than the other 7 

Now (i) can he answered by “ Student’s ” test, because he can suppose the 
samples drawn from the same population, and thus .see how improbable the results 
are. Or, Neyman and Pearson’s test may be used, if the samples are of different 
sizes. 

But (i) must be answered before (ii). If (i) show there to be no substantial 
difference in the hours of sleep of the two sets, then u may be put » ii in (ii). But 
if the answer to (i) is that u and v in all probability differ, then it does not seem 
valid to pat ttXBV in (ii). It is clear that if u be not equal to v, then a very 
different value aud a muoh smaller value will be obtained for than that given 
by “Student." The problem thus raised appears to repeat itself in others of 
“Student’s" illustrations, and my object is to press for caution in the application 
of hia test, and indeed in other tests similar to it. 

* Fot moat prtMtiMl tvupoaee, it ia adeqaoto to uae hate tho normal ouive with etandard deviation 
l/*yn^, the atandard deviation oi ibe onrve. Now sfn >- *8662 and l/Vn^ Sss'iasl, thesefoxe 
«i'/d’,^»2'976, and the ooneaponding prohahiUty *99658, whioh fox moat praotioal Infotenoea ia aa letvioe- 
abla aa the oonoot value *99689 obtained from the B-fanotion tables. 
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APPENDIX. 

On InterpolaMon into Table I for small values of q=\{n^ 1). 

Interpolation for J(w — 1) is bound to be laborious, even if it be straight- 
forward. In interpolating for q into Table I, it will be found best, particularly in 
the earlier part of the table, to use a forward difference formula, e,g. 

If w'e use the tabled value P* (i, g), we may have to find, even at b * ‘26, eight or nine 
differences to get the correct result to seven decimal places. But if we reduce the 
P* (i q) to (i, q) by the relation P« (J, g) = |2P, (J, g) - 1} x B (J, g) four or five 
differences will suffice for 7-figure accuracy when ®= ‘26. For x—'BQ, the seventh 
difference is required for the Ba(i,g)’s. The Ja(i,gys would need far more. In 
order that Aq may not exceed '26, we can use when it appears desirable a negative 
interpolation. 

The value of B g) is given at the top of each column to assist the reader in 
reducing the tabled entries to P, (^, g). BVom the interpolated value of the latter we 
find Pa (J, g) by determining from a table of the complete r-functions the complete 
B-function corresponding to the interpolated value. 

Illustrations. 

(i) Find the value of P.25 (J, 3'25). 

(a) Let us work first with la (i, g) » 2P* (4, g) - 1 : 

q A A« A‘ A* A* A 

3 * 792 , 9688 , 

3‘6 - 829 , 6293 , ' 036 , 6606 , 

4 ' 868 , 8867 , ' 029 , 3674 , -' 007 , 3031 , 

4'6 - 882 , 6932 , - 023 , 8066 , -- 006 , 6609 , - 001 , 6622 , 

6 - 902 , 1464 , - 019 , 4622 , -- 004 , 3643 , - 001 , 1986 , -- 006 , 4666 , 

6-6 - 918 , 1368 , - 016 , 9904 , -' 003 , 4618 , - 000 , 6936 , -- 000 , 3041 , - 000 , 1616 , 

6 - 931 , 3460 , - 013 , 2082 , -• 008 , 7812 , - 000 , 6806 , -- 000 , 8118 , - 000 , 0922 , -- 000 , 0693 , 

6-6 - 942 , 3013 , - 010 , 9662 , — 002 , 2630 , - 000 , 6282 , -- 000 , 1624 , - 000 , 0696 , — 000 , 0327 , - 000 , 0266 , 

7 - 961 , 4197 , ' 009 , 1186 , -' 001 , 8877 , - 000 , 4163 , -- 000 , 1129 , * 000 , 0386 , -- 000 , 0200 , - 000 , 0127 , -' 000 , 0139 . 

Here we must go as far as M 

I .IS (i 8-26) = '792,9686 + i ('086,6606) - i (- '007,2031 ) + ^ ('001,6522) 

_^(_K)00.4666)+^('000,1616)-tMj(-'OOO.OS»3) 

+ Mi (wsee) - ^<- -000,0189) 

» '792,9688 + '018,2803 +*000,9004 +'000,1033 +'000,0178 +*000,0042 
+•000, OOlS +'000.0004 +'000,0002 
= -792,9688 + '019-3078 = '812,2766, 
and P .15 (1, 3'26) » *906,1383, which is accurate to the last figure. 


18-2 
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The process is somewhat lengthy ami can be shortened by using q), 

(i») Starting from the /,(J, ff)'s, multiply thorn by their respective B(J, 2 )'b and 
wo obtain the following series; 

3 b*(4,3) a a« 

3 -845,8334, 

3- 5 ‘814,3886, ~ ‘031,4449, 

4 ‘786,2678, --029,1207, ‘002,3242, 

4- 6 ‘758,2593, -‘027,0085, ‘002,1122, -‘000,2120, 

5 ‘733,1721, -‘026,0872, -001,9213, --000,1909, + -000-0211, 

5- 6 -709,8349, --023,3872, ‘001,7600, -‘000,1713, +‘000,0196, --000,0016. 

The differencing here is briefer and more effective. 

B.K{h 3‘26) = ‘845,8334- -015,7224(6) - ‘000,2905(3) - -000,0132(6) 
-‘000,0008 (2) -‘000.0000 (4) 

= ‘845.8334 - ‘016,0271 « ‘829,8063. 

But B ( J. 3‘25) « 1-021,68087, hence 

J.» (i, 3‘26) = jB .a, (i, n5)IB ^ 3‘25) = ‘812,27668 
and P.*5 (i, 3-26) = J {1 + 1.^, H 3-25)) = ‘906,1383, 

the correct value, aa before. 

(ii) Find the value of P.jo (i, 3*26). 

Here, even using the BgB, wo must go as far as A* to be accurate to the seventh 
figure. Our scheme is os follows; 

A A» A“ A-* A» A* A' 

) I‘0l3,fll07, 

l>.to(J,3-6) ‘949,2072, --094,3126, 

5.»(i4 ) -803,9860, --066,2222, -009,0903, 

i? .JO (4, 4-6) -846,1813, -•047,8037, '007,4186, -'001,8718, 

£.to(i,6 ) -804,4742, -*041,7071, •006,0069, --001,3219, -000,3499, 

^.H)(4)5‘fi) -707,8131, --036,0611, -006,0400, --001,0606, -000,2713, --000,0786, 

60 ( 4 . 8 ) -736,3670, --032,4662, '004,2069, --000,8401, ‘000,2106, -*000,0608, -000,0178, 
i.»(4,6-6) -706,4329, --028,0250, -003,6302, --000,8767, -000,1644, --000,0481, -000,0147, - -000,0031. 

Substituting these results in the forward difference formula, we have 

B .w (i, 3*26) « 1‘013,6197 - 4 (‘064,3126) - 4 (-009,0903) - ^ (-001,6718) 

- -Hhj (•000.8499) - (*000.0786) ~ ,44^ (•000‘0l78) 

“44® (*000,0031) 

« 1-013.5197 - ‘032,1602(5) ~ '001,1362(9) - *000,1044(8) 

- -000,0136(7)-. -000,0021(5) - -000,0003(7) 

-• 000 , 0000 ( 6 ) 

= ‘980,1064, and again B ( 4 , 3-26) » T021, 68087. 

Hence (4. 3‘25) « -969,4016 (7), 

and thus P.jo (4, 3*26) = *979,7008(8), 

which is the correct value to seven figures. 
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(iii) Find the value of P.io 3'26). 

Now P .10 (^ 1 8‘25) is easy to find; we have the following 861*168 of differences for 
ff 5.10 (i.j) A AS Ail A< 

3 *691,5667, 

3*6 *682,0941, ‘-*009,4626, 

4 *672,9144, -*009,1797. +‘000,2829, 

4-5 *564,0078, -*008,9071, +*000,2726, -*000,0103, 

5 *555,3632, -*008,6441, +*000,2630, -*000,0096, +*000,0007. 

Hence 3*26) = *691,5667 - *004,73130 - *000,03538 

- *000,00064 - *000,00003 

= *591,6667 -*004,7073 
= *686,7894. 

And i.io (i, 3*25) « P.y (J, 3*25)/P (i, 3*26) 

= *574,3936. 

Thus P .10 (J, 3*26) = *787,19676, 

which is exact. 

Beyond ® = *76 the forward difference method will still apply, but the number 
of differences required is excessive, if we start with y = 2 or 3. For g = 4 the eighth 
difference suflSces for 7-figuro accuracy; for y = 5 the fifth difference will suffice 
for like accuracy, and so on; this supposes working with Pi,(J, y) instead of 
4 (h ?)• g®* to g* = 8, there is no trouble. For many statistical 

purposes four or five figure accuracy is adequate, and accordingly there is less 
trouble with forward difference work. 

For such an extreme case as J.so(|', 3*25) the limiting difference that the 
present table provides is the twelfth. Even if we use this and the forward difference 
formula we shall be out slightly more than unity in the fifth decimal place. If we 
proceed also to the twelfth difference, using P.|o(^, 3*25), we shall he out less than 
unity in the sixth decimal place, and assuming the thirteenth difference to be about 
half the twelfth (as it must be here) we can obtain a value differing from the true 
value by less than five units in the seventh decimal place. The labour, if straight- 
forward, is oonBiderable, and some will prefer to obtain the result by expansion 
methods rather than by using the present table of 4 ( J, q) or (J, q) when ® 
approaches unity and q is fractional and small. 
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TABLE I. Valms of Pn{n), 


»» 2 

i («-!)«. 0*6 


^(*.1 («-!))- 




•01010 
•02041 
•03003 
•04 -04167 
•06 ‘06263 

•06 -06383 
•07 •07627 
•08 -OSGOS 
•09 •09890 

•10 •mil 

•11 •12360 
I ‘12 -laese 
■•13 -14943 
•14 -16279 
•16 -17647 

•16 •19048 
•17 '20482 
■18 -21961 
•19 •23487 
•20 -26000* 

‘21 -26682 
•22 • 28206 •^ 
•23 -29870 
‘84 -31679 
‘26 >33333 

•26 •38136-*' 
■27 ‘36986 
'28 ‘38889 
•29 •40846"*’ 
•30 -'42867 

‘31 ‘44028 
•32 •47069 
•33 -49264 | 
•34 •61616’*- 
•36 '68846 

'36 ‘66860* 
■37 •68730 
•38 ‘61290 
•39 -63934 
•40 -eeee? 

•41 -69492 
•42 -72414 
•43 ‘76439 
•44 -78671 
•46 -81818 

■46 -861 
•47 -88679 
‘48 -OOSOS 
'49 -96078 
‘60 1 ‘00000 


‘631,8843 

‘646,1672 

•666,4123 

‘564,0942 

•671,7831 

•678,7712 

‘686,2317 

‘691,2774 

•596,0867 

•602,4164 

‘607,6096+ 

‘612,6996- 

‘617,4127 

•622,0709 

•626,6017 

‘630,9899 

•636,2781 

‘689,4672 

‘043,6663 

‘647,6836 

‘661,6263 

■666,4006 

•669,2121 

■668,9660 

■666,6667 

•670,3183 

•673,9247 

•677,4802 


•684,6061 

•687,9620 

•691,3883 

•694,7866- 

‘698,1686+ 

•701,6067 

•704,8328 

•708,1387 

‘711,4263 

•714,6971 

•717,0629 

‘721,1961 

‘724,4253 

‘727,6449 

‘730,8663 

•734,0679 

•737,2640 

‘740,4460- 

•743,6321 

•746,8167 

•760,0000 



i-37oy.9633 

i-3333i3333 

•600,0000 

•500,0000 


I‘o666,66G7 ‘9817,4770 



•880,2776 

•687,0820 

‘693,0492 

•700,0000 

‘706,1663 

‘712,1320 

•717,9449 

•783,6068 



•750,0000 

•764,9610 

•760,8076 

•764,6761 

•769,2682 

‘773,8613 

•778,3882 

■782,8427 

•787,2281 

•791,6476 


•663,6657 

•680,7306 

■609,7119 

•626,4700 

•641,1672 

•654,3666 

‘666,4476+ 

•677,6828 

‘688,0812 

•697,9093 

•707,2064 

•716,0379 

•724,4614 

•732,6203 

•740,2610 

•747,6842 

•764,8468 


•781,1768+ 

•787,2693 

•793,1673 

•798,9108 

•804,4989 

■809,9399 

•816,2414 

•820,4100 

•826,4620 

•830,3730 

‘836,1782 

•839,8723 

•644,4698 

•848,9447 

•863,8308 

•867,6216+ 


•674,7600* 
‘605,3989 
‘628,6048 
•048,0000 
•064,9100 

•680,0376“ 
•693,8013 
•708,4762 
•718,2600* 
■729,2661 

•739,6201 

•749,4163 

•768,6983 

•767,6286+ 

•776,9601 

•784,0000 

•791,7097 

•799,1062 

•806,2127 

•813,0496+ 

•819,6347 

•826,9839 

•832,1113 

•838,0296 

•843,7600* 

•849,2828 

•864,6374 

•869,8222 

•664,8449 

•869,7127 

•874,4322 

•879,0092 

•883,4496 

•887,7683 

•801,9403 

‘608,0000 
‘899,9416 
‘903,7691 
‘907,4861 
•911,0961 I 

•914,6023 
•918,0078 
'921,8164 
•924,6280 I 
•927,6480 I 

■930,6780 

•933,6202 

■936,4768 

•939,2600* 

•941,9417 


‘684,4589 

■618,8464 

•644,8267 

■666,3904 

‘686,0941 

‘701,7381 

■716,8013 

•730,6973 

•743,3462 

•766,2061 

•706,2990 

•776,7218 

•786,6497 

•795,8446 

•804,6680 

•813,0330 


•593,1269 

•630,8264 

•659,1614 


•601,0142 

•641,6713 

•672,0739 


•682,6600 *697,0494 
•702,7486“ -718,4861 



•720,6194 

•736,7071 

•761,3623 

•764,8306 

•777,2922 

•788,8842 

•799,7141 

•809,8678 

•819,4169 

•828,4168 

•836,9200 

•844,9674 

•862,6963 

•869,8363 

•866,7161 

•873,2594 

•879,4898 

■886,4260 


•737,3622 

•764,2646 

•769,6793 

•783,6773 

•796,4681 

•808,3736 

•819,4433 

•829,7631 

‘839,4117 

‘848,4647 

•866,9474 

•864,9373 

•872,4661 

•879,6668 

•886,2736 

•892,6136- 

•898,6113 

•904,2893 


891,0866+ -909,0677 
896,4844 ‘914,7647 


•915,2906 

•919,1213 

•922,8114 

•926,3663 

‘929,7909 

•933,0900 

•936,2680 

‘939,3290 

•942,2769 

•946,1166 

•947,8486 

•960,4793 

•963,0110 

•965,4466 

•967,7892 

•960,0417 

•962,2061 


‘901,6370 

■906,6667 

‘911,2666 

•916,7448 

•920,0347 

•924,1349 

'928,0642 

•931,8008 

‘936,8826 

•938,8067 


•919,6969 

•924,1796 

•928,6267 

•932,6612 

‘936,6648 

•940,2787 

•943,8032 

•947,1477 

•960,3213 

•963,3323 

•966,1686 

-968,8976 

•961,4662 

•963,9010 

•966,2084 

•968,3940 

•970,4636 

•972,4224 

•974,2766- 

•976,0276 

•977,6834 

•979,2472 

•980,7231 

•982,1162 

‘983,4272 
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n 


5 (ill 3’i4iSi9a6S+ a'0000,0000 i'570J'i9S33 *‘333313333 *'1780,9783- I-o666,6667 ‘9817,4770 


« *• 

•DO l-OOOO 'TDOjOOO '853,6634 ‘909,1649 ‘941,9417 ‘962,2061 •976,0874 ‘983,4272 



1 ‘17391 
1-22222 


1‘27873 

1-32668 

1-38096’'' 

1-43802 

1-60000 



‘67 1 2-03030 
•68 




•70 2-33333 

•71 
•72 

•73 2-70370 

•74 2-84616‘*- 

•76 3-00000 

•76 
•77 
•78 
•79 

•80 4-00000 

•81 4'26316 

•82 4-66656 

•83 4-88236'*- 

•84 6-26000 

•86 6-66667 


6<14286 
•87 6‘69231 

•88 7-33333' 

•89 8-09091 

•90 9-00000 

•91 lO'lllll 
•92 11-60000 
•93 18-28671 
•94 16-66667 
■96 Ifi-OOOOO 

•96 24-00000 
•97 32-33333 
49-00000 
■89 89-00000 
I'OO « 


-763,1833 

•766,3679 

•769,6660-'- 

•762,7460 

•766,9421 

‘769,1447 

•772,3661 

•776,6747 

•778,8049 

•782,0471 

•786,3029 

•788,6737 

•791,8613 

•796,1672 

‘798,4933 

•801,8416-' 

•806,3186-^ 

•808,6117 

•812,0380 

-816,4949 

•818,9860- 


■897,6836 

‘903,0133 

•908,7226 

•914,7683 

•921,2288 


•867,0714 

‘860,6651 

•864,0066- 

•867,4236- 

•870,8099 

•874,1667 

•877,4917 

•880,7887 

•884,0673 

•887,2983 

•890,6126- 

•893,7004 

■896,8627 


•826,0763 

•829,6817 

•833,3333 

•837,0340 

•840,7879 

•844,6994 

•848,4737 

•862,4164 

•866,4337 

•860,6328* 

•864,7219 

•869,0101 

‘673,4083 

•877,9291 

‘882,6873 

•887,4006-»- 


•936,9058 
•944,6877 
•964,8328 ' 
*968,1167 
1 * 000,0000 


•912,3064 

•916,3966- 

‘918,4232 

•921,3908 

•924,2993 

•827,1406 

‘929,9426 

‘832,6793 

•936,3603 

■937,9866- 

•940,6686- 

•943,0770 

•946,6427 

•947,9660 

•960,3176- 

•062,6276 

‘964,8869 

•967,0966 

■969,2642 

•961,3629 

■963,4219 

•966,4316 

•967,3920 

•969,3033 

•971,1686 

•972,9788 

•974,7430 

•976,4881 

•978,1240 

•979,7403 

•981,3070 

■982,8236- 

•984,2896-*- 

•986,7046- 

•987,0677 

•988,8786-^ 


•991,9884 

•903,0766 

•994,1078 

•996,0779 

■996,8841 


■997,6909 


•998,8873 


•999,7072 


‘944,5539 

•047,0884 

‘949,6468 

■951,9309 

‘964,2422 

•966,4822 

■968,6624 

•960,7643 

•962,7800 

■064,7680 

‘966,6624 

•968,6036- 

'970,2823 

‘972,0000 

•973,6676 

‘976,2662 

•976,7968 

‘978,2803 

■979,7076-^ 

‘981,0796‘'* 

‘982,3971 

‘983,6610 

'984,8722 

‘986,0314 

‘987,1393 

•988,1967 

‘989,2043 

‘990,1627 

‘991,0727 

•801,9360- 

•992,7600* 
•993,6186- , 
•994,2410 
•994,9182 
•996,6606'» 

■996,1386 

‘996,6820 

•997,1841 

•907,6426'' 

'998,0687 


‘998,7666- 

■999,0689 

•999,3110 

‘998,6232 


‘964,2866 


‘968,2019 

•970,0419 

‘971,8066- 

•973,4977 

•976,1177 

•97e,6686''' 

•078,1521 

•979,6703 

•980,9260- 

■982,2179 

■983,4607 


■986,7431 

•986,8058 

■987,8180''' 

•988,7722 


•991,3464 

'992,1101 

■992,8290 

■993,6044 


•904,7300 


•996;7974 

•99e,8760''‘ 


■997,1242 

‘997,4984 

•987,8406''- 

•998,1618 


1,1386 *998,6871 

1,6820 •998,0136''' 

',1841 •999,1141 

',6426'* ‘099,2901 

1,0687 -989,4428 

1,4332 •909,6736“ 


•899,8296+ 

•099,8246- 

•999,9812 


•999,7742 

‘999,8470 

•989,9034 

•999,9449 

•990,9732 


•990,9963 
1-009, 0000 


‘984,6629 

•886,8266 

•988,9187 

•987,9466+ 

•988,9090 


•990,6680 

•991,4489 

•992,1878 

•992,8771 

•993,6193 
■994,1107 
•994, '6716+ 
•996,1860 


■996,1023 

•996,6081 

■996,8814 

■997,2242 

•907,6381 

•997,8249 

‘998,0861 

•998,3234 

•998,6382 


•999,0621 
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TABLE I (continued). 


n=s 

9 

10 

11 

12 

13 

■14 

16 


4-0 

. 4-6 

6-0 

8-6 

6-0 

6-6 

7-0 

5 {*.*{«-*))“ 


• 8 ] 90 , 39 a 4 

• 81126 , 9 B 4 X 

•773*1*633 

•7588,1674 

•7086,9913 

■6819,8468 

HnKHI 








•00 -00000 

•600,0000 

•600,0000 

•600,0000 

•600,0000 

•600,0000 

•600,0000 

‘600,0000 



•608,2878 •016,O625+ 
•851,6230 •660,8451 
•683,8813 •604,7289 
•04 •04187 *710,2080 

•05 -06263 •732,7030 

•06 '06383 *752,4086 

•07 *07527 ■760,0691 

•08 -Orteoe •785,7768 
•09 -OOSOO *800,1543 
•10 *11111 •813,3126+ 

•n -12360 *825,4173 

-12 *13630 •836,5998 

•13 -14043 ■846,0067 

•14 •16279 *866,6010 

•16 -17647 -ae^SBOO 

•16 *19048 •873,0640 

•17 -20482 *881,8030 

•18 -OlOSl *880,1461 
•19 -23467 *896,0306 

•20 -26000* ■902,4022 

•21 -26682 ‘008, 6623 

•22 *28206+ •814,2087 
•23 -29870 •919,6362 

•024,6876 
•929,4434 

‘033,9221 
•038,1410 
‘942,1166 
■946,8606 
•30 -42867 •949,3892 

•31 •44928 •062,7140 

*32 -47069 •056,8463 

•33 ‘40264 •968,7009 

‘84 •61616+ *861,6760 
‘36 *63846 *864, 1927 

•80 ‘66260* ‘866,6060 
•37 •68730 •968,9741 

•88 -OISOO •871,1646 *878, 2993 
•39 *63934 *878,2061 •980,0108 
•40 -eoee? • 976,1322 'osiioocs 

•41 •60402 *076,9426 -983, 0026 
•42 *72414 *078,6424 *984,4764 
•43 *76439 *980,2874 •986,7637 

•44 *78671 •981,7331 *986,9604 

•46 -aiSlS ’•083,1348 *988,0718 

•46 -86186+ '984,4474 •989,1032 
•47 ’88679 •986,6767 •990,0694 
•48 -92308 *986,8241 -990,9461 
•49 -96078 *987,8968 '991,7646 
•60 1-00000 *988, 8880 •992,6218 


•964,6700 

•967,3680 

•969,9686 

•072,3820 

•974,6234 

•976,7026 

•978,6310 

•080,4186 

•982,0747 

•988,0080 

•986,0268 


•627,4280+ 

•677,6476 

•714,2620 

•743,8051 

•768,6378 

•790,0479 

•808,8153 

•826,4678 

•840,3423 

•863,7408 

•866,8628 

•876,8740 

•886,0086+ 

•896,0772 

•904,4720 

•912,1742 
•918,2401 I 
•926,7661 I 
•031,7469 
•937,2606 

•942,3664 

•847,0494 

•951,3806 

•966,3780 

•960,0678 

•962,4741 

'966,6182 

•968,6201 

•971,1980 

•873,6084 

•976,9407 

•878,0471 

‘979,9824 

•981,7648 

‘983,4064 

■984,9140 

•980,3019 

•987,6762 

•988,7469 


986,3386+ ‘989, 8186" 

987,6606“ *990,8012 
'988,6692 -981,7008 
■988,7011 -892,6233 

•900,6519 ■993,2746 
■991,6272 -993,9601 


•988,7011 

•900,6619 

•991,6272 

•992,3321 

•993,0714 

•893,7497 

•994,3713 

•994,9402 



‘633,1220 

■686,1864 

•723,1270 

•763,4981 

•778,8943 

•800,0762 


•836,4166 

•861,3163 

•864,6560+ 

•876,0660 

•887,4963 

•897,8191 

-906,2428 

•014,3866 

‘921,7762 

-928,6406 

•034,7266 

'040,3863 

•946,6678 

•060,3161 

•864,6683 

•968,6684 

•062,3173 

•066,6726- 

•908,7491 

•971,6700 

•974,1668 

•976,6263 

•978,6960 

•980,6837 

•982,6028 

•084,1668 

•986,6879 

•887,0774 

•0S6.3468 

•880,6027 

•990,6670 

•991,6169 

•992,3900 

•893,1833 

•093,9033 

•894,6660 

•996,1470 

‘996,8814 

•996,1640 

•996,6992 

•996,9009 

•997,3431 

•997,6692 


■688,6613 

•692,4281 

■731,4877 

•762,6930 

‘788,4677 

•810,6424 

•820,6872 

•840,4828 

•861,3410 

•874,6708 

■880,4074 

■807,0391 

•906,6184 

■915,2711 

•023,1026 

•030,2024 
•936,0476+ 
•942,6044 
1 •947,8311 
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HI 

HI 

H 

m 


H 

16 

7>0 

B(*. 4 {»-!))- 

•9142,8571 

•8590,2924 

•8126,1)841 

•773ii*63a 

•7388,1674 

•7086,9912 

•6819,8468 

•60 


•988,8980 

•992,6218 

•094,9402 

■996,6638 

•997,6692 

■998,4011 

■998,9054 

•61 

1-04081 

•989,8316 

•903,2209 

•996,4801 

■996,9484 

•997,9423 

■998,6088 

•999,0573 

•62 

1-08333 

•990,7011 

■993,8664 

•996,9346 

•897,2968 

•998,1966+ 

•998,7927 

■899,1903 

•63 

1-12766 

•991,6101 

•994,4689 

•996,3670 


•998,4216- 

•998,0660+ 

•999,3066 

•64 

1 -17391 

•992,2620 

•996,0047 

■996,7604 


•998,6227 

•999,0981 

■999,4080 

•66 

1 *22222 

•992,9599 

•996,6067 

■997,1177 

•998,1444 

•998,8016 

•990,2239 

■809,4962 

•66 

1-27273 

•993,6069 

•906,9661 

•997,4416 


‘998,9602 

‘999,3342 

•099,6727 

■67 

1 •32668 

•994',20&9 

•996,3866 

•997,7348 

■998,6749 

•999,1006" 

•999,4307 

‘999,6388 

•68 

1-38096+ 

•994,7697 

•996,7699 

•997,8996 


■909,2243 

■999,6148 

■999,6968 

•69 

1-43002 

•996;2708 

•997,1204 

■998,2383 


•999,3333 

■999,6880 

■909,6616+ 

■999,7448 

Kl 

1-60000 

•996,7419 

•997,4396- 

■998,4530 


■909,4289 

•998,7868 

•01 

1-66410 

•996,1763 

•997,7294 


•999,1889 

■099,5127 

•099,7064 

•999,7636 

•999,8226 

•02 

1 •63168 

•996;8733 

•997;9923 


■999,3014 

‘999,6867 

■699,8631 

‘999,8789 

•03 

1-70270 

•996;9382 

•998,2301 

•998.9720 


•989,6492 

•999,7942 

•04 

1-77778 

•997,2720 

'998,4448 


•999,4876 

‘999,7043 

■999,8289 

•999,8684 

■999,9007 

•06 

1-86714 

•997;6767 

•998,6380 

•999,2308 

‘999,6638 

•999,7618 

■999,9190 

•66 

1*94118 

•997,8643 

•998,8116 

•909,8386 


•099,7927 

•999,8836" 

•998,9046 

•998,9343 

•67 

2*03030 

•998;i066- 

■998,0669 

•999,4336 

•999,6882 

■898,8278 

■999,8677 

■999,9470 

•68 

2-12600 

•998,3360+ 

•899;i067 

•999,6172 

■999,7383 

•999,9224 

■999,9676 

•69 

2-22681 

•998,6416 

•999,2291 

•999,6904 

•999,7816+ 

■999,8831 

•990,9372 

■999,9662 

•998,9733 

•70 

2-33333 

•998,7278 

•990,3386+ 

•999,6643 

•999,8186 

■880,9046+ 

•999,9496 

•71 

2-44828 

•998,8961 

•999,4362 

•999,7009 

'999,8603 

•099,9226+ 

•999,9698 

•999,9781 

•72 

2’67143 

•999^0449 

•999;6203 


•999,8773 

•999,0376 

‘999,9682 

■999,9637 

•73 

2-70370 

•898;i786- 

•909,6949 

•999,7993 


•990,9601 

■999,9760+ 

•998,9876" 

•74 

2-84016-^ 

•990,2972 

•909,6600 

•999,8347 

•999,9193 

■899,9604« 

•998,9806 

■999,8004 

•76 

3-00000 

■999i4023 

•999,7166+ 

•999,8648 

•999,9363 

•999,9689 

•998,8860+ 

•999,9928 

•76 

3-16667 

•999,4949 

•999,7663 

•999,8904 

•999,9486 

‘999,0768 

'999,9886 

■999,8946 

•77 

3-34783 

•999;6761 

•999,8072 

■999,9119 

•999,9696+ 

•999,9814 

'099,9914 

*999,9960 

•78 

3-64646+ 

*999,6469 

•999,8430 

'999,9298 

■999,9686- 

•999,9868 

•999,0936 

■999,9971 

•79 

3-76190 

•999,7083 

■999;e733 


•899,9767 

•999,9893 

'989,9921 

■898,9963 

•999,9970 

•80 

4-00000 

•999,7612 

•999,8988 


•999,9816+ 

■999,9966 

•990,0986+ 

•81 

4*2e316 

■999,8064 

•999,9200 

•999,9668 


•999,9942 

•899,9976 

•989,8990 

•82 

4*66666 

■999i8448 

•999,9376 

•989,9748 


•999,9868 

■999,0983 


•83 

4*88236-*' 

•999,8771 

■990,9620 

•999,9811 

■999,9926 

•099,9971 

•999,9988 

•999,9996+ 

•84 

6-26000 

•999,9040 

•999,9636 

•999.9861 

•899,9947 

•999,9980 

'899,9992 

*999,0987 

•86 

6-66667 

•999,9262 

'999,9729 


•999,9963 

•999,9986 

•999,9996" 

‘999,9998 

•86 

6*14286 

•999,9443 

■999,9802 


•999,9976" 

'999,9991 

■898,9997 

•999,9999 

•87 

6'69231 

■999,0687 

•999,9869 

'989,9962 

•999,9983 

•999,9994 

'990,9996 

'^99}Q9&B 

*999,9999 

•88 

7-33333 

•999,9702 

■999,9902 

•999,9968 

•999,9989 

'999,9999 

1*000,0000 

•89 

8-00091 

•999,0700 

•999:9934 

•999,9979 

•999,9993 

'999,9998 

*B99j9999 


•90 

■91 

•92 

•93 

•94 

•98 

•96 

•97 

•98 

•99 

1-00 

9*00000 

10*11111 

11-60000 

ia-28671 

16-6e867 

19-00000 

24*00000 

32-33333 

49-00000 

99-00000 

X 

•90O;98e7 

•999,9907 

•999,9942 

■999,0966 

•999,9082 

•999,9991 

•099,9996 

•099,9999 

1*000,0000 


•999,9987 

'999,9992 

•989,9996 

•999,8998 

•999,9999 

1-000,0000 

•999,9996 

•999,9993 
•999,9999 
■999,9999 
1-000, 0000 

•999,9999 

'999,9999 

1-000,0000 

1*000,0000 
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TABLE I (fiontinued). 



no 

i(n-l)= 


!(«-*))- ‘6580, me •6365,1904 -6169,4790 *3990,7674 -58*6, 7301* -3675,4639 -5533,3936 


*600,0000 *500,0000 *600,0000 *600,0000 '600,0000 *600,0000 *600,0000 



•648,7191 

*706,8891 

*746,9108 

*779,55420 

*808,8670 

•828,3252 

■847,6060 

*864.3378 

*878,9811 

•891,8768 


•12360 

•13636 

•14943 

•16979 

•17647 

*19048 

•20488 

*21961 

•23467 

*26000' 

*26688 

*28906+ 

•89870 

■31679 

•33333 

*36136+ 



*38889 

•40846+ 

•42867 

*44928 


•66260' 

•66730 

•61200 


•977,0440 

•979,6166+ 

•981,7370 

■983,7329 

■085,6262 

■987,1339 

•988,6787 


• •72414 
*76489 
•78671 
•81818 

•86186+ 
•88679 
'48 *92808 
■49 I *96078 
1*00000 


*991,0270 

*902,0641 

•992,9903 

*003,8174 

•09*^6662 

*086,2126 

•006,7976+ 

•986,3174 

•906,7787 

•997,1876 

‘997,6494 

‘997,8680 

>998,1608 

•998,3989 

•998,6170 

*908,8082 


■663,0039 

•712,1764 

•764,0878 

*786,8968 

*813,7891 

■836 i 3720 

•886,6473 

•872,2866+ 

•886,7689 

•800,4620 

•010,6124 

■920,4608 

•929,8002 

•936,0617 

•043,8403 

•040,9870- 

•966,4036 

•660,3608 

•964,7161 

‘068,6140 

•078,0080 
•976,2116 
•077,9030 
•080,4708 I 
•982,7008 

•084,6826 

•986,4518 

•988,0297 

•989,4361 

•990,6887 

'091,8033 

■992,7943 


•994,4666 

•096,1476 

’906,7 e 02< 

•996,8016 

•90^7800 

•997:2016+ 

•997,6726 

•997,8986 

•098,1847 

•996,4363 



‘917,3087» 

•026,8732 

■936,2998 

•942,7383 

•049,3160 

•966,1406 

•960,3038 

•964,8837 

•968,9489 

•972,6683 


•983,3803 

•986,8710 

•987,1366+ 

•088,7016- 

•990,0877 

•091,3148 


■662,6644 

•723,0893 

•767,8869 

•801,0636+ 

■628,3662 

•861,0331 

•870,1846+ 

•886,6309 

•900,6211 

•912,8163 

‘983,4323 

•932,7010 



•903,3687 


•094,9611 

•996,6088 

•096,1868 



•098,1880 

•998,4876 

•998,6884 



999,0193 


•898,2020 

•998,4021 

■998,4868 

•099,6762 

•998,6448 


-984,6820 

•968,8664 

•972,6460 

•976,9812 

•978,9246- 

•081,6217 

•983,8130 

•986,8838 

•987,6162 

•089,1847 

•980,6666- 

•991,7821 

•992,8607 

•993,7891 

•084,6123 

•996,3336 

•996,9050- 

'996,6169 

•996,0986 

•997,4186+ 

•987,7840 

•908,1016 

•998,3771 

•998,6166 

•898,8218 

•988,9007 

•989,1628 

•999,2843 

•999,3870 

•999,4934 

■099,6766 

•999.6466 

•999,7060- 

•898,7662 


•666,8679 

•729,6679 

•773,6213 

•807,6379 

'636,0616 

•867,7294 
•876,7706 
•892,0446 
*006,7943 
*918,7260 >• 

*029,0497 

•088,0160 

•946,8240 

*962,6376 

*968,6931 

*963,8060- 

*968,3702 

•972,3716 

•976,8800 

*978,9660 

*981,6662 

*984,0213 

*986,0863 

*987,9127 

*988,6042 

•990,8971 

*092,1162 

*993,1796+ 

•004,1086 

•994,9187 

*995,6244 
*996,2383 
•906,7716 
I *907,2344 


’671,0369 

■734,9237 

•779,6979 

■813,9080 

■841,4242 

•864,0489 

*882,9530 

•808,9244 

*912,6264 

*924,1796+ 


•676,0782 

•740,1014 

•786,3366- 

•819,8961 

•847,4680 

•870,0211 

•888,7646- 

•004,6161 

•917,8663 



*938,9617 

*947,3066 

‘964,4881 

•900,7028 

•966,0635+ 

•970,7000 

•874,7131 

•878,1084 

‘981,1987. 

•983,8063 

•866,0647 

■988,0201 

■888,7123 

•901,1760 

■992,4410 

•993,6336+ 

•994,4761 

‘996,2884 

•996,4878 

'996,6881 

•997,1064 

•987,6481 

•997,9272 

•998,2612 

•998,6276 

‘998,7631 


•999,1382 

•999,2770 

•989,3986+ 

•999,6010 

•990,6871 


•999,7198 

•999,7704 

•099,8123 

■099,8472 

•999,8760 

•999,8998 
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1<04081 
1 <08333 
1-12766 
1 <17391 
1'22222 


1*27273 
1-32668 
1<38096+ 
1 <43902 
1<60000 

1-66410 
1-63168 I 
1-70270 
1-77778 
1-86714 

1- 94118 

2- 03030 
2-12600 
2-22681 
2-33333 

2-44826 

2-67143 

2-70370 

2- 84616+ 

3- 00000 

3-16667 

3-34783 

3-64646+ 

3- 76190 

4- 00000 

4-26316 

4-66666 

4-88236+ 

6-26000 

6-66667 


•999,9705+ 

•899,9767 

-999,9818 

‘989,9868 

-999,9891 

-999,9917 

'999,9937 


■999,9066- 

'999,9974 


-999,9987 

-899,9991 


17 

18 

8-0 

8-6 

■6365,1904 

•6169,4790 

•990,4840 

•999,6448 

■999,6645+ 

‘999,7033 

-999,6337 

•999,7630 

‘999,6929 

•909,7951 

-999,7434 

•999,8307 

■999,7864 

•999,8606 

-899,8229 

•969,8867 

‘899,8687 

•999,8067 

•999,8797 

•999,9242 

•990,9016+ 

•999,9387 

■999,9197 

■999,9606 

■988,9348 

•989,9606- 

-909,9476- 

‘998,8686+ 

•999,9679 

•999,9761 

•899,9664 

•999,9804 

•999,9733 

‘989,9847 

‘909,9790 

•999,9881 

•990,9836 

•999,9608 

■808,9872 

■989,9930 

•999,9002 

•989,9947 

•999,9926- 

‘698,9860 

‘999,9943 

■909,8970 

•999,9967 

‘999,9978 

-998,8968 

■989,9964 

•999,9977 

•988,8888 

-998,9983 

‘988,8892 

‘999,9988 

‘999,9994 

■998,9891 

•988,8996 

■899,9994 

•999,9997 

■999,9896 

-998,8888 

•999,8997 

■999,9998 

•989,8998 

•889,8899 

•999,9999 

1-000, 0000 

•999,9999 


1-00(^0000 






■999,7976 


-899,8631 

■899,8881 

'989,9089 

-999,9261 

■889,9404 

-899,9621 

‘899,9617 

■999,8696 

■889,8769 

■999,9811 

‘999,9852 

■999,9886+ 


-6580,75-76 -6365,1904 •6169,4790 -5990,7674 ■5806,7301* -5675,4639 -5535,3936 


•999,2491 


■999,3699 

•999,4669 

-989,6390 

•999,6106 

•999,6723 

■989,7252 

•999,7704 

-999,8089 

•999,8416 

•999,8698 

•999,8927 

-999,9123 

•999,9286 

■999,9423 

•999,9686 


•999,9949 

‘899,9961 

-999,9971 

-998,9979 

‘989,9984 


•5675,4639 

■5535,3936 

•999,8833 

■999,9193 

•889,8064 

•999,9363 

•899,9237 

■999,9483 

•899,9387 

■980,8689 

■899,9609 

-999,9676- 

-999,9609 

■888,9744 

■909,9680 

•869,9799 

■898,9766 

■988,9843 

■969,9809 

■999,9878 

•898,9861 

■869,9906 

■899,8884 

■998,9828 

-969,9911 

•889,9846+ 

‘899,9932 

■699,9969 

■999,9948 

■999,9869 

■999,8961 

■988,9877 

899,9971 

■969,9983 

‘999,8878 

■869,9988 

‘999,9984 

■969,9981 

■998,8988 

■898,0983 

■669,9991 

■998,9986* 

■899,8994 

■888,9887 

‘899,9996 

■899,9898 

-999,9897 

■888,9888 

•899,8998 

■999,9999 

■989,9998 

■998,9999 

■898,8899 

1-000,0000 

•989,9689 


1-000,0000 



•899,9989 1-000,0000 
■889,9989 

1 - 000,0000 


6-14286 

6- 69231 

7- 33333 

8- 09091 

9- 00000 

10-11111 

11-60000 

13-28671 

16-66667 

18-00000 

24-00000 


1 - 000,0000 


49-00000 

99-00000 

00 
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n* 

i (»-!)• 



TABLE I ifiontinued). 


S4 S5 26 27 28 

11* *0 12-0 12-6 13*0 13*6 I 14-0 


'540S.S037 -SaSa.yS+a •5*70,1948 -5053,0871 *4963,5870 *4868,8788 *4779,3379 


*00 *00000 *600,0000 *600,0000 *500,0000 *600,0000 *600,0000 *500,0000 *800,0000 


•683,6760 

■763,6700 



•976,2160 

•970,7270 

*982,7311 

•986,3017 

*987,6011 

*089,3823 

*800,8906 


*26 
•27 

•28 I *38889 
•29 *40846+ 
*30 


•993,6380 

*094,6388 

•006,3916+ 

•006,1174 

•906,7346+ 

•907,2686- 

•007,7027 

*098,0787 

*098,3964 

•898,6840+ 

*998,8903 

'008,0800 

'809,2392 

•909,3724 


‘999,6436 

•099,6246+1 


*46 

•47 -88679 
‘48 *92308 
*49 -96078 
•60 1*00000 


<990,7481» 

•999,7947 

•999,8332 

•999,8660- 

•999,8911 

•990,9124 


•909,9441 


•999,7172 

*999,7700 

•898,8136 

•999,8494 

*990,8788 

•998,9027 

*999,9223 

‘999,0381 

*999,9609 

*900,8613 


*984.6198 

•986,9917 

•989,0086+ 

*090,7228 
*992,1702 
•993,4156 
*994,4644 j 
*996,3632 

•996,1066- 

■996,7416+ 

•997,2786 

•997,7314 

*998,1126 

•908,4329 

•998,7017 

*998,9268* 

*990,1160+ 

*098,2720 

■809,4026 

*900,6111 

•988,6010 

•909,6763 

•898,7366+ 

•889,7868 

•999,8282 

‘889,8618 

•999,8896- 

•989,9118 


•964,6283 

*970,2762 

*976,0924 

•979,1361 

‘982,6303 

*886,3828 

*987,7798 

•880,7937 

•991,4862 

*992,9061 

•894,0863 

•996,0946 

*996,9306- 

*996,6346 

•897,2136- 

•997,7006 

•998,1062 

*998,4435+ 

•988,7235+ 

•998,9666+ 

‘990,1474 



•899,2938 

•890,4236- 

*868,6306 

‘960,6189 

*888,6916- 

•899,7610 

•999,7986 

•889,8383 

•899,8716+ 

•888,8977 

•099,8188 

'889,8368 

‘889,9484 

•999,9603 

•998,9680 

•898,9769 

*999,9614 



'999,9403 

•999,9632 

'899,9636+ 

•999,8716 


‘999,8831 


•697,1166 

•767,8448 

■816,6477 

*860,8797 

•878,1986 

•890,8476+ 

•917,2745- 

•931,4638 

•843,0786 

*062,6619 

•060,6047 

•967,1810 

•972,6616- 

-877,2291 

*081,0401 

•984,2219 

•886,8784 

*989,0900 

'990,0626 

•882,4998 

•883,7906 

•884,8686 

*986,7626 

•996,6079 

•907,1271 

•887,6410 

•988,0667 

•988,4189 

■898,7097 

■888,9493 

•988,1468+ 

‘989,3084 

*898,4410 

‘999,6404 

•889,6378 

•809,7097 

•999,7680 

•988,8162 

•899,8632 

■989,8830 

‘889,9084 

•999,9280 

*990,9437 

*989,9661 

*099,9669 

•898,9736 

•089,9797 

■999,9846- 

‘089,9881 

•909,9910 


•700,4760 

•771,9976 

•819,9874 

•856,3482 

•882,6472 

•903,0876 

•921,1562 

*936,0485- 

•846,3770 

*056,6860- 

■063,3106 

‘960,6230 

*974,8467 

■879,1737 

•982,7637 

■986,7436- 

•888,2174 

‘990,2713 

•091,9761 

■893,3904 

■994,6620 

■986,6340 

•886,3376 

•887,0018 

•897,6600+ 

■998,0019 

•998,3737 

•898,6792 

•998,9297 

■889,1347 

•999,3022 

‘999,4387 

■998,6407 

•999,6398 

■988,7127 

•899,7716- 

•998,8188 

•999,8668 

■099,8872 

•990,9116+ 

‘999,9308 

■998,9461 

•999,9682 

•909,9677 

•999,9761 

•999,0809 

•889,9866- 

'989,9890 

•999,9917 

•989,9937 
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TABLE I (contimed). 







26 


28 

28 

i (»-!)= 


11-6 


12-6 


13-5 

14-0 

B(l,i («-!))- 

•5403,3037 

•5383,7848 

■5170,1948 

•5063,6371 

•4963,3870 

•4868,8732 

•4779,5579 



•999,9441 

■909,9613 

•999,9731 

-999,9814 

‘989,9871 

‘999,9910 

•999,9937 

■61 

1-04081 

■989,8656 

■999,9606 

-099,9781 

‘998,9866 

-099,9901 

•999,8932 

•899,9968 

•62 

1 •08333 

•999,9649 


-999,9838 


•998,9926+ 

•89819949 

•999,8966+ 

•63 


•999,9724 


•999,9876+ 

•999,9916 

■999;9944 

•999,9962 

‘999;8974 

•64 

1-17391 

■999,9784 

-999,9866 

■999,9906- 


■999;99&8 

•999,9972 

•999i9981 

•66 

1-22222 

•999,9832 


-999,9927 

‘989,9862 

-998,9968 

■989,9878 

-999,9986 

•66 

1-27273 

■988,8870 


•999,98«- 

‘909,9864 

■989,9977 

■999,9985- 

•990,9990 

•67 

1-32668 

■999,0899 

B t wrpjM 

•998,9958 

‘999,8973 

■099;9983 

■999'8989 

•999,9983 

•68 

1-38096-*- 

•099,9923 

B i 

•990,9969 


■989;9987 

•999,9992 

•999,9996- 

•69 

1-43902 

-999,9941 

■999,9963 

•999,8877 

•989,9985+ 

•989;9991 

■999,9994 

•986;89g6 

•60 

1 -60000 

•999,9966 

•999,9073 

•999,9983 

‘999,9989 

-889;9993 

■888,8896 

•888,9897 

•61 

1-66410 

•999,9907 

■999,9980 

■099,9988 

•999,9892 

‘990,0996+ 

•999,9997 


•62 

1-63158 

•999,9975+ 

■999,9986 

■999,9891 

-989,8986- 

-988,9997 

‘99018888 

I!!! in] 

•63 

1-70270 

•990,9982 

•999,9989 

•999,9993 

‘999,9896 

-889,9898 

-999,8989 


•64 

1-77778 

-999,9886 

■990,9992 

•999,9986+ 

•988,9997 

•999;9898 

•999,9999 

1 ‘000,0000 

•65 

1-85714 

•999,9990 

•999,9994 

•999,9987 

•999,9998 

■989;9898 

•099,9988 


•66 

r84118 

-999,9993 


•099,9998 


•988,9098 

1-000,0000 


•67 

2-03030 

•999,9996- 


•999,9998 

•889,9888 

•998,9898 



•68 

2-12S00 

•999,9996 

•909,9998 

•999,9899 

■999,9999 

i-ooo;oooo 



•69 

2-22681 

-999,9987 

•989,9999 

■909,9899 

1-000,0000 




•70 

2-33333 

•999,9998 


■999,9998 





•71 

2-44828 

-999,9998 

-999,9998 

1-000,0000 





•72 

2-67143 

-890,9999 

1-000,0000 






■73 

2-70370 

•999,0999 







■74 

2-84616+ 

1-000,0000 







•75 

3-00000 








•76 

3-16667 








•77 

3-34783 








•78 

3-84646+ 








•79 

3-76190 








•80 

4-00000 








•81 

4-26316 








■82 

4-66566 








•83 

4-88236+ 








•84 

6-26000 








■86 

6-6e667 








•86 

6-14286 








•87 

6-68231 








•88 

7-33333 








•89 

8-09091 








•90 

8-00000 








•91 

lO-lllll 








■92 

11-60000 








•93 

13-28671 








■94 

16-66667 








•96 

18-00000 








•96 

24-00000 








•97 

32-33333 








•98 

49-00000 








‘99 

89-00000 








1-00 

00 


































282 ProhcibUity Integrals of Symmetrical Frequmy Cwves 


TABLE I (ootiUmed). 


n* 





31 Horm&l 

Ift'O Curve ^ 1 14*6 



Normal 

Curve 


•4614.7455+ ■4654.9840 *4614.7455+ S.D.-^ 


* ** 4f ** 

•00 *00000 *600,0000 *600,0000 *600,0000 *36 *53846 *880,7718 ‘888, i 



’01 

•psi 

*04 *04 
*08 *06263 

'06 ‘06383 
*07 *07627 


*10 *11111 

*11 *12860 
•12 *13688 
■18 *14848 
■14 *16379 
•16 *17647 

•16 *19048 
*17 *20488 
‘18 *91861 
'19 *88467 
*20 *26000* 


'702,6783 I *36 
776,1641 I *37 
'823,8040 



*66260* *888,8200 
■68730 *998,8684 
•61290 *999,8880 
*68834 *988,9133 


•988,8683 


■888,8140 

•898,9333 

‘999,8486-^ 


999,9760- 


*088,9325+ *999,9486+ 

*999,9477 *899,8604 

*999,9686 ‘888,9687 


•998,8819 


•999,9886- 

■899,8867 


*988,9822 *999,9944 



*998,9867 ■899,9870 ‘998,9999 

*888,8868 *899,8978 1*000,0000 

*998.9976 *989,9984 

*999,9983 *999,8988 

*998,9987 ‘999,9892 

*999,9991 *999,9994 


*809,9096+ 

*999,9997 


1 * 000,0000 


1 * 000,0000 

1 - 000,0000 
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TAB LE II. Vdvsa of 8>„ (a) and (ji) from a = -00 to -10, 
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■318,3098 48 

■318,8428 48 

'319,3806 60 

■319,9233 60 

■320,4711 61 

•321,0240 62 

■321,6821 63 

■322,1466 64 

•322,7146+ 66 


1 •018,6916 763 

V010,1415+ 761 

r001,7876+ 769 


977,0996+ 760 


10 ■937,4828 


■093,7600 

■082,8780 

■072,1362 

•061,6239 

■061,0400 

■040,6838 

■030,4638 

■020,3496+ 

■010,3700 

■000,6142 

■990,7812 


1 •164,1047 
1 ■160,6260 
1‘137,3468 
1 ■124,2680 
Ml 1,8864 
1 <098,6998 


ttas14 ^ 

»=16 

1-411,0360 6986 

1-386,6134 6812 

1 •360,8718 6642 

1-336,4947 6476 

1-312,9661 6313 

1-280,0668 6163 

1-267,7839 6987 

1-246,1006 6843 

1-226,0017 6693 

1-2044720 6646 

1-184,4970 6402 

1-446,3086 8799 

1-437,4182 8660- 

1-409,3827 8307 

1-382,1780 8070 

1-866,7802 7839 

1-330,1664 7613 

1-306,3138 7392 

1-281,2006- 7177 
1-267,8049 6967 

1-236,1069 8782 

1-213,0832 6662 


1 ■073,9033 
1 '061,7891 
1 ■049,8616- 
1 ■038,1182 


■619,6773 

■487,1906 

•466,8660 

•426,6400 

■396,2100 

■367,8343 

■340,3820 

■313,8232 

■288,1287 

■263,2702 

■239,2201 


1-230,4688 

2863 

1-293,4497 

4076- 

1-214,2086- 

2811 

1-274,2606- 

4002 

M88,2413 

2869 

1-266,4614 

1-237,0456- 

3931 

1-182,6600 

2828 

3860 

1-167,1616 

1-162,0419 

2787 

1 -218,0256 • 

3790 

2746 

1-201,3846 

3721 

1-137,1968 

2708 

1-184,1167 

3663 

1-122,6223 

2666 

1-167,2122 

1-160^6872 

3686 

1-108,3144 

2626 

3618 

1-094,2690 

2687 

1-134,4742 

3454 

1 ‘080,4824 

2548 

1-118,6266+ 

3389 

b=17 

5« 

n=lS 

4* 


■671,0449 

■636,0392 

■600,3070 


■434,4841 

■403,8077 

■373,2330 

■344,2204 

•316,2317 

•289,2296 

•263,1782 


'620,8824 

■681,1403 

•642,9177 

■606,1667 

■470,7976- 

•436,7882 

•404,0749 


■342,3338 

■313,2094 

■286,1876 


1 ■363,6166 
1 <331,2268 
1 ’309,4669 
1 <288,2246 
1<267,4907 
1 <247,2632 

1<227,6014 
1<208,2246+ 
1 •189,4123 
1<171,0648 
1 <163,1404 


1 <669,2362 
1 <636,6438 
1 ‘683,8437 
1 <643,7691 
1<606,3176 
1 ■468,4491 

1*433,0868 
1<389,1669 
1 <366,6248 
1 <336,4038 
1 ■306,4469' 


n 1'716,2284 
il 1<66B,6793 
|l 1'623,2193 
6 1<679,7631 
H 1<638,1894 
« 1‘49B,4410 

'« 1<460,4248 
<7 1 '424,0691 
« 1 '389,2891 
V 1 '366,9809 
|2 1 '324,1247 


I <761,9706+ 25379 
1-710,3691 24138 
1 <861,1616+ 22966- 
1 '614,3694 31837 
1 ’669,6399 20761 
l- 62 e, 8066 - 19726+ 

1 <486,2236 18747 
1-447,4264 17816 
1-410,4108 16928 
1-376,0880 16083 
1-341,3736- 16278 


1 '806,6663 
1-760,7817 
1-687,7730 
1-647,3863 
1-696,4806 
1 •663,8286 

1 <610,8049 
1 <469,3916 
I <430,1769 
1 <392, 8646- 
1 <367,3237 


1’860,0690 33310 
1 ’790,0339 31468 
1-733,1444 29704 
1 '676,2263 28044 
1 '628,1107 26473 
l-578,6433 24988 

1-633,6748 23683 
1-490,0646+ 22266- 
1-448,8798 21000 
1 ■406,3660- 19814 
1-372,0616 18693 


1-892,6827 37768 
1 <828,1926 36641 
1 ■767,3664 38440 
1-709,8644 31460 
1-666,6183 29694 
1-604,1316 27836+ 

1 •666,6286 < 26178 
1-609,6432 24619 
1-4600199 23160+ 
1-494,8116+ 21768 
1-386,7800 20468 


1-934,1631 

1-865,3266- 

1’800,4812 

1-739,3779 

1-681,7828 

1-627,4760 

1<676,2816- 

1-627,9166 

1-482,2869 

1-439,1963 

1-398,4812 


1 '801,4972 

1-832,6834 

1-767,8342 

1-706,9766+ 

1-849,7609 

1-695,9207 
1-646,2607 
1 '497,6617 
1-452,6281 
1-410,2772 


2-014,7632 
1-936,7603 
1 <863,7216 
1-796,2948 
1-731,1612 
1-671 ,0237 

l<ei4,6058 

1-661,6603 

1-611,9178 

1-466,1836 

1-421,2422 


2-063,8637 
1 •971,1660 
1 ■893,8489 
1-821,8167 
1-764,3986-' 
1-681,36&7 

1-632,3706 

1-677,1493 

1-686,4196- 

1-476,9986 

1-431,4428 


2-092,2437 66310 
2-004,7698 80376- 
1-923,3136+ 59806 
1-847,4480 61687 
1 •776,7412 47686- 
l-710,K>29 44079 

1-649,2725+ 40748 
1-691,8189 37678 
1-638,1286 34832 
1-487,9234 32210 


3-129,9327 

2-037,6836 

1-961,8697 

l-873,2884 

1-798,2364 

1-729,4164 

1-666,3646+ 

1-608,7078 

1-630,0994 

1-498,2231 

1-446,7862 


2-166,9667 

2-068,6762 

1-979,6279 

1-896,2298 

1-818,9363 

1-747,2484 


1-618,8699 

1-661,3818 

1-607,8776 

1-438,0836- 













































ON THE APPLICATION OP CONTINUED FRACTIONS 
TO THE EVALUATION OF CERTAIN INTEGRALS, WITH 
SPECIAL REFERENCE TO THE INCOMPLETE BETA^ 

FUNCTION. 

By J. H. MULLER, M.Sc. 


(i) The Qubjecii of the present short paper was suggested by the lectiures of 
Professor Pearson on Laplace.'^ 

Laplace considers j or the inoomplebe integral of a normal curve whose 

/- . 1^/2 

area » v r and standard deviation « -jx tt • 

V2 2 


Let 






” 2 2 ^ I) Ift+Si 


I ^-1* 

21 ~ 25 ? + "~W 

rj* 

Zt 


S-** s-Vl.a.s-** a. 3 . 6. fir**. 1.3. 5. 7,. 

+ — Si is 


W 


2 * 


putj«gj,, 


r^L 1.1.8 1.8.6. .(■•1)>-I.8.5 ...(2r-1) . 

2<>‘^(2«<P (2<»)^ "^ *'* ■*■ "W 
. (~l)*^»1.3...(2m-l) 


I 


i(i« "“ys ( 1 + 1 . 8 1 . 8 . 6 . 5 *+ ...|. 

V 2 j 

This is the series considered by Laplace. It is ultimately divergent, but, for 
large values of t or small values of y, a very accurate approximation to Jo may be 
obtained by summing the terms before the point of divergence is reached, 

Wewiite i8s=l-qf + 1.8.2>-1.8.6,f»+.... 
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w. 

= yi + J/»< + ya«* + . .. + + y«+a<f»+i + (B). 


From (B) 
From (A) 


? = 9y» + 2?y8« + ... + (a + 1) gy*+8<*+ • 

dij>_ q 1.3. g® . 1.3.5. (j» 
(1-4)* (l-4)« 


«=l~(l-<)<^(4) 

= 1 — (1 — 4) {yi+ ^s4+ y»4*+ ... +y«+it*+ ...} 
equating coefficients of 4* in (C) and (D). 

.-. g(® + l)jy«+i'=-y«+i+y« 

y<t+i 'Va+l 

y*+j jj_ ^ 

y«+i 

■ « 

^1 + .... 

yx is the term in (A) or (B) independent of 4 

= l-g4-1.3.2*- ..=8. 

In(E)putq = 0. yo = yi( 9 -ffl“l- 

‘ * ^ 1 + 1 + 1+ 


This is the continued fraction obtained by Laplace : 

24 f e~‘*dt 
a 1 ^ 


1 f “ 
\/27rJ« 

-Le-i- 

VStt 


as fl! in the usual notation, 

or where g=si. 

a ’ ^ c? 

This form of the continued fraction (S’) has recently been employed in the 
Biometric Laboratory, in checking tables of 


Biometrika xni 


19 
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When '236,662,383 correct to 9 places ia obtained by using 

16 convergents of (F). 

A well-known method of converting series of such a type os B into a continued 
fraction is the following : 

Let 1 )^-w 1 , 3 . . . (2r + 1 ) + (- ly « 1 . 3 . . . (2r + 3) g'^-s H- . . . , 

(“ !)"+» 1 . 3 ... (2r-h 3)g*'+»+ (- 1 . 3 ... (2r + 5) g‘-+* -h ... . 
s,-a,+i«(-l)r+il.3...(2r + l)g*^\ 
and ...(2r--l)g'. 


Sr-l-Sr 


. gr , (gy-H)g „ 

" Sr-i ( 2 r+l)g-l + -^i' 


ili SB- — 2 — 3q 


6g “* 1 + 1 




.(G). 


7g-.l + ... 

So"* — g+1.8.g*— ... =)S1— 1, 

— g + 1 . 3 .g* ..,"* 8 . 

is given by (Q). 

.’. •%— 3 g 

l"'^”'l*^3g-l + ... 

This type of continued fraction may be termed the " equivalent ” fraction. 

The n*'*' convergent of this continued fraction exactly reproduces n terms of the 
secies. 

(ii) Besides the Incomplete Normal Curve Integral, two other most interesting 
functions in statistical analysis are the incomplete Beta and Gamma functions. 

Series and their equivalent fractions, analogous to (Q), may easily be found for 
these functions. 

Let F(n) =» f (r*{e*dff a>0 

-<r* ai» + ” -H ? . . . + ” ~ ^ f 

[ X a* ia ] 


1)4*-^ ..., where f=-. 


Consider 
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This is a terminating series if to be integral, but ultimately diverges if n be 
fractional. If as is large compared to n a very good approximation to may be 

0"^^n if 

obtained by summation of the terms before the point of divergence is reached. 

Let s,.=tt(TO--l)...(TO-r + 

... 


(TO-r + l)t^*(»-r + l)t + l- 

8r 8f 


*r+l 


8r _ (n—r+l)t 
1 + (to— r+l)t- 




putr = l. 


fi(»«l + TOt + TO(TO-- l)t*+ 
^ I» 


«o— 1 nt (n — l)t 


(n-2)< 


and 


(iii) Lot 


l + nt— l)t — 1 + (TO-2)t — 

1 

jB* (to, t)) ss f (1 — das 

J 0 


•(H). 


TO 


(1 - ^ j" fl>« (1 - asy* 


TO-1 


= ^^(l-»)-i + 3^fi.(TO+l.TO-l); 


TO 


put 

Hence 


1— y, md )=|^>. 


' TOfii(TO, V)1 ^tt + 1^ (TO + l)(tt + 2) 

^(« + 1)(to + 2)..,(to+«- 1)* + a). 

If u be an integer (a) the series terminates after a terms and r«(TO, t) becomes 

TOili(TO,t>)t ^ TO + 1 ^ (to •i-l)(TO*f2)...(TO+«“l) j ^ 

put A * TO -f TO — 1, then the first « terms of 

1,1 

(a; + y)** = a^+ksd^^y + 2| ^ ji;_2 )} ^ 

k ! 
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Writing the terms baokAvards, the first v terms 
it! 

(b — 1 ) I a! 

( M + 1 (tt + l)(tt + 2 ) I 




( 1 .- 1 )! 




(li + 1 ) (it + 2 ) . , , (tt + B - 1 ) 

Hence if v is an integer 

7e (li, «) *= first V terms of (a; + yf, 
where & = w + b — I, y ssl —eg. 

(See Karl Pearson, Biometrika, Vol. xvi. p. 202, and Soper in Tracts for Goniputers, 


No. vij.) 
Let 


U tt(u + l) 


~ l ). -( t ^- r ) 
ii(T* + i).,.(u+r) 




» tr + «(i^-i)-f«-y -l) .,+ 1 , 
u(u+ 1 ) ...(tt+r) «(tt.+ l)...(m-r+lj‘^ 


u(« + l)...(«+r)^' 

'■ tt(u’+l).,.(u+r'-l)* ’ 
8f UA r \ 8r } 


or 




ft. 

So' 


tf-r 
tt + r 


t 


«+r Sr 


< 1-1 
tt + 1 


t 


v -1 


t 




M + 1 

^^ say , 


#0 = ^ and 


Vj-l , V 

tt +1 tt 


A 


So 


11-1 


t 


« '•' A . 1 ii+JL-*' + 

"u'^ A '’itV'so /’ 

- ^—1 * 11—2 

u it +1 tt+ 2 * 


■!+«• i+l!_n.S^,_i + »r:2,_ 

« tt+l tt +2 


(J). 
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It is therefore seen that continued fractions (Q), (H) and (I) of the "Equivalent" 
type are obtained for the "Normal Integral," the "Gamma Function" and the 
"Beta Function” series. In the Normal series, another type of continued fraction 
(F) was obtained by Laplace. It appeared desirable to investigate whether a 
similar type to (F) also exists for the Gamma and Beta Function series. 

In my investigations I found that another class had actually been found for the 
Gamma Function (De Morgan, Diff&r&ntiaZ Oakulua, p. 590). 

Be Morgan Buds for 


, , n , n(n-l) , n(n-l)(n-2) . 
m ar 


3? 


the continued fraction 


a 


1 1 -n 2 2-n 3 3-n 
a 


as CB 01 0! 


at 


.(K). 


1 - 1 + 1 + 1 + 1 + 1 + 1 + 1 + 

Finally I came across an important paper of Thomas Muir, “New General 
Formulae for the Traissfonnation of Infinite Series into Continued Fractions," 
TranaaoHona of the Royal Society of JSdinhurgh, Vol. xxvii. p. 467. 

1 at a> 


Assume 


1 H* Bj® + jBj®* + ... = — 


tll+ 08+ 0# + 

where ci, a*, ... are independent of a. at, oa, ... are then obtained in the form of 
determinants in Bi, Bs, ... by equating coefficients of like powers of ®. Thus 

1 + Bi® + B8®* + B8®®+ ... 

— _L- SiSiO! 

/Sa- S*- Ps- No- 
where the values of Bi, Sa, Ba» Bit ••• are given by 




J5x. 

1 Bt 

i 

5iB, 

f 

1 Bx Bt 


Bx Bg Bg 


Bt Bg 


BtBa 


Bx Bg Bg 


Bg Bg Bt. 






Bg Bg Bg 


Bg Bg Bg 


1 St Bg Bg , Bx Bg Bg Bg 

Bi Bt Ba Bg Bg Bg Bg Bg 

B, Bg Bg Bg B, Bg Bg B, 

Bg Bg Bg Bg Bg Bg Bg Bg 

This method 1 applied to the Normal series 

B— 1 — ® + 1 . 3®*— 1 .3 . 5®? + ... , 


and found Bx=-1, Bga»1.3, 

B8 = -1.3*6, Bg = l,3.5.7, 
B6=-1.3.6.7.9, B,«1.3'.6.7.9.11,.... 
The values found firom the determinants were 
A**!, Ba«2, Ba^e, /9g-48. /95“-46.16. B**46.48.16, 
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On substituting these values and simplifying, 

1 ^ 3a) Bx 

■’'“1 + 1 + 1 + 1+1 + 1 + "'’ 
i.e. the same form as Laplace’s. Compare (F). 

This method was next applied to the Qamma Function series 
jSs-l+nt + nCa— l)<^ + n(n--l)(n- 2)t®+ .... 

Hence £i »* «, Bj ■« n (n — 1), jB# » tt(n — 1) (n — 2) 

The values found from the determinants were 
/3i«7i, /94*-2n*(»-l), /96 = -2n»(n-l)*(7i~2). 

Substituting these values, and putting we find 


n 1 1 — » 2 2—n 

1 X X X X X 

1 + 14 . 14 . •••' 

which is the same as De Morgan’s form. Compare (K). 

Tables of the Incomplete Beta Function B*(«,t)) are at present being com- 
puted ; such tables are of necessity limited, and it therefore seems highly important 
to investigate every channel which may lead to values of this function, as such 
may be of assistance in the actual computation of the tables, or in obtaining values 
outside their range. 

Attempts to obtain a continued fVaotion of Laplace’s or De Morgan’s type, by 
employing their methods, were unsuccessful. Muir's method was then applied to 
the series (see (I) above) 

V — 1 . . (v — l)(i; — 2) 


B«l + 


«+l'^(« + l){u+2)‘ 


where tss:f=s— 

y l-x 

Further let iksstt+u-l, Ui «» . w, . 

tt +1 ^ u+r 

The following values were found ; 

o _ + 

”(m + 1)(u+2)’ 

o_ (fc + l)^^** 

"■(V+2)15r+';f)’ 

_ _ 2(il) + l)*(^: + 2)ai*M| 

' (u+ l)(u + 27(tt+3)*(u"-f4:)’ 

(u + 2) (tt + 3)* (« +4)* (u + 6) ’ 

^ 2*.3.(ifc + l)*(^+2)*(ft+8)wi*«**«3 

“ (tt + 1) (« + 2)* (tt + 3)»'(u + 4y'^’(M + 6)® (tt + 6) ’ 

o _ 2®.3.(I; + 1)»(A + 2)*(A+3)wiWm8*»4 

^’ ' (« + 2) (tt + 3)* (u + 4)» (tt + ■ 
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Subafcitubing these values-in (L) we find if 


that 

where 


J„(u, V) 


Jo 


.... 

0- »“y" . r(n-i) 

u.£t(u,v) ^ r(w+i)r(w)’ 

hi=l, 




T. (A + 1) ■ 

(u+i)(ii+2y' 


b4=- 


(M+i)(m-2) 

(m + 2)(m+3)^' 


6. 


2 (ii + 2) , 

“(ti+3)(M + 4)** 

= («+2)(m + 3) . 
“(i# + 4()(m + 5) * ’ 


^7 


3(fe+8) 

'°’(tt + 6)(tt+6) ’ 


69 = 


(tt + 3) (« + 4) 


Vit, 


m, 


. _ (u+r-l)(u+r) 

^ («+2r-2)(u+2r-i) 




h. r(k+r) 

(u + 2r -!)(«+ 2r)'- 

This I believe to be a new expression for the Incomplete B-function. In com- 
puting any value v\ there is an alternative given by u). 

From general considerations it appears that the particular form to be selected 
should be that which does not require the binomial («!+y)* to be summed 
through its largest term. 

The largest term of this binomial is the (r+l)®, where r is the greatest 
integer consistent with 


^ > r or y(u+v)>T, since jj+y*®!* 

m + y 

With integ^tion to the mode, there are two courses, (a) from the left of the 
mode, (jb) from the right of the mode. Consider 

Ia(ii,v) and (»,«), »<» 


(w, i> > 1). 
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In the associated frequency distribution of »), the mode is between the 
origin and the mean, and the distance of the mode from the origin is 

w-1 _ 1 

2’ 

/ V (w-l)(tt + v) T . 2(i>-l) 

... + = 

=* V + a positive fraction, 

Therefore the (v + 1)“* term is the largest in the binomial. 

Considering tt), the mean is between tbo mode and the origin. If integra- 
tion to the mode bo attempted, the greatest term of the binomial is given by 

u-1 +— i k >’’• 

i.e. u — a positive fraction > r. 

Therefore the term is the largest. 

In computing the value of (u, v) from the continued fraction, it is necessary 
first to calculate the values of the b’a ; this is very simply done on a calculating 
machine. Since 

(tt + r)(u+r~l)*=ftt+»'-l)(M + r-2) + 2(w + r-l), 
the denominators of 2%, ... can be computed continuously for a long series, 

and each value so obtained multiplied by 1 since t » | — - ; this stage completes 

the calculation of denominators. Vf contains a factor u + r, which cancels out. 

The numerators will he already in part found, or can be easily calculated. 

If the n* convergent of the continued fraction ho ^ , 

Pj**!) ji«l, 

further values are given \>y pn’^Pn^+ihpn-t and + 

Successive values of pn and gn are therefore continuonsly obtained. In the 
other or "equivalent” type of continued fraction 


if: 


bi bn 


b. 


n^i+s^iw- 

It is easily seen that pj ■» &ii ft “ 1 + ^ii p« " (1 + &«), Si's • 1 + Pii and generally 
ft'sl+Pn. 

The n®** convergent Fn 

Fn 


and the series to n terms is 
where 

and 


Pn = (l+6n)P«-.X-fcnPv~l 
=Pn-.X + ft»OPn-l-p»-l), 




■Xpfl 


tl) 

if n terms of the series he taken to represent /#(«, v) approximately. 



/.,08 (65, 91) —'0401 6474 by Weddle’s fona\Ja. 



<P ^ 
II It 
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In the Tables on pp, 293—4 1 have compared the convergence of the two types 
of continued fractions (distinguished as the "New” and “Equivalent" Types*) to 
the values found by “Waddling" In one case the computation is illustrated in 
detail. 

Other IlhstraUone of the degree of Approdmation of ihe meShoi, 

First values given by Weddling : 

ralnea given by Now and Equivalont Types of Continued Fraotiona 
(n) denotes number of convorgents. 


Equiv. „ 

« P) 

(16) 

101) 

New (3) 
Equiv. ,, 
Now (4) 
Equiv. „ 
Now (7) 
Eqviiv. „ 
New (8) 
Equiv. „ 
Now (11) 
Equiv. ,, 
New (12) 
Equiv. ,, 
New (16) 
Equiv. „ 
New (10) 
Equiv. „• 
New (19) 
Equiv. „ 

.. 26) 
30 ) 


>00133410 

■00137 

•00111 

•001330 

■0012-2 

•00133426 

•001320 

•00133407 

•001326 

‘00133409 

•0018312 

•0013339 

•00133409 

■20060427 


•178 

•2009 

•190 

‘2003 

•1988 

•20663 

■2086 

■200649 


‘2066046 


[ 30 ) •2060040 


/.o( 81 , 21 ) 

New (3) 
Equiv. „ 
New (4) 
Equiv, „ 
New (7) 
%ttiv. „ 


•00001221 

'00001227 

•00001176 

•00001219 

■00001207 

•00001220 

■00001220 


/.,(21,ai) 

New (?) 
Equiv. „ 
New (4) 
Equiv. „ 
Now (7) 
Equiv. „ 
New (8) 
Equiv. „ 
Now (11) 
Equiv. „ 
New (12) 
Equiv. „ 
Now (16) 
Equiv. „ 
New (16) 
Equiv, „ 
New (17) 
Equiv, „ 

» ( 22 ) 

/.a(81,21) 

Now (3) 
Equiv. „ 
Now (4) 
IGquiv* 

New (7) 
Equiv. „ 
New (8) 
Equiv. „ 
New (11) 
Equiv. „ 
New (12) 
Equiv. ,, 
New (16) 
Equiv, „ 
New (16) 
Equiv. „ 
New (10) 
Equiv. „ 
New (20) 
Equiv. „ 
New (21) 



•4687 

•40031 

■4686 

•460401 

‘46021 

*46039773 

‘46032 

•46038834 


•46038824 

•63960160 

.‘246 

•264 

•263 

•3000 

■699 

•497 

■494 

•617 

•643 

■638 

•037 

•6368 6 

■63972 

‘6396 86 

'53960 


•6396038 

•63960164 


•53816000 

1*63 
•243 
•6428 
•4765 
‘6476 
•63231 
•63874 
•63782 
•038183 
•638146 
• 6381 666 
•6381687 

•46184100 

•98 
•26 
•8266 
•4189 
•4688 
• 4671 6 
•46234 
'46160 
•46187 
•461824 
•4618416 
■4618402 
•4616408 

•10171400 

•1161 


•10226 

•10149 

•101732 

•1017033 

•1017144 

•10171374 

•10171308 


13148806 


■ 0 U 19018 

■01419016 

•00816186 


•00816 


■00816204 
•008161827 
•008161847 
•008161866 
•0081618541 
( 12 ) '0081618538 


•53960164 

•63960129 


* Tbe term "Equivalent” is used to denote tbai the oontinued Iraotion method applied is really 
equivalent to summing a series in wbidh tbe function is expanded. It merely provides an orderly 
pieans of aohieving this. 
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In the Equivalent I^pe, h--, K- see ( J). 

The value of 6, in the New Type is given by (M). 

The frequency distributions considered were given by 

where us= 91j v=b 65, Mode = ‘626, Mean <=‘623, s.D. = *040, 

tt=113, «=>101, Mode<=‘5283, Mean=‘5280, s.d. = ‘034, 

■!«= 81, «= 21^ Mode =‘800, Mean =*794, 8.d. = ‘040. 

For Jg, (u, v) as the sum of the first i; terms of (fl!+ have taken 


X 

‘308 

•332 

•38 

•6 

•672 

‘62 

‘5 

•2 

■6 

‘7 

‘8 

u 

55 

55 

66 

91 

91 

91 

113 

21 

81 

81 

81 

V 

91 

91 

91 

66 

56 

55 

101 

81 

21 

21 

21 

No. of largest 





73 



112 





term of the 

■ 

102 

98 

91 

and 

63 

56 

and 

82 

62 

31 

21 

binomial 





74 



113 





Diet, from Mode' 
in terras of S.D. 

■ 

1*6 

1 

0 

3 

1 

•1 

'8 

0 

5 

2‘6 

0 


12 

21 

81 

90 


3 


It will also be noticed that the values obtained by the New Type of 0 . 7 . are 
in pairs less and greater than (u, v). 


The following oonvergents are above the true value: 2, 3, 6, 7, 10, 11, 14, 15, 
18, 19. 22, 23, etc. 


The other oonvergents are below the true value. This is a necessary oon- 
sequenoe of the form of the continued fraction ^ 

are negative and less than unity. As we do not integrate beyond the mode of the 

distribution ® s ■ ^ , it follows that the maximum value of t or -es- — i. 

tt + ti-2 y e-l 


.*. Max. value of 1 6s 


v— 1 — !)(«-!) _'«*- 1 . 

« + ly~(w + l)(t»--l)~« + l^ 


In all cases |6g| <1. 

.*. All even }6’sl<l. 

It is a great advantage of the New Type that narrow limits, within which 
lies, are soon obtained. 

To illustrate the application of the New Type of continued fraction, I have 
chosen the more difficult examples ; in several cases I have integrated the distri- 
bution as far as the mode ; in one case, I-ss (fi6, 91), slightly beyond the mode. 

My attempts to find a value of the remainder after computing n oonvergents 
have not been successful 

Turning to the expression (L) it will be noticed that if 5#, ... = 0 

the continued fraction terminates. The influence of the vanishing of 
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is felt in the (n + l)‘*' convergent and onward, i.e, in /9,„ /gn+j, .... but not till we 
reach / 02 n-ii /9 b«-.b, ..-are those constants actually zero, and the continued fraction 
only terminates after 2ra - 1 convergents. Hence if the scries has n terms, the New 
Type of continued fraction terminates after 2n — 1 convergents, though the effect 
after the of zero jy-terms is already felt in the (a + 1)'’’* convergent. 

The continued fraction terminating after 2a— 1 convergents will exactly 
rejiroduce the series. In taking n convergents of the continued fraction, exactly 
n terms of the series are reproduced, together with an approximation for the 
further terms, this approximation depending on the form of the terms of the series, 
previous to 72. 

In the Equivalent Type, the convergent exactly reproduces n terms and no 
approximation to further terms (supposing them to exist) is obtained. If the 
aeries has only n terms, n terms of this type of o . f . exactly reproduce the series. 

In terminating series, a point is thus ultimately reached after which the 
E(j[uival 0 nt Type converges more rapidly to the true value than the New Type 
does, Such a point may, however, be so far off that less convergents of the New 
Type may be necessary in order to obtain the required degree of accuracy, 

In the foregoing, it has been assumed that u and e are integral. If v be not 
integral the expansion of I* (u, v) (by integration by parts, raising u and lowering v) 
ultimately diverges for ic > if continued ad inJinUmi, 

Another expansion, *' raising «,'* may be obtained, 

. r(tt + v) .8 f, ^ , (u + v)(u + v+l) , . ) 

•^*^’*’‘")“r(n+i)r(ti) ^ (u+i)(tt+2) 

which converges for all values of a in the range 0 to 1. 

Suppose after a certain number of reductions by ''Parts” we are left with 
I»(tt-l-s, ti-s), before negative indices start entering, We are summing along the 
decreasing direction of the expansion, hence 

V-8 (D u> + e ^ u+v , 

tt + sl— a u+v u + a 

Put + — 1, + By "raising" u' we obtain 

r(Mor(v'-n)® ^ [ u' ^ TcS’Ti) 

^0,^ (say), 

tt + s u'+o' - 

u + a n —1 ’ u 

Ai... u' + o'+u; , . 

Also --7-; 1 + >7- < 1 + - 7 , l.e. < 

u +w u' + tw tt" u 

.. tt'+t/'.. 


(7(l + r+r*+., tio)>O.S' >G(l+m+i!^+ <x>), 

1-r l-OJ 


or 
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or /« (« + fi, — s) lies between and value, It is simple to estimate 

from tables of log P (a?) and of ordinary logarithms whether I* (tt + ^, t; - s) may be 
negligible or not, within the accuracy desired for 7* (w, »), 

Hence if v be not an integer, it may be advisable to estimate Ia,(u+s, v—s), 
v-s>0,i{v — s+ in, fraction. 

It will be found in most cases that if tt, u > 20, I^(u + s,v- s) will prove to be 
negligible, with the proviso that we do not integrate through the mode of the 
distribution. 

If Ig,{u + 8,v~ s) be not negligible, it is not advisable to use the Hew I^pe as 
the remainder has not been found. 

A concluding remark may be made here, the two expansions for evaluating the 
Incomplete B-function due to Wishart*, while good in the neighbourhood of the 
mode or for the tails, do not give very satisfactory results for the range 1‘6 to 3 times 
the standard deviation from the mode, and it is for this range that the new con- 
tinued fraction appears to give good results with fairly low convergents. 

* Bimetrika, Vol. xix. p. S9, Foimalk (27) for aieaa near mode ; p. 23, Formnla (26) for areas near 
the tail. 



FURTHER NOTES ON THE x® DISTRIBUTION 

By J. NEYMAN, Ph.R (Nencki Insliitute, Warsaw Scientific Society) and 
E. S. PBAESON, B.Sc. (Qalton Laboratory, University of London). 

In a previous paper* we have discussed certain aspects of the (P, %*) Tests for 
Gdodness of Fit; the following notes form an addition to that paper. They fall 
under three heads : 

(1) Use of the previous sampling results to throw light on the way in which- 
the distribution of xi* is modified when certain of the groups used in the process of 
fitting a theoretical distribution to the observations are combined together in 
calculating xi* 

(2) An experimental examination of the adequacy of the integral in a case 
of very small samplea 

(3) The correction of an error introduced into the earlier paper in the section 
dealing with the comparison of two samples. 

In the notation previously used it is supposed that a sample of N is classed 
into h groups containing frequencies ni, ... while mt, ... are a series 
of frequencies following the law 

Nf{8i Cl, ot, ... Cj) 2, ... k) (1), 

whose values depend upon the o constants C}, ... dfoj these are determined by 
fitting (1) to the sample observations. Then 

(21 

If the method of fitting be such as to make a minimum, then it may be shown 
that upon certain conditions tho sampling distribution of this quantity will follow 
approximately the law 

fc-C"8 

® ( 8 )' 

Two of these conditions are as follows: 

(а) That none of the expected fiequenoiea m, shall be too small. 

(б) That the number of groups used in the process of fitting shall be the same 
as those used in calculating xi* 

* Bimetrlha, Yol, xx^, pp, 968— S04, "On the Use and Interpretation of Oertain leet Criteria for 
purpoaeaof Statiatieallofetence, Fart JI." Dr W.F. Sheppard in a paper of abont the name datepuUiehed 
in the Philoiof/hieal Tnmaetim of the Boyal SoeUty, Yol. 398 A, pp, 116—160 hae alto ditontaed very 
fully the validity ot the law of eq[uation (8)|.and the BBtamptiona upon which it ia based. 
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It often happens that some of the frequency groups contain very few observa- 
tions — as in the tails of maiiy curves — yet for convenience in practice we use the 
full number of observed groups in the fitting. For simplicity this is almost essen- 
tial when using the method of moments. We are therefore placed in a dilemma. 
It is true that if we regard our problem as that of testing the hypothesis that the 
observed sample has arisen in random sampling from a population whose group 
proportions are actually the values determined by fitting, then no error 

is involved in calculating from a reduced number of groups, say^', and entering 
the (P, %®) Tables with vl = P. But if we look at the problem from the point of 
view of testing the adequacy of the law of equation (1) then we must decide the 
following point. Is less error involved by taking from the full number of 
groups of which some are very small (neglecting condition (a)), and referring it to 
the distribution (3), i.e. entering Elderton's Tables with n' = jfc - o ; or by taking a 

from a smaller number of clubbed groups, U, of which none is too small, and 
entering the Tables with n' — hf ~c (neglecting condition (b)) ? We do not propose 
to enter into the general theoretical problem, but believe as is so often the case 
that a discussion of some experimental results will throw light on the issues 
involved. 

(1) The Effect of omhining Orowpa. 

In section (4) of our previous paper a sampling experiment was described in 
which the population law followed a cubic (c«3), and the area under the curve 
was broken into 8 groups (k ■» 8). Random samples of 200 were drawn, the expcted 
frequencies being 

Group 1 284567 8 Total 

10-4 12-8 17'0 22-2 27*8 33-0 37’2 89-6 200’0 

A cubic was fitted by the method of moments to each sample, the frequencies 
mi, m%, ... mt obtained, and the resulting distribution of yf found. Within the 
errors of sampling this agreed satisfactorily with the distribution of equation (3), 
patting A; s 8, 0 » 3. Suppose now that we use the same values of m obtained by 
fitting to 8 groups, but in calculating club the groups together as follows : 
Case (a) ; k' = 7, groups, mi-H wi*, mj, ms, to«, m?, Wg. 

Case (6) ; A?' =■ 6, groups, mi-j-mg, mg+mg, mg, mg, tw?, mg. 

Case(o); A/«6, groups, + 

The resulting distributions are shown in Table I, together with the theoretical 
distributions which would hold if we might use equation (3) with A;=A/, c=?8. 
First consider the mean values of if the theory were adequate we should have 

Case (a). Mean -c-l- S’OOO; standard error for 208 samples = 0T70. 

Observed mean = 3'289. 

Case (5). Mean - A:' - c - 1 « 2 000 „ . ,. „ « 0-139. 

Observed meanE=2'311. 

Case (c). Mean = A' — c — 1 — I'OOO 
Observed mean = 1 '471. 


II 


0-098. 
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Further Notes on the Distribution 

The observed values are significantly and increasingly too great. If we examine 
Table I it is seen that this shows itself most dearly in a shortage of very amdl 
values of At the other end of the distributions where a knowledge of the form 
of the curve is the more important in practical testing, the disagreement is not so 
racked. If we level up the most serious discrepancy by combining the first two 
groups and test for goodness of tit with the groups indicated by the bracketings, 
the values of P given at the bottom of the Table are obtained. 

TABLE I Sampling Experiment; Effect of combining certain Oroups. 



These discrepancies are of course of the type we should expect to meet. An 
essential condition for entering the Tables with n'=»fc-o is that the xj*used 
shall be approximately the minimum value that can be obtained in fitting a distri- 
bution of the form of equation (1) to the observed irequeacies classed into k groups. 
The observed values of %i* shown in Table I may now differ considerably from 
minimum values owing to our reducing the number of groups after the process of 
fitting. It is clear that some danger is involved in this procedure. 

In the paper referred to above Sheppard has specially mentioned this pointf, 
and suggested that the value of the constants found from the original tabulation 
may be used as first approximations in obtaining the values corresponding to the 
reduced grouping system. This is the ideal procedure, but it can rarely be followed 
in the course of ordinary work where a rough appreciation of the adequacy of the 
fit is all that is required. It should in fact be remembered that the groups we 
have combined in tW illustration contain a large portion of the total frequency; in 
practice it is only the small tail groups of a fitted frequency curve that are usually 

* Xheae fiequenoiaa ooirespond to the temaiaing toil area of (ha theoretioal onirea. 
t lioe, oit. p. U4. 
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clubbed together, and the ealculated from the resulting y gproups may still 
remain nearly the minimum for the new system of grouping. If so, no serious 
eiTor is involved in entering the Tables for Goodness of Fit with this 
n' — o> In any case we may be certain on one point — ^that if this process shows 
a reasonable fit we may be content, since the true minimum would show a 
better fit still. 


(2) The Case of v&ry smaXl Samples. 

The manner in which the ^ integral fails when the group frequenoies become 
very small is a problem not yet fiilly explored. Each worker has no doubt his own 
lower limit — 10, 8, 6 ? — for the size he will allow an expected frequency group, but 
he is probably not very clear why he has chosen that limit or what errors will be 
involved if it be exceeded. The following simple example is perhaps therefore of 
interest. 

Suppose that repeated samples of 10 be taken from a population divided into 
3 groups in proportions pi=0‘2, pi=0‘5, p» = 0‘3. The expected frequenoies will 
be OTi = 2, TWg =5 6, ^ = 3. There will be 66 possible types of sample nj, rjs, and 
for each of these it is easy to calculate 
(ffl) The chance of occurrence, or 


••• 

(6) The value of or 

. (na-m*)® , (nB-Wa)* 

y as ^ n . I - *7“ 

'^7711 TMs 

I 

(o) The likelihood as previously defined, or 

. /rntY* fthiY* 

W w) 


(4) . 

(5) . 

( 6 ) . 


These possible samples may be represented by 66 discrete points in a two- 
dimensioned space, with each of which is associated a value of 0. When dealing 
with large samples these points increase in number and become so closely packed, 
that we can represent them and their associated (Ib by a continuous density field, 

(n 

In this field the contours of correspond closely to the levels both of con- 
stant 0 and of constant X But we may ask how far in the case of samples of 10 
is the X® integral of any value ? The position is indicated in Table II. The 66 types 
of sample have been arranged in descending order of 0, and for each we give : 

(а) P„, the sum of the values of G lower than that associated with the sample, 
or the chance of drawing a less probable sample. 

(б) Px«, which for three groups is or the value of the ji^® probability 

integral that would ordinarily be obtained from the Tables in the case of larger 
samples. 
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Further Notee on the Distribution 

TABLE II. Mectsurea of Frobahility in very smail Samples. 


m 

Kj % 

jm 

jm 

B 


nj 

«3 


Px * 

A 

3 

b 

2 

•915 

1*000 

•916 

7 

2 

1 

•027 

•022 

•063 

Si 

6 

2 


r-844 

•766 

•724 

0 

9 

1 

•023 

•036 

•008 

3 

6 

1 


1*844 

•706 

•663 

7 

3 

0 

•020 


•012 

4 

4 

2 


f-709 

•766 

•796 

0 

5 

5 

•018 

•024 

■010 

4 

5 

1 


•709 

•669 

•832 

8 

1 

3 

f'016 

•036 X 

•034 

3 

4 

3 


•689 

•706 

‘868 

6 

1 

4 

V015 

•088 X 

•043 

S 

n 

3 

' 

•680 

•669 

•696 

1 

3 

6 

■on 

•006 

•026 

,S 

7 

I 

•482 

•442 

•448 

2 

2 

6 

•0090 

■0066 

•0266 

6 

4 

1 

‘443 

•362 

•409 

4 

1 

5 

•0073 

•0180 X 

•0229 

4 

3 

3 

•409 

•442 

•498 

7 

1 

2 

•0068 

•0140 X 

■0166 

1 

7 

2 

•376 

•344 

•262 

0 10 

0 

•0048 

•0067 

•0013 

1 

6 

3 

•344 

•362 

•319 

0 

4 

8 

•0039 

•0037 

•0036 

5 

3 

2 

•318 

•344 

•379 

8 

2 

0 

•0032 

*0023 

•0026 

S 

4 

4 

•285 

•282 

•360 

3 

1 

6 

•0026 

•0037 

•0050 

4 

6 

□ 

•268 

•282 

•149 

8 

1 

1 

•0019 

‘0024 

•0044 

3 

7 

0 

•233 

•247 

•114 

1 

2 

7 

•0016 

‘0004 

•0088 

3 

3 

4 

•211 

•247 

‘296 

6 

0 

4 

•0013 

•0007 

•0011 

1 

6 

1 

•180 

•163 

•195 

7 

0 

3 

•0011 

•0044 

•0007 

5 

6 

0 

•170 

•180 

•096 

2 

1 

7 

•00088 

'0003 3 

•00231 

1 

5 

4 

•161 

•189 

■244 

P 


5 

•0006 8 

•00444 

•00089 

S 

8 

0 

•136 

•127 

•067 

El 

3 

il 

•00049 

•0002 9 

•00040 

9 

3 

1 

•120 

•116 


8 

0 

2 

•00037 

•00127 

•00026 

6 

2 

a 

*108 

•163 X 

‘216 

4 

0 

Q 

‘0002 6 

•00127 

•00038 

4 

2 

4 

•098 

•127 

•186 

9 

1 

0 

•00016 

•0001 a 

•00016 

6 

4 

0 

•088 

•074 

•057 

3 

ml 

7 

•00012 

•0001 6 

•00009 

6 

2 

2 

•079 

•091 

•140 

9 

0 

1 

•0000 84 

•0001 68 

•000049 

2 

3 

6 

•070 

‘060 

‘170 

1 

1 

8 

•000049 

•000013 

•000130 

1 

4 

6 

•062 

•049 

'088 

0 

2 

8 

•000020 

•000011 

•0000 20 

0 

7 

3 

•066 

•116 X 

•046 

2 

0 

8 

•0000 10 

•0000 09 

•000010 

0 

8 

2 

•048 

■ 091 X 

•036 

10 

0 

0 

■000004 

•0000 09 

•000002 

1 

9 

0 

•042 

•038 

•017 

0 

1 

8 

<000002 

•0000002 

•0000 07 

3 

2 

6 

•037 

■043 

‘082 

1 

0 

9 

•0000 OCA 

•0000002 

•0000001 

0 

6 

4 

•031 

■074 X 

•028 

j 

0 

0 10 

nil 

•000000002 

nil 


(c) Pa, the chance of obtaining a sample with a value of X lower than that 
observed. 

It will be seen that Px* is on the whole a better approximation to Po than to 
Px. In the most important region for tests of signifioance, namely between 
P w 10 and '01, a x indicates the cases of worst agreement between P, and Px*, 
but throughout the whole range the order of the values of the three P’s can hardly 
be said to differ. Whether or no the ^ approximation will be considered here as 
satisfactory depends upon the degree of expectation entertained by the reader and 
the faith be has already-placed in the test when dealing with very small samples, but 
the present authors must confess themselves pleasantly surprised to find so close 
an agreement in this rather extreme case. 


(8) The Value of Mmimum tn the Case of tm Semples. 

It is necessary to correct an error which was introduced into section (6) of our 
earlier paper. The problem was that of testing the hypothesis that two samples ; 
the first of size N with group frequencies mi , 7ii , . . . n* , 
the second of size W* „ „ „ Uj', n«', ... nt', 
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Further Notes on the x’* Distribution 


have been drawn from the fiame population, and we considered the deduction of 
the usual test from the point of view of the method of likelihood. In the notation 
employed, XI is the set of all possible pairs of populations with group proportions 
P), and Pi (» = 1, 2, ... t), while a is the subset of XI in which the pairs we 
identical, or |)*s=p/ (* = 1, 2, ... t). Then the likelihood that the samples have 

come from some particular member of o is 


Cl < 

Z9 -s n 


^Nqiyij' qi y 


( 8 ). 


The expression (8) takes a maximum value when 


q, = (n, + n,')J{N +N’)-Qi (s = 1, 2, . . . t) (9). 


If the sample group frequencies, however, are not too small, then the X of (8) 
becomes approximately 

X = (10), 


where 


k (H). 


The values of q, which make xi* minimum, and therefore tho X of (10) a 
maximum, are not os we stated by an oversight those of (9), but may be easily 
shown to bo 


where 

These values lead to 


“ (\/v + %)/ C® f) 

■■ Q. \/i + jfV'oVlfi (®' + 53^) 

Til ^ N^i "i* , Til ^ N ^1 S/f . 




.( 12 ), 


Minimum 


-t-iV 


-iV-iV'. 


.(13). 


If the sample group frequencies be not too small, ati* will be small compared with 
NN^Qi^, at any rate for deviations lying within the region of significant frequency. 
It follows that Qi (9), and Q/ (12), will not differ greatly, and tho true minimum 
of (13) will be almost the same as that ordinarily used in applying this test, 
namely 

»«- BjOT'(^-^)y(«.+n.')| (14), 


which is obtained by taking =»> Q, =» (n, + «»')/(!?’ + N'), the value really maximis- 
ing the X of (8) not that of (10), The difference is of the order of approximation 
necessarily involved in any use of the test. The numerical examples given in 
Table III, p. 303, illustrate this point ; the difference between the two xi*’s is 
greatest when there are many groups, but it is clear that no error of importance 
would arise by using one value of F rather than the other. 
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Summary. 

There are several ways by which to approach and to interpret the Teats for 
Goodness of Pit ; in all cases the use of the final integral can be considered only as 
an approximation. In our previous paper we discussed the use of the method of 
likelihood and emphasised the difference between testing a simple and testing a 
composite hypothesis. In the first case we obtain an answer to the question, 

“ could this sample have come from a certain exactly specified population ? ” In 
the second, to a somewhat different question, “ could it have come from a popula- 
tion whose distribution follows a law of a certain type depending on several 
undetermined parameters ? " In the latter case the scheme of the test does not 
allow for the frequency groups being clubbed together after the process of fitting 
has been carried out. We have illustrated the effect of this clubbing on the 
distribution of on the data of our previous sampling experiment. In general it 
would not be easy to gauge numerically the extent of the error involved, but it 
will probably not be large if, as is customary, the groups which are combined 
contain only a small portion of the total frequency. 

The point at which the distribution becomes inadequate to express the 
sampling variation when dealing with very small frequency groups has not yet 
been fully investigated. The result of an examination of the position in the case 
of a sample of 10 drawn from a population divided into 3 groups, suggests that the 
approximation is much more satisfactory than might have been expected. 

In a final section we have corrected an earlier misstatement, in connection with 
the test for comparing t^o samples, and shown in a few numerical examples how 
the difference between minimum and the of maximum likelihood is not of 
real significance — ^ia in fact of the general order of the jj* approximations. 



TABLE OF THE VALUES OF THE DIFFERENCES 
OF THE POWERS OF ZERO. 


■ By ETHEL M. ELBERTON, assisted by MARGARET MOUL. 

Ax the time when the first quarter of this table was originally worked (for 
a special problem during the War) the authors* of it were unaware of Cayley’s 
paperf, Later being informed of it, they checked the original work by reduction 
from Cayley’s numbers, he tabling A’"0^‘/r (m+ 1), while they had tabled 

Of the 100 entries six were found in error in the twelfth decimal place, two differed 
by one unit in that place, three differed by two units and one— the last entry in the 
table— by 6 {, Cayley takes in our notatiou AP0*'^*/r (p + 1) from p « 1 to 20 and 
p-f sfrom 1 to 20. Hence by reduction from Cayley's table E. M. Eldexton and 
M. Houl were able to add half as much agmn to the original table in Btome A, 
i.e. to take p» 11 to 20 as long as p-f e did not exceed 20. Then, using Cayley’s 
method, they extended his table and reduced from this extension a complete table 
for p B 1 to 20 and 4 « 1 to 20. Thus the table now includes all values of 

A»rt0»/r(m+l) 

from mss 0 to 20 and 0 to 40, and is probably the most extensive table of the 
differences of the powers of sero yet published, 

Laplace has indicated the importance of the differences of the powers of zero in 
the theory of probability for problems edlied to that of De Moivre, and farther 
illustrations will be given in the fortbeoming Part II of the Book of Tables for 
SMsiimm a/d Bmeiridau 


* E. F. and B. U, B., Hiomtrik, Vol. xm. p. SOO. 
t ZVani. Omh Bit, 8oe, Yol. m Fart 1 (1881), pp. 1-4. 
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Values of the Differences of the Powers of Zerot 

Table of g (p, s) = Jr(mp = l to 20 ands = Qto 20. 


Values ofp. 


8 

1 


S 

4 

S 

0 

1 

s 

3 

4 

5 

6 
r 
8 

9 

10 

1'000,000,000,000 
•800,000,000,000 
‘166,666,666,667 
■041,666,666,667 
■008,333,333,333 
■001,388,886,889 
-000,188,412,698 
■000,024 801,687 
■000,002,766,732 
■000,000,276,673 
■000,000,026,062 

1 ■000,000,000,000 
1^000,000,000,000 
‘683,333,333,333 
■260,000,000,000 
•086,111,111,111 
•026,000,000,000 
■006,299,603,176 
■001;406,423,280 
■000,281,636,802 
•000,061,266,614 
•000,008,646,944 

1-000,000,000,000 

1-600,000,000,000 

1-260,000,000,000 

•760,000,000,000 

■368,383,333,338 

•143,760,000,000 

■060,016,634,392 

■015,426,687,302 

•004,284,060,847 

■001,083,829,366 

■000,262,086,841 

1-000,000,000,000 
2-000,000,000,000 
2-166,666,666,667 
l - eee , 666,666,667 
1-012,600,000,000 
■613,388,888,889 
■225,562,169,312 
■087,632,276,132 
■030,638,778,660 
■009,760,802,469 
■002,860,826,617 

1-000,000,000,000 
2-600,000,000,000 
3-333,333,333,333 
3-128,000,000,000 
2-298,611,111,111 
1-406,260,000,000 
■741,732,804,233 
■346, 668, 7«1, 069 
■144,696,216,049 
•066,162,863,767 
■019,341,229,768 


a 

e 

7 

8 

9 

10 

0 

1 

s 

s 

4 

B 

0 

r 

8 

9 

10 

1-000,000,000,000 

3- 000,000,000,000 

4- 760,000,000,000 
6-260,000,000,000 
4-629,166,666,667 
3-237,600,000,000 
1-989,616,402,116 
1-077,777,777,778 

■623,916,997,364 

■231,631,944,444 

■094,114,940,326 

1000,000,000,000 

3- 600,000,000,000 
6'416,6e6,e66,667 
8-166,666,666,667 
8-079,166,666,667 
6-601,388, a 68,880 

4- 626,826,926,926 
2-861, 861,861,862 
1-676,368,796,296 

■790,668,449,074 

■364,277,277,988 

1-000, 000, 000,000 
4-000,000,000,000 

8- 333, 383, 333, 333 
12-000,000,000,000 
13-386,111,111,111 
12-300,000,000,000 

9- e 71,967, e 71,968 
6-879, 386,076,3 e 6■^ 
4-127,861 ,937,831 
2-314,316,476,190 
1'180,436, 668,624 

1-000,000,000,000 
4-600,000,000,000 
10-600,000,000,000 
16-876,000,000,000 
20'960, 000,000,000 
21-876,000,000,000 
18-628,174,603,176^ 
14-236,491,071,429 
9-721,610,416,667 
e -017,912,946,429 
3-414,504,607,083 

1-000,000,000,000 

6-000,000,000,000 

12916.666.666.667 

22916.668.668.667 
31-333,333,333,333 
36-138,888,888,889 
33-604,414,682,640 
28-141,121,031,746 
21-034,796,249,118 
14-238,867,471,340 

8-826,386,039,212* 


8 

1 

s 

s 

4 

E 

11 

IS 

15 

u 

IB 

16 

17 

18 
19 
SO 

•000,000,002,088 

•000,000,000,161 

•000,000,000,011 

•000,000,000,001 

•000,000,000,000 

•000,000,000,000 

■000,000,000,000 

•000,000,000,000 

•000,000,000,000 

•000,000,000,000 

-000,001,316,236 

•000,000,187,814 

•000,000,026,067 

•000,000,003,132 

•000,000,000,368 

•000,000,000,041 

•000,000,000,004 

•000,000,000,000 

•000,000,000,000 

•000,000,000,000 

•000,054,300,446- 

•000,010,897,672 

•000,002,048,012 

•000,000,361,967 

■000,000,060,389 

•000,000,009,642 

•000,000,001,432 

•000,000,000,206- 

•000,000,000,028 

■000,000,000,000 

-000,777,366,923 

•000,197,066,148 

•000,046,860,391 

•000,010,491,636- 

■000,002,221,478 

-000,000,446,204 

-000,000,085,264 

-000,000,016,540 

■000,000,002,707 

■000,000,000,462 

•006,287,061,463 

•001,807,096,366 

■000,642,762,986+ 

•000,145,693,321 

■000,036,963,700 

•000,008,904,739 

•000,002,043,183 

•000,000,447,648 

•000,000,093,803 

•000,000,018,861 


8 

6 

7 

8 

9 

10 

11 

IS 

15 

u 

IB 

16 

17 

18 
19 
SO 

•036,436,000,631 

•012,447,698,996 

■004,102,261,162 

-001,274;363, a 42 

•000,374,669,166- 

•000,104,608,336- 

•000,027,822,136- 

•000,007,067,421 

•000,001,718,694 

'000,000,400,972 

'166,444,062,796 

•061,864,866,824 

•023,084,987,476 

•008,119,780,273 

•002,702,776,182 

■000,864,421,874 

■000,267,321,024 

•000,074,028,766- 

■000,020,393,646 

•000,006,391,171 

•666,707,261,082 

•261,424,342,802 

•104,676,173,440 

•040,979,883,168 

-016,194,003,262 

•006,348,474i87e 

•001,794,174,688 

■000,674,831,831 

000,176,363,076- 

•000,061,929,786- 

1-791,646,330,174 

•876,668,648,138 

-400,863,836,098 

•172,934,687,974 

■070,648,202,960 

027,323,164,021 

010,079,078,784 

■003,661,303,638 

•001,198,178,664 

■000,387,964^667 

6-066,167,797,803 

2-696,234,748,163 

1-346,608,080,109 

•633,142,767,634 

■281,476,384,188 

•118,769,067,007 

•047,721,631,774 

•018,311,726,897 

•006,727,663,604 

•002,371,839,420 


* Xhe table thns far was oonipated by S. P. and B. M. E. from the formula 
9 (Pi •)=^, {« (p. ' -1) +a (p - *)} 

and oheoked by the! formula 

It waa oalonlated for a speoisl inveetigation, but it war thought that it might be of value to other 
oomputera, and was aocordiugly published in BioiMtrikii. 
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Mk of the Differences of the Powers of Zero (oontmed). 
Values of 
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1 BW, 000, 000, 000 



6 Ii7'466,724,a)6,34fl 

7 Ii2‘315, 294,312, 169 
S 42<466,841,324,666 
9 31-187, 259, 837, 963 


2,663,564,0 


1 - 000 , 000 , 000,000 
6 - 000 , 000 , 000,000 
18-600,000,000,000 
39-000,000,000,000 
63-120,833,333, 383 
83-626,000,000,000 


II 13-007,843,295,804 

IS 7-610,646,020,784 

IS 4-069,574,798,242 


-196,634,172,633 


•032,361,544,187 

-012,324,748,022 




80922,967,176,926 

64-062,981,160,794 

40-375,614,514,691 

30-082,830,161,738 

19-246,738,091,260 

11-187,030,186,001 


1*648,130,478,989 

-721,971,679,981 

-321,401,113,301 

‘136,940,363,644 

-066,974,424,712 


1 - 000 , 000 , 000, 000 

6-600,000,000,000 


86-962,600,000,000 




148-064,163,430,163 
166-M6,439,814,816" 
148-856,074,327,801 
124-633,760,964,606 
96-667, 837,009,981 
69-138,686,384,680 
45-960,368,727,489 


AW V « U^U^Wj'liUU} I 

16-702,557,347,988 
9-221, 870, 706, 020 
4-827, 841, 910, DSS-t- 
2-404,919,179,220 
1-143,295,606,541 
■6iK), 096, 870, 972 
-226,836,783,148 


1 - 000 , 000 , 000,000 
7-000,000,000,000 
26-083,333,333,333 
6r2li0,000,00<),000 
114-498,611,111,111 
174-562,500,000,000 
226-838,867,407,407 
264-762,731,481,481 
256-676, 849, 161, 235- 
231-481,026,1B7,407 
191-388,403,614,310 
145-893,434,343,434 
108-306,893,061,266 
68-382,011,401,932 
42-542,284,374,060 



13-914,767,484,637 

7-370,176,657,826 

3-724,044,071,910 

1-800,798,783,647 

-634,949,931,033 
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II 
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III 
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644, 

714,693 

63-490,670,135,4011 
37-467, 142, 38fi;7f0 
21-012,806,760,009 
11-244,296,379,1!; 
5-765,lB8,691,869 
2-824,345,081,28! 
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66-287,647,167,621 


'tjlljHjljS 


1 - 000 , 000 , 01 ) 0,000 

8-600,000,000,000 




108-376,000,000,000 

243-386,111,111,111 

444-387,600,000,000 


1102-139,861,190,470 

1186-119,330,367,143 

1161-879,956,691,171 

1048-485,607,751,628 


IjM 


1 - 000 , 000 , 000,000 

9-600,000,000,000 


160-416,866,666,667 

376-408,333,333,333 


f UV OM I 

1303-655,505,962,361 

1940-643,601,190,476 

2661-274,916,123,467 

3042-767,062,940,917 

3292-737,981,026,784 

3277-088,624,840,001 

3023-266,662,114,684 




1163-199,070,190,847 

789-546,924,678,818 

616-166,190,078,813 

321-239,093,109,690 

191-914,612,226,641 


1 - 000 , 000 , 000,000 























ON THE RELATION OF THE DURATION OF PREGNANCY 
TO SIZE OF LITTER AND OTHER CHARACTERS IN 
BITCHES* 

By MARGARET anb KARL PEARSON. 

(1) (i) The following data relate to the duration of pregnancy, the age of the 
hitch, the size of litter, the order of the pregnancy, etc. in small dogs hred in the 
Biometric Laboratory, partly pure Pekinese and partly hybrids from the cross 
Pekinese x Pomeranian. The material is more sparse than we had hoped for, since 
about half the whole series of dogs were bred by Dr Usher in Scotland, and we 
found on examining the Scottish schedules that most of the dates of mating had 
not been entered, only the dates of littering; the mating books themselves had 
disappeared during Dr Usher’s absence on war-service in Greece. It was therefore 
only possible to use for this enquiry the data for dogs bred in England. 

The data must necessarily be of an approximate nature, because (i) if a bitch 
be lined only once there is less chance of obtaining a litter than if she be served 
twice, and in our experimental work the chief aim is to obtain a litter. The cost 
of keeping dogs which fail to litter, and there are many slips, is already too heavy for 
a poor institution. And (ii) the date of littering is that of the day when the bitch 
was found to have puppies. With our Pekinese and Pekinese hybrids we have 
noted a marked objection to littering in the presence of anyone; they cry and whine 
and will not attend to businessf. The bitches as a rule litter during the night, most 
probably in the early morning, for this is the time the attendant usually finds that 
the bitch has just littered but has not yet cleaned up, or is just littering. Accord- 
ingly the date of littering is in this paper taken to be the day on which she is 
known to have littered, or the day on which she is found with puppies, although 
these might in some cases have been bora actually twelve hours earlier. 

As to the date of mating, when it has occurred twice, for the most part the 
mid-date between the two matings has been taken. By duration of pregnancy we 
understand accordingly here the time which has elapsed between this mid-date and 
the day on which the bitch is known to have littered, or has been found to have 
puppies. This is nob of course the period of true pregnancy, for we do not know 
the time at which the spermatozoon comes into conjunction with the ovum, nor 
to a few hours the time of the littering, indeed the latter sometimes lasts several 
hours. But it is as close as we can get by aid of experimental work, not intended 
solely for the present investigation, and it is close enough to give results of value 
for practical breeding. 

* Aokoowlodguiaiit mast be made of afieieiance from the Boyal Society Government Grant received on 
several oooasions dming the oonrse of ihese espetiments. 

f I have eat up in my early days hours with a bitoh, but to no purpose. Half-an*honr after I bad 
left her in despalri she wonld have her pops without more fhss I E. P. 
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The purpose of the expenmente being to study hybridisation we had relatively 
few pure-bred dogs, and rarely bred Pekinese with Pekinese, or Pomeranian with 
Pomeranian. The hybrid was termed a “ Pompek,” and for shortness we may speak 
of Poms and Peks. It is possible that Peks in pure breeding and Poms in pure 
breeding have diiFerent durations of pregnancy, but our experiments are not 
adequate to determine a slight difference if it exists. 

Pure Pom bitches hod an average duration of 60*1 days of pregnancy, whatever 
the sire. When mated with Pom sires 60*2 days* duration. When mated with Pek 
sires 60*0 days. When mated with Pompeks 61*0 days. These are all on relatively 
few numbers, and the results do not suggest that the period of pregnancy of a pure 
Pom bitch is influenced by the race of the sire. 

Turning to Peks the pure Pek bitch, whatever the sire, had an average duration 
of 61 *41 days. When mat^ with a pure Pek the duration was 62*6 days, with a pure 
Pom 61*3, and with a Pompek 69*9 days. It may be asked why the sire should 
affect the period of pregnancy of the bitch ? The answer is that the period of 
pregnancy is influenced by the nature of the litter, e.g. the larger the litter (and 
the heavier probably) the shorter is the pregnancy. It may be that the number of 
the litter depends entirely on the bitch, but it is not impossible that it depends in 
part also on the sire*. Hence it by no means follows that the duration of pregnancy 
will be the same with a cross and with a pure mating. Our results do not indicate 
any such relation in the averages for pure Pom bitches. More might be read into 
the case of the pure Pek bitches, but when we see that the duration of pregnancy 
can vary from 66 to 68 days, we are not inclined to lay any stress on differences 
such as the above, which have in fact probable errors of the order of one day. We 
shall see that the mean duration of pregnancy for all available material is 60*76 
days, and we are not able on the basis of our material to lay any stress on the 
difference involved in a Pom 60*4 and a Pek 61*4 days’ duration. It seems probable 
that the age of the bitch, the order of the pregnancy and the size of the litter have 
more to do with the duration of pregnancy than the race of bitoh or dog in these 
small dogs. 

(ii) One grave difficulty in our breeding work has been the lengthy period which 
in certain cases has elapsed before the bitch showed the smallest sign of heat. In 
one cose 4|i years, and in seven oases three or more years out of a total of 54 first 
litters for which data were available. It will be observed how very much it adds 
to the cost of experiments of this nature, if a mating which is desired has to be 
postponed for two or even more years, As a rule after the first pregnancy the bitch 
comes into season twice a year, but by no means at fixed intervals ; to what extent 
these are varied by (i) the absence of matingf, (ii) the length of suckling, (iii) the 
failure to have a Utter after mating, or (iv) the age of the bitch, baa not been 
adequately determined. The period of suckling, 4 to 6 weeks, depends largely on 
the size of the litter and the age of the bitoh, but also on the condition at littering 

* There is some evldenea to indioate that in man twinning^ may arise from the Pather’e side, 

t In some osees it wsa thought desirable owing to the youth of the bitoh, or her non-ieoovery after 
the previons litter to full health and strength, to allow the heat to pass without mating. 
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and the food she will consent to take*. As a rule, however, there is a season at 
the end of spring and another at the beginning of winter. The following is a 
typical example ; 

SeHe: born Oct. 8, 1923. Ist heat, Oct. 1924; 2nd, June 1925 ; 3rd, Dec. 1925 ; 
4th, July 1926 ; 6th, March 1927 ; 6th, Oct. 1927 ; 7th, June 1928 ; 8th, Nov. 1928 ; 
9th, July 1929. She was mated on all nine occasions and gave birth to 29 puppies. 
She was parted with after the 9th litter. 

Here is another illustration ; 

Meg bhan : born May 3, 1913. Isb heat, Feb. 1914 ; 2nd, Aug. 1914 (no litter) ; 
3rd, March 1915; 4th, April 1916; 5th, Nov. 1916; 6th, June 1917; 7th, Nov. 
1918 ; 8th, Feb. 1920 ; 9th, Oct. 1921. She had to be destroyed in 1922, having 
also given birth, to 29 puppies. The occurrence of heat is here more irregular, but 
may reasonably be associated with difficulties as to food during the War, 

One last case : 

Siri: born July 28, 1916. Ist heat, Aug. 1916 (no litter); 2nd, March 1917 ; 
3rd, Oct. 1917 ; 4th, May 1918; 6th, Nov. 1919; 6th, May 1920; 7th, June 1921. 
Total number of puppies bom 23. 

Irregularities chiefly occur when the bitch is very young or old, but a general 
discussion of the intervals between heats would require more data, especially ■with 
regard to suckling period and food, than our records provide. 

(2) We will deal in the first place with the first litter, which usually, but not 
invariably, corresponds with the first heat and the first mating. We have only 


TABLE I, Age at First LiUering and Duration of Pregnancy. 


Age of Bitch at First littering (Central Values in Months), 



Totalsl 17 9 6 



1 37 


* Pekinese and Fekinesa hybrids will often both before and after littering refase cows' milk, or can 
only be Indnoed to take it, if sponge cake be sbaked with it I 
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TABLE 11. Age First Littenng and Size of Litter. 


Age of Bitch at First Littering (Central Values in Months) 



3? cases in which the duration of pregnancy is provided for the age of mother at 
first litter. We have 54 cases in which the number of puppies is known for age of 
mother at first litter (see Tables I and II). 

The average ago of the mother at first litter is 20*33 months* in the first table 
and 10 05 in the second table. The average duration of first pregnancy is 60'86 days, 
while the average duration of all pregnancies is 60'76 days. There is nothing very 
different in the first pregnancy as far as its average duration is oonourned from the 
average duration of later pregnancies. 

The number of puppies in the first Utter averages 3'S7, while the average 
number for all litters is 3'22. This does not, of course, prove that the first litter 
is the moat numerous, but only that it has somewhat more than the average 
number of puppies. We shall return to this point later. 

The constants of the two tables are as follows ; 

Table I. Mean age of Mother at first litter 20*33 months ^ 

Standard Deviation «<■ 9*166 months Correlation 

Mean Length of Pregnancy 60*86 days ‘143 i *109 

Standard Deviation «> 3*112 days 

Table n, Mean ago of Mother at first litter 19*95 months 

Stands^ Deviation »• 9*567 months Correlation 

Mean number of Puppies 3*37 - *347 ± *081 

Standard Deviation » T865 puppies 

The latter correlation is significant, the former cannot be said to be. The general 
meaning if both were sigoifioant would be that: 

The older the bitch at first pregnancy the fewer puppies she will have, and the 
longer the pregnancy. 


* By a “ moniih ” iq thli paper ie to be nndenitood an average oalendar month of 80*4 daya. 
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That the pregnancy is longer may merely arise from the fact that the litter is 
smaller, the fertility of the bitch depending upon her age. The following results 
are suggestive ; 


Ago of Bitoh iu 
Months 

Moan Length of 
lat Frsgnanoy 

Mean Nnmbet 
of Puppies 

8—13 

flO'76 

3-38 

14—19 

60‘K) 

3*67 

20—26 

60-66 

3’56 

Above 25 

62-40 

2-81 


The average age at first litter being almost exactly twenty months, and the 
duration of first pregnancy almost exactly two months, we conclude that in these 
bitches the first heat occurred on the average at 18 months with a variability of 
9’4 months, the distribution of this onset of puberty being very skew. 

(3) After the above consideration of the first pregnancy, based admittedly on 
very slender data, we turn to the general relations between the four variates ; Age 
of Mother (a), Size of Litter {1), Order of Pregnancy (to), and Duration of Preg- 
nancy (d). Our data are arranged in the six correlation tables, Tables III— YIll, 
to be found on this and the following pages. 


TABLE III, Order of JPregnanoy and 8m of Litter. 


Order of Pregnancy, 


i 

I 

It 

III 

IV 

B 

VI 

VII 

VIII 

IX 

Totals 

s 

H 

4 

4 

5 

2 


2 



19 

3 


0 

6 

2 

3 

2 

1 

2 

— 

42 

3 

WM 

16 

7 

5 

2 


2 

1 

— 

46 

4 

mm 

•6 
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4 

3 
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37 

5 

■9 

6 

3 

3 


2 

VjH 


1 

24 

mm 

2 



3 

D 

1 



— 

9 

M 

2 

H 

H 

■ 

II 

H 

H 

H 



Totals 

67 

41 

31 

20 

12 

8 

8 

3 

D 

179 


Table III provides the relation between the order of pregnancy and the size of 
the litter. Matings not followed by pregnancy are omitted ; one first pregnancy 
which was a miscarriage, and one second pregnancy in which the total number of 
puppies bom was not recorded, have been disregarded. Table III contains 
pregnancies leading to 677 puppies. The following are the constants of the table : 

r =» Mean No. of Puppies * 3 22 + *07 1, 
ffi =s Standard Deviation of No. of Puppies = 1'4084 ± *050, 

55 =* Mean No. of Pregnancies ** 2'77 ± ’093, 

(r„ = Standard Deviation of No. of Pregnancies 1*8402 ± ’066, 

rju =s Correlation of Order of Pregnancy and Size of Litter == — '0609 ± ’0603, 
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Accordingly if we could trust to the regression being linear, there would appear 
to bo no significant relation between the order of the pregnancy and the size of 
the litter. We must accordingly investigate the means of each array. We have : 


OtAw of Progimncy 

I 

II 

III 

IV 

V 

VI-IX 

Moan all Pregnanoies 

Size of Litter 

3*38 

3*10 

3*lCi 

3-S5 

3*00 

3‘Sa 

3*22 


Although this appears to make the litter at first pregnancy the largest, the actual 
value in this case is S'SSf ± *126, which does not indicate any signi Wnt difference 
from the general moan 8'22B. 

This result appears to contradict the ordinary impression, which we ourselves 
have shared, that the litters of the first and of the last one or two pregnanoies are 
smaller than the average. The source of this apparent paradox may He in the fact 
that we are not dealing with nine successive pregnancies of the same bitches; we 
are clubbing bitches of varied degrees of fertility together, and the horizontal 
margin shows that many bitches drop out after the first two or three matings. 
It was only those of the greater experimental interest that could be preserved to 
the last stages of their reproductive powers, and this was peculiarly the cose during 
the War years, when, owing to the scarcity and cost of food, the sole aim was to 
keep enough dogs alive to continue the work when peace came*. 

We pass next to the duration of the pregnancy and the size of the litter. We 
have already drawn attention to the ikot that the dates of mating have not always 
been recorded. Further, there were not always two matings, and if there were, they 
might be on successive days, or there might be an intervening day. We have 
the following results according as we measure the pregnancy from the day of the 
first mating, licom the day of the second mating or from the midday between: 



1st Mating 

Midday 

Snd Mating 

Mean Doratiou of Pregnancy 
Standard Beviation 

61-41 

3-0S4d 

60-76 

3-lB2» 

69-74 

3-1969 


all in days. 

It is clear that there was an interval of about 1*7 days between the two matings. 
The midday is not midway between the first and second matings, because the first 
mating includes all those coses in which there was only a single mating. Examining 
the standard deviations, it will be seen that the duration of pregnancy varies least 
about the mean duration from first mating to littering. It seems probable therefore 
that in most cases the first mating is successful. For practical purposes therefore 
we may say that a hitch of these breeds will Ktter after an interval of 61*41 ± 2T4 
days firom first mating, or that a bitch Is very unlikely to have a litter at all if it 

* Bven at present the slae of emr A^tmul Hons# and the extent of onr fnnds do not permit of more 
than 16 to ilO adnli dogs being kept at one time. 
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dods not occur between the 65tli and SSth* days from first mating, the 61st to 62nd 
days being the most probable days for littering. If there has been a doable mating 
then the bitch will litter moat probably 60*76 ± 2*16 days from the midday between 
the two matings. If a bitch does not litter between the 64th and 67th days from 
the midday of mating, she is very unlikely to have a litter f. Our actual experience 
has been one bitch littering dn the 55 th day and two on the 68th day. 


s 

*S 

<0 

d5 


In Table IV the length of pregnancy is measured from the first mating and the 
constants of the table are as follows : 

T— Mean Size of Litter®® 3'800, 
crj = Standard Deviation = 1'8666, 

(2 B^Mean Duration of Pregnancy = 61*409, 
cTi s= Standard Deviation = 3 0846, 

Correlation of Size of Litter and Duration of 
Pregnancy = — '4479 ± *0614. 

There is thus a significant and quite considerable negative correlation between 
size of litter and duration of pregnancy. Thw correlation may be illustrated by the 
following mean values: 


Size of Litter 

Mean Duration of Pregnancy 
in days 

1 

63-13 

2 

62-96 

3 

61*97 

4 

69*47 

6 

60*27 

6 

, 59-29 

7 

68-00 


* This is based on pins and minus three times the probable error from the mean, 
t In some cases a bitoh after mating mahos ap her mind that she will litter, she devdops, and 
sometimes shows signs of milk, and frnallr msj even prepare her lair, withont having any puppies. 


TABLE IV. Duration of Pregnanoy md Sm of Litter. 


Duration of Pregnancy in Days. 
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The corresponding prediction formulne are: 
probable duration of pregnancy for given size of Utter J = 64(‘75 - 1’012 1, 
or pregnancy is delayed about one day for each decrease of one in tho litter. 

probable litter for given duration of pregnancy (2= 15'4i8 - *198 d, 

or five days’ delay in Uttering would on the average denote a reduction of two in 
the Utter. 

We now turn to Table V, which gives the relation between the duration and 
order of pregnancy. 

TABLE V. BwaJtmi of Pregnancy and Order of Pregnancy. 


Duration of Pregnancy in Days. 



The constants of the table are as follows : 

d» Mean Duration of Pregnancy ■» 61*409 ± *198, 

(Ti = Standard Deviation of d « 3*0849 ± *1403, 

S <= Mean Order of Pregnancy » 2*6546 ± *1187, 

{r„ = Standard Deviation of w *= 1*8461 i *0839, 

Correlation of Duration with Order of 
Pregnancy » *1780 ± *0623. 

There is thus a positive correlation between tho order of pregnancy and its dura- 
tion ; it is rather small but is probably significant. As the regression is unlikely 
to be linear we determined the correlation ratio of duration of pregnancy on order 
of pregnancy and found 

•* *3785, 

indicating an association more than double that determined for the correlation 
coefficient. 

Our data are too scant to give a close approximation to the manner in which 
the duration changes with the order of pregnancy, but the following series of mean 
durations : 
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Order of Pregnanoy 

Re&n Daration 

I 

eO'86 

II 

61-76 

III 

61-47 

IV 

61-40 

V 

69-17 

VI 

60-76 

VII— IX 

64-71 

All Pregnancies 

61-41 


suggest that the first pregnancy has a duration rather helow the mean ; the dura- 
tion rises aboye the mean in the second and third pregnancies, sinks below the 
mean again in the fourth and fifth to become very protracted in the extreme 
pregnancies. This is only a suggestion, but it seems not out of accord with probable 
physiological changes. 

The partial correlations ra.i and are not without some interest, 
although they will not bear much stressing. Thus 

r,«j = ’lY80, but r«i{s=*l738, 

and we see that the observed relation between the order and duration of pregnancy 
is little influenced by the fact that the duration depends upon the size of the litter. 
Again, 

= - ' 0609 , but n* j == + 0323 ; 


accordingly such little relation as there exists between the order of the pregnancy 
and the size of the litter is reversed, or is practically zero, when we take a constant 
duration of pregnancy, 

Finally, 

ria — — *4479, but — *4466 j 

thus the association of a long duration of pregnancy with a small litter is practically 
independent of the order of pregnancy. These are all points concerning which it 
would be desirable to collect more ample data. 

(4) We will now consider what effect the age of the bitch has on the size of 
the litter and the duration of pregnancy j it will clearly be of necessity fairly highly 
correlated with the order of pregnancy. Now the age of the bitch may be con- 
sidered with relation to the mating or the littering. Table VI^ (see p. 317) provides 
the relation of the size of the litter (i) to the age of the bitch (a) at mating, and 
Table VP that of the size of the litter with the age of the mother at littering (a'), 


The constants of these two tables.are given below : 

Table 7K Table FP,. 

5 = 34*206 ± 1*241 months, 5'?= 37 '116 ± 1*040 months, 


<r«= 19*4772 + 
T= 3*277 ± 
<r,= 1*3772 ± 
*17221 

Biometrika xxn- 


*8778 months, 
*088, 

•0620, 

•0618. 


tra, = 19-26701 
7= 8160 1 
<rj= 1*37531 
«= — *1468 1 


■7462 months, 
■074, 

*0625, 

-0628. 


zi 
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The relation between the age at mating and the size of the litter, the number 
of puppies being smaller the older the bitch, is probably significant, but is not very 
considerable j it is larger than the correlation between order of pregnancy and size 
of the Utter (— ‘OfiOG). It is probably reduced in experimental breeding because 
when the bitch’s fertility is reduced, i.e. when she, although mated, produces no 
litter or only one or two puppies, she is discarded for stud purposes*. The difference 
between the bitches’ ages at mating and pregnancy = 5' — S = 2‘910 months = 88’6 
days. This is not the average duration of pregnancy because the second series of 
dogs is not identical with the first, there are 44 additional entries principally due 
to the records of C. H. Usher, which provide dates of littering but not those of 
mating. Even allowing for an average period of 60*8 days for pregnancy, it will be 
seen that the Aberdeen dogs were on the whole mated to greater ages than .the London 
dogs. As to the remainder of the constants there is no difference of practical 
importance between them. Accordingly, as the only advantage of taking age of 
bitch at litter over age at mating Ues in the increase of entries, and as this involves 
a risk of heterogeneity (as Usher introduced new Pom blood while Pearson, after 
the first cross of Pekinese with Pompeks, continued to inbreed), we shall for the 
remainder of this paper confine our attention to Age of Mother at Mating. 

Table Vll (p. 320) shows the relationship between Age of Bitch at mating and 
Order of Pregnancy. The very appearance of the table indicates how considerable 
the correlation is, a result which it was easy to predict. 

The constants of Table VII are as follows; 

S s Mean Age at Mating » 34*289 i 1*23'7 months, 

Standard Deviation of Age = 19*6766 ± *8744! months, 

® s= Mean Order of Pregnancy » 2*632 ± *1167, 

<r«= Standard Deviation of Orders 1’8461 ± *0826, 
ran a= Correlation of Age and Order = *7967 ± *0231. 

The following table shows the average age at each pregnancy : 


■ ■ -I 

Order of Fregnatioy 

Observed Age 

Smoothed Values from 
RegroBBlon Line 

I 

II 

III 

IV 

V 

VI 

VII 

VIII and IX 

17*76 months 
29*38 „ 

40*86 „ 

61*33 „ 

63*60 „ 

67*60 „ 

84*80 „ 

68*00 „ 

SO *60 months 

28*96 ,, 

37*40 „ 

46*86 „ 

64*29 „ 

62*74 „ 

71*19 „ 

83*86 „ 


That the observed ages at later pregnancies fall so much below those calculated 
from the correlation formula is no doubt due to the fact that the more fecund 
bitches had litters earlier and rarely missed a mating. There are, however, only 

* ICatiiigB leading to no litteie have been ezolnded from these tables. It is not possible in such oases 
to determine whether the dog or bitoh is at fault. 

21— 2 
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three bitches who reached the VIII and IX pregnancies, and these" count very 
little in the determination of the correlation. The correlation-ratio of t» on a does 
not differ sensibly from 

The average interval between pregnancies is 8‘4!6 months. The physiological 
interval is about 6 months, and the observed increase is due to matings which 
were omitted or failed when the bitch was in season. It has been observed also 
that an aged bitch may occasionally omit one or more heats. 

The regression equation giving the probable age (d>) at a given pregnancy cu is 

a = 12*054 -1-*8-4486). 

The other constants of Table VII, considering how the total numbers vary from 
table to table owing to one or another omission in the record, are in reasonable 
accordance with those of Tables HI and V. 

We now turn to Table VIII, associating the Age of the Bitch at mating with 
the Duration of Pregnancy. 

The constants of this table are as follows : 

a* Mean Age of Bitch at Mating = 83*56 ± 1*272 months, 
era “ Standard Deviation of Age = 19*5119 ± *8997 months, 

(2 Duration of Pregnancy =» 60*66 ± *198 days, 
era — Standard Deviation of Duration = 8*0434 i *1403 days. 

Tad =“ Correlation between Age at Mating and Duration of 
. Pregnancy =* *1 6 47 ± *0686. 

The first four constants are within their probable errors of the like characters 
previously determined. The correlation is small but probably just significant. It is 
noteworthy that while the correlations of duration of pregnancy with age and with 
order of pregnancy are both small and positive the latter appears to be somewhat 
the larger. 

The difficulty, however, with practical breeding lies in the economic factor, that 
matings in the case of such expensive animals as dogs will no longer be made 
(unless the bitch is of especial value or interest) after the fecundity has begun 
seriously to diminish. 

The regression equation of Duration of Pregnancy on Age at Mating is 

•02413a -I- 59*86. 

Hence if we take the lowest age of the first heat at 9 months and the highest age 
of last pregnancy at 84 months = 7 years*, we have for the corresponding durations 
60*07 and 61*88 days, or age would have a maximum range of influence of 2 days 
pnly on period of pregnancy. 

If we take the correlation of Age and Duration of Pregnancy for constant Order, 
and the correlation of Order and Duration of Pregnancy for constant Age, we have 

TiH,» = * 0111 , 

Tttda “ *0918, 

* Our experience seems to Aow that these dogs have on this average a life of nine years or even less, 
and that few bitohes are of use for breeding purposes beyond six or seven years. 
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and thcso seem to indicate, taken at their face values, that the number of the 
pregnancy is more important than the age of the bitch for the duration, But the 
data are too slender, and the artificial selection of bitches for stud purposes too 
great, for any stress— other than that of suggestion — to be placed on this result. 

(6) Conclusions. It seems worth while publishing these results. It is true that 
the disappearance during the War of the mating books of the Scottish bred dogs, 
before the dates of mating had been recorded on the schedules, has much reduced 
the available material. Further, the experiments were not mode directly to deter- 
mine problems regarding gestation in dogs ; their primary purpose was to investigate 
as economically as possible the inheritance of certain characters in dogs. 

Thus the bitches were not retained in the kennels long after their period of 
maximum fecundity was passed. Again, in London kennels with only yard exercise, 
general fitness is far leas than can be maintained in the country, or even in a London 
home with daily walks. However, the general results seem suggestive enough to 
make further research worth while. The principal oorrelatiuns are : 

rat, = + '1780, 

rw = -'4479, ff«"~*0609, * - *1722, 

^‘aw'*+‘7967, rod“+*1547. 

Thus the three factors, increasing duration of pregnancy, increasing number of 
pregnancies, increasing age, all tend to decrease the size of the litter. In the first 
case it is probable that it is the size of the Utter which is the causal factor and 
hastens the end of gestation. This gives the most marked correlation, and it would 
he of interest to determine — size of litter being associated with weight — whether 
in other mammals the average period of gestation is less for male than for female 
ofispring, and less for twins than for single births. We have seen that the correla- 
tion coefficient between the duration and order of pregnancy is small, because the 
relationship is not linear. It is hardly possible to account for the small coefficient 
of age and size of Utter on similar grounds*, but it may be possible to do so on the 
ground of artificial selection. Fro^bly the fertility of the bitch is not diminished 
until she is over five years of age. Further, we cannot attribute the small relation- 
ship between age and duration of pregnancy to markedly curved regression f. The 

* The nlAtlondiip ii m follows t 


Age In months 

6—23 

38-40 

41-68 

60-88 

Size of Litter 

8<4S 

8*80 

$64 

8-41 


t Then is s fsiily oontintioos inoreaaa thus: 


Age in months 

0—10 

17—28 

89-46 

47—64 

66 And over 

Loniion of Pregnanoy 

60*06 

60*68 

60*60 

61*08 

61*80 
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multiple-regresaion equation of Duration of Pregnancy on Order of Pregnancy and 
Age at start of Pregnancy is 

(fa 

which indicates that with equally likely deviations from the mean order of preg- 
nancy and mean age, the former, the order of the pregnancy, will be more than four 
times as influential as the age* 

The fact remains that none of the factors we have taken into consideration 
suflBces to provide a causal explanation for the duration of pregnancy varying from 
55 to 68 days. Can it be that this duration is individual and possibly an inherited 
character? If so it would be of evolutionary importance. The evidence as to this 
possibility must be discussed on another occasion. 

No one can recognise more clearly than the writers the paucity of their data, but 
this field of investigation is of considerable interest. It is possible that an appeal 
to large breeders of dogs might produce more ample data as the variates we are 
dealing with must have been recorded in many cases. We shall be content if the 
present paper leads others to collect and reduce material on a wider basis, dealing 
if possible with small dogs of a single species; for comparative purposes Pekinese 
or Pomeranians would be most serviceable. 

* The aotual auwerloal aquation to detensine the probable duration of pregnancy i in days, for 
a bitch in her uth pregnancy and of age a months is 

il:::M+'2606tf+'006,681a. 

Thus a bitch in her fifth pregnancy and four years old-Le, unS and a=48-wonld have a probable 
duration of pregnancy (f given by 

(I=:60'56'7+l'2d25-i< '2679 =62*08 days. 



ON THE ASYMMETRY OF THE HUMAN SKULL 


By T. L. WOO, PilD, Lond., Research Fellow of the China Foundation 
for the Promotion of Education ond Culture. 

(1) Much has been written about the quanbitotivo asymmetry of the brain, on 
the assumption that diiferentiated functioning of the right and left hemispheres 
might (or must) be mani feated by differentiated size. On such a hypothesis the bony 
skull developing so os to fit the growing brain should exhibit significant evidence 
of this asymmetiy. Reasoning in this way there is nothing in the least absurd in 
the fundamental conceptions of phrenology. What has been the misfortune of that 
science was the premature localisation of certain mental and sensory activities 
before any adequate statistical evidence was forthcoming (or had at least been 
published) for each such local assignment. Since in the case of a sensory or mental 
activity we might on the above hypothesis anticipate an exaggerated or at least 
a marked development of the brain and a correlated development of the skull, the 
question of the asymmetry of the latter becomes one of great importance. If it be 
possible to demonstrate that some weihused mental or sensory activity is controlled 
generally hrom a centre on one side of the brain and there is no correlated increase 
in skull size in that region, i.e. that there is no resulting asymmetry, we shall have 
a strong argument— it may not necessarily be a conclusive one— that this emphasised 
local brain activity is not highly correlated with me, To the same extent we weaken 
the standpoint of the phrenologist that a cranial “ bump ” which to a large extent 
connotes asymmetry* marks the special development of a local centre of brain 
activity. 

(2) Most measurements of the skull have hitherto been taken in the service of 
anthropology, i,e. with a view to finding the differentiated characteristics of various 
races. Racial differences were first approached from the standpoint of appearance, 
in other words from the conception of portraiture. Anthropometricians endeavoured 
to give quantitative value to the differences that were obvious to them at first sight, 
They observed the roundness of the head, the breadth of the forehead, the height 
of the face, the elUpticlty of the orbit and so forth. Such measurements are usually 
composite, covering more than one bone of the skull, and are generally far from 
suitable for testing the asymmetry of the skull. Indeed they often cover both the 
homologous bones the difference in the sizes of which leads to the asymmetry, or 
again are worthier for our purpose because the measurements axe taken in the 
median sagittal plane. 

* ilvaya mpposisg that the homologous tegiou— i.e. Irom the phreaologiBt'H standpoint an 
independent mental or emotional trait— does not ohanoe to be equally developed. 
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However valuable the present measures of the anthropologists may be for the 
purpose for which they were devised, it is clear that they can give no finn.! answer 
to many important problems, and one of these is the asymmetry of the skull. For 
this purpose we need measurements on the individual Wes of the skull, taken in 
homologous pairs. A special advantage of taking measurements on the individual 
bones of the skull is that we thus got some idea of the size and shape of relatively 
small regions, not indeed coinciding with the phrenological areas, but giving us 
a better appreciation of local asymmetries than the run of anthropometric measure- 
ments can. I think it might be useful to distinguish the two t 3 rpes of measurements 
as ethnometric and morphometric, for both are actually anthroporaetrie. The 
division really refers to the purposes which they are to serve ; for while some few 
ethnometric characters have morphometric value, the bulk of the latter could be 
used for ethnometric distinctions, and will undoubtedly be more and more so used 
in the future developments of anthropometry, i.e. we shall gradually come to the 
study of the ethnic differences of the individual bones of the skull, rather than 
those of its composite characters— just as a study of the individual long bones has 
greater ethnic value than a study merely of stature. 

(3) Having need for one of the important morphometric problems to which 
I have referred to study the characters of the individual cranial bones, 1 took 
a number of measurements of each of these. I did this on the long series of 
Egyptian skulls, 26th to 30 bh dynasties (Series E), in the Biometric Laboratory, 
confining my attention to those classed as male, amounting to about 800 in 
number*. On the separate bones I took 63 measurements, partly chordal and 
partly arcual. Of these 63 measurements, 50 were corresponding measurements 
on homologous bones, and accordingly of value for determining the degree of 
asymmetry in the two sides of the skull, and for measuring what, regions were in 
excess on the right or on the left side with the amount of that excess, 

The following are the 26 measurements which were taken bilaterally (Figs. 1 
and 2): 

(a) Frontal Bom. Ji* minimum arc from a point on the coronal suture 
equidistant from the bregma and stephoniou to the upper border of the orbit 
immediately outside the supra-orbital notch. The line of the coronal suture is 
marked in pencil to indicate its general direction, so no account is taken of a local 
indentation in determining the terminal of this measurement. The point equidistant 
from the bregma and stepbanion can be found with the aid of coordinate callipers, 
or with small dividers, Although the snpm-orbital notch is very variable in form, 
there is no difficulty in making the steel-tape pass immediately outside it. 

Fi—aca from ophryon to stephanion. The ophryon is defined, for this purpose, 
to be the intersection of the minimum arc from nasion to bregma and the 
minimum arc (marked in pencil) between the temporal lines. 

* Borne 68,400 meaenremente weie taken, and as each skull took over an hour to meaanre, it 
required a year’s work to complete the series. ' * 
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(6) Parietal Bone. Ps = arc from bregma to sphenion* along the line of the 
coronal suture. 

^3 = minimum arc from bregma to asterion. 

P4* minimum arc from aphenion to lambda, avoiding the temporal squama so 
that the arc falls entirely on the parietal bonef. This measurement is generally 
close to, but not identical with, the geodesic lino. 

(0) Occipital Bone. 07 = arc from lambda to asterion along the line of the 
lambdoid suture. This may diverge appreciably from the geodesic line between 
the points. 


A$T> HlctioK. 

AUR'auriniUr p«int, 
(ntMtiltV (WIMt) 
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PM'intfl-molkry pclid 
$N>7up<<W nkMl p«lnl 

|irHn>nih*nivn. 

9^»ltt{khknlon. 

ZTT> ^tjl^katnUr* , 


IktX*. 

_ _ w Bhord^. 


OgB arc from the median line of the occipital bone to the asterion. The median 
line is defined, fur this purpose, by the minimum arc from opisthion to lambda, and 
the join of this line with the geodesic between the asteria gives the terminal, The 
measurement is then taken along that geodesic. The opisthion is here defined to 
be the point where the extension of the external occipital crest meets the border 
of the /oromsn magn\m. 

* If there be an eplpterlo bone at the pterion in oontaot with the frontal bone, the sphenion ia 
Bnpposed indeterminate. 

t If there be an ossiele of the bregma, that " point" ia aeoepted aa the interscotion of the lines (traced 
in penoil) marking the general direotion of the ooronal and aagittul antniea. The lambda and aeterion 
are defined in a aimilar way, if eupemnmeraty bones are present, though less exactly since each ia 
defined to beihe join of three antural lines and, if it ia neoeasaty to continne them, they may not meet 
in a unique point. If the sutures round the lambda are very complex it may he neoeasary to use the 
aame method, 
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Og a chord from basion to asterion. 

(d) Temporal Bone. Ti = maximum chord from the asterion to the anterior 
border of the temporal bone. When the anterior border — 'Le. the spheno-sejuamous 
suture — is deeply dentated, but not otherwise, the anterior terminal is taken on 
the pencil line which marks its general direction. The point appears to be 
invariably above tho zygomatic arch and it may be close to the pterion. 


A^Tift^erion. 

AUR'MtrlcubriT ttohiil 
^ (mu’tin'# {tonott 

JSPttlf • StlhnM'lNiptM 

— -4re.». 

“ — ~ — cl»ord)i. 


Fig. 8. 

f 

Tga chord from the auricular point to the point where the minimum arc from 
the auricular point to the bregma meets the upper border of the temporal squama. 
In doubtful cases only (as when the margin is slightly broken, or when there is 
a clear spinous process) the squamous border is marked in pencil to indicate its 
general direction. The auricular point is defined to be the point on the upper 
margin of the auricular passage which lies in the plane bisecting the orifice 
transversely*. It can generally be found in practice by continuing forward the 
curve of the thin lip of bone which terminates posteriorly in a well-marked notch 
on the upper part of the posterior wall of the passage. 



* This point is Martin’s “porion.” 
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23= maximum chord from the point where the backward extension of the 
temporal ridge meets the parietal bone to the anterior border of the squama. This 
measurement is not- entirely satisfactory, but it would be difficult to devise a better 
measure of the antero-posterior length of the temporal squama. The temporal ridge 
is generally blunt, and in continuing it as a pencil line to meet the parieto-squainous 
suture considerable differences might be marie by different workers*. When the 
sphcno-sqiiatnous suture is deeply dentated, but not otherwise, the anterior terminal 
is taken on the pencil line which marks its general direction. 

T4 » minimum arc from asterion, above the auricular passage, along the upper 
border of the zygomatic ridge to the suture with the malar bone. This passes 
through the point on .the temporal ridge, at the root of the zygomatic process, 
which is in the plane bisecting the auricular orifice transversely, i.e. the "auriculare” 
of Martin, the "point sus-auriculaire" of the French. 

Tf s chord from the aaberion to the auricular point. 

maximum chord from a point on the suture with the parietal hone, 
equidistant from the asterion and the point where the temporal ridge meets the 
parietal hone, to the tip of the mastoid process. The suture in question is made up 
of parieto-squamous and parieto-mastoid portions and it is often irregular. The 
terminal is a point on the pencil line which indicates its general direction without 
regard to local indentations. Its position is somewhat uncertain owing to the fact 
that the point where the temporal ridge meets the parietal bone in some cases 
cannot be found precisely (see the definition of 2g). 

27= maximum chord from Martin’s "auriculare" (see the definition of 24) to 
the most remote part of the mastoid process. The mastoid terminals of the 
measurements 2e and 27 are not coincident. 

(s) MottAUa,. Mxi « chord from the point where the frontal, nasal and maxillary 
bones meet (the superior nasal point) to the lowest point on the alveolar process 
between the central incisors. If the alveolar processes of the two maxillae are 
completely fused the lower terminal will coincide with the alveolar point, but 
if they are slightly separated at the tips, os is often found, the two points will 
be distinct. 

chord from the lowest point on the alveolar process between the central 
incisors (os for Mtci) to the *' postrome point ” on the alveolar process behind the 
last molar — the "post-molary point.” The last molar is normally the third, but 
fully adult specimens for which no third molars have erupted are measured. The 
measurement cannot be taken, however, if the third molar was lost before death, 
or if the alveolar process was appreciably deformed by the loss of other teeth. 

itfa!a«s chord from the lowest point on the malar-maxillaiy suture (Martin’s 
"zygomaxillare”) bo the mid-point of the alveolar margin of the second premolar. 

* Par -the pnipose of the pteeent stadj male skalle only were dealt with and the point in qneatlon 
would certainly be more difficult to determine on female epeoimene. 
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chord from the lowest point on the malar-maxillary suture to the post- 
molary point. 

(/) Malai* Bone. Mix => minimum arc from the point where the raalar-maxillary 
suture crosses the lower border of the orbit to the lowest point on the zygomatic 
suture which is still on the lateral surface of the arch. 

Mlz - minimum arc from the point where the malar ridge meets the fronto-malar 
suture to the lowest point on the malar-maxillary suture. 

ig) Sphenoid Bone. iS** chord from the point where the frontal, sphenoid and 
temporal bones meet (Martin’s “krotaphion”) to the point in the median sagittal 
plane on the union of the basi-oocipital and sphenoid bones. (Martin’s “spheno- 
basion.”) The synohondrised basal suture can be marked by a pencil line with 
a close approach to accuracy in most cases. 

8a <= chord from the most posterior point of the sphenoid exposed on the base 
of the skull to the spheno-basion. The point is on the spina angularis which 
occupies the angle between the petrous and squamous portions of the temporal 
bone. This process is extremely variable in form, but the most posterior point on 
it can almost invariably be found without ambiguity. 

iSesa chord from the postreme point of the sphenoid exposed on the base of the 
skull to the krotaphion. 

jS 6» chord from the spheno-basion to the lowest point on the suture between 
the medial pterygoid plate and the palate bone. 

By a minimum arc a geodesic is to be understood. By a "suture ’’ when much 
indented is to be understood a smooth line drawn midwise across the indentations. 
Arcs were measured to the nearest half millimetre and chords to the nearest ^th 
millimetre. 

(4) Having reduced my measurements I computed the means, standard 
deviations and coefficients of variation of each of the 60 measurements with their 
probable errors; also the Coefficients of correlation of each of the 25 pairs 
of homologous measurements. The latter I obtained in two different ways as 
a check on my results, namely (i) by the usual product moment method for which 
the 26 correlation tables are given below, and (ii) by the well-known formula: . 

2 ^ ’ 

which involves a knowledge of the standard deviation of the difference of the two 
characters. The two methods should give identical results if we do not group 
flj, y and « - y, but doing so and correcting for grouping we get slight differences 
in our results for r**„. The two methods, however, give results sufficiently close to 
check the arithmetic. 

Table 1 (p. 330) contains the values of the constants thus determined, the units 
being millimetres. In Table n (p. 333), I have arranged in order of significance 
those measurements in which the right and the left sides respectively are dominant. 
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TABLE I, Gonstants of the Distributions an 


Meiuiurcmunty in niillimctrcH. 


CSonstanbi o( the Dietribuliotm 


»«. “ST" »«• 


StMidatd 

KavistwnH 



Currolation 
Oouflioientii * 






"■{i 





0H-43«l**n66 
U8'0488*'114e 
H8-0070* “lOS'd 
87 ‘4366 ±-1127 

5-0988* -OH IT 
5-05«7±-081l 
4-779«±-07e6 
4-9700* ‘0797 

6*17»7 * 0833 / 
6*1577 * 0829 1 
6*4309* •0879 1 

5-0910* -OOld { 

112’3789±’14f>7 
111-2487* -1400 
168*3960* -1361 
103-1612* -1380 
177-0305* -1451 
176 'eiaO* -1480 

6-9322* -1030 
5*7017* -0990 
6*9180* -0955 
6*0431 ±’0976 
5-8437* 1026 
6*9008* -1047 

6 -2894 ±0918 f 
5‘1261±-0893 
3-6781 * -0578 
3-7038 ±-0690 
3-3010 ±-0680 
3-3942 ±'0607 1 

86-9157* -0892 
86*0242 ± 0879 
46*6262* -0872 
46*7956* ‘0866 
66*2204* •0076 
65*7371 ± *0972 
99*7293 ±*1076 
99-4200* -im 

45- 9612* -0627 

46- 0000* -0630 
48*6266* ‘0889 
46*8761 ± ‘0886 
36*1309* *0684 
35*9714 * 0666 

3*8021 ±*0631 
3*8341 **0622 
3*7813 * 0610 
3*7090* *0605 
4*2700* *0600 
4*2637 ±*0687 
4*8969 ±*0760 
4*4767* *0792 
2*7499**0443 
2*7684 ±*0446 
3*701 6 ±*0620 
3*7788* *0627 
2*0406* *0484 
2*8666**0470 

4-4780 ±-0727 
4-4670* -0724 
8-100B±-1331 

7- 9960±-)300 \ 
6-4482* -1040 
6-4709**1050 \ 
4*3076* *0764 

4- 6024* *0790 ‘ 

5- 9831 ±-0067 

6- 0096**0972 ' 
6*3281 ±*1391 

8- 8370**1376 
8*1374* *1348 
7*9410* *1315 

76*0812 **0883 
74-7774* *0881 
36*2902**0443 
36*0660* -0462 
06*6404* *0864 
56*3102* -0866 

35- 6384±-0669 

36- 8016±-0579 

3*4328**0611 
3*6017 ±*0623 
1*9344* -0314 
2*0146* *0327 
3-4406* -0611 
3*4481 ±*0612 
2’3966±*0402 
2*4399 ±*0409 

4*5738**11816 1 

4*0828* *0833 \ 

ir*3289±*0886 J 
6*6086**0896 1 

6*0739* *1082 / 
6*1234* *1091 1 

6*7438* *1137 I 
6-8727 ±-1160 \ 

49*3853**0734 
49*9642* -0767 
69-4813*‘1102 
69*6829* *1146 

3*1118**0619 

3*2068**0636 

4*8794**0780 

4*6848±*08U 

0*8011**1066 
6*4182**1076 
7*3701 ±*1810 . 
7*6436 ±*1368 

66*6964* *1007 
86*3686* *1001 
00*6924* *0861 
66*8826* *0807 
40*8182* *0997 
40*8803* *1031 
38*3780* *0749 
38*3641**0796 

3*9276**0712 
3*9046**0708 
S*8696±*0602 
2*8899**0606 
3*1396**0705 
3*2463 ±*0729 
8*5024 **0630 
2*6823 ±*0548 

6*8978 ±*1078 J 
6*8830**1070 1 
6*1624**1084 J 
6*1077 ±-1087 1 
7*6817 ±*1738 
7*9386 **1794 1 

6*7649 ±*1380 
6*9936 ±*1436 1 

97*3113**1226 
98*6661 ±*1271 
63*7943 ± 0849 
68*3409* *0768 
74*7284**0791 
74-4242* *0760 

5*3384 ±*0860 
3*6383* *0899 
3*6069 ±*0600 
3*2930 ±*0636 
3*4344**0550 
3*2980* *0637 

6*4869 *-0893 J 
6*6118 ±-0914 1 
6-7793* *0944 J 
6*1988 ±*0849 1 
4*6960 ±-0760 
4-4313 ±*0723 





‘8603 ±‘0064 
•8480 ±-0064 
•8001 ±*0088 
•8039 ±'0089 
•8729 ±-0126 
• 67 16 ±‘0126 
■ 7748 * *0094 
• 7718±*0096 
•7937 ± •0086 
•7926 ±'0087 


8280 ± -0079 
7771 ±'0091 
7733 ± -0092 
7962 ±-0092 
■ 7926* -0093 
8776 * *0056 


9766* '0012 
9738 *’0013 
9278 ±- 0041 ' 
9228 ±'0043 


• 8616 * ' 0074 ' 
•8686 ±-0076 


• 7964 * * 0084 ' 
• 7940**0086 
• 5379 ±‘ 0 ie 4 
• 6345 ±' 0 ie 6 
■7928 ±’ 0086 ' 
•7892 ±-0087 


* The upper of the two aorrelatioue le found b; the direct product momeat method, the lower by the 

formula bawd on the three standard deviations. 
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Differences of Homologous Bones of the Human SkuU. 

Meaaurements in niillimetres. 


OonstantB of the Differonoes of Means 


Mean Diffetenoes 

Standard 
Deviations 0-4 

Ratio 

A/(p.o.of4] 

+ •3066 ±*06036 

2-2216 ±'03561 

+ 7-85 

± '6704 ±*03059 

1 * 7478± -02798 

+ 14-41 

+1 •3302 + *11672 

4 ' 7177 ± *08204 

+ 11-49 

,+ 2 - 2348 ± -10402 

4 6602 ± *07384 

+ 21-49 

+1 •4108 ±'09608 

3 ' 8992± '06724 

+ 14'84 

+ ' 8916^06463 

2 ' 3791± -03868 

+ 16*36 

- '1694 ±'06302 

2 ‘ 2489 ± *03666 

- 3-20 

+ -4833 ±-06369 

2 - 3762± -03838 

+ 9-00 

+ •3003 f 06889 

2 ' 7624± -04872 

+ 4-36 

- -0888 ±*06006 

2 * 2326 ± *03697 

- 0*76 

- *3496 ±'06996 

2-6670 ±-04240 

- 6-83 

+ *1646 ±'04849 

1 * 860 O ± -03076 

+ 3*78 

+ • 2768 ± ' 0611-7 

2*0346 ±-03619 

+ 6*41 

- • 28 e 8± -03062 

1:3317 ±'02169 

- 9*40 

+ '3362 ±'06668 

2-2183 ±'03937 

+ 0*02 

+ • 0340± '02871 

1-2098 ±'02030 

+ 1*22 

- '8789 ^03033 

1-2851 ±’02146 

- 19-09 

- '1016 ±-03989 

l - 6497± -02936 

- 4-06 

+ -2269 ±*02298 

•8901 ±*01626 

+ 9-87 

- -2302 ±*03368 

1 - 1320± -02376 

- 6-80 

- '0621 ±' 043^1 

1 * 3637 ± *03003 

- 1-43 

+ *0239 ±*04103 

1 - 3006 ±*02443 

+ 0-68 

- 1 ' 3438± -08022 

3-4956 ±-05673 

- 10-76 

+ • 4634± -07796 

3*8860 ±-06611 

+ 6*82 

+ ‘ 3042 ± *06043 

2-1897 ±-03666 

+ 6-03 
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It will bo seen that of the 25 characters we can only say of four that no definite 
asymmetry is indioatod. Further, of these four measurements none is of first-class 
importance so far as the brain is concerned, that of most interest being the chord 
from asterion to auricular point. A noteworthy fact is that none of the measure- 
ments gives us differences of right tmd loft measurements lying between two and 
three times their probable errors— -the region in which significance is doubtful. No 
less than 14 of the measurements fall into the markedly significant group, while 
another seven are with high probability significant. We conclude therefore that 
iJie kuman skull from its very nature (like the internal organs of ihe human body) 
is asymmetrical] it is not a question of asymmetry in the individual, but of 
asymmetry in the type. The sculptor who desires to form nob a portrait, but 
a typical representivtive of man (or of a god in the image of man) must model the 
head asymmtriccdly*. The leading feature of this asymmetry is the predominance 
of the right-hand side. Examining Table 11 we find that the right aide hones 
are predominant m 16 of the 26 measurements, as against nine on the left 
side. The table indicates further that the average measure of significance is 
8‘66 on the right as against 7'49 only on the left. Of the eight moat significant 
differences, six are on the right side, only two on the loft. All the measurements 
of the frontal and parietal hones show marked excess on the right side. They thus 
confirm the conclusion already reached in this journalf that the right cerebral 
hemisphere is the larger. Even with the sphenoid bone throe out of the four 
measurements are predominant on the right, but the fourth measurement, the 
distance from the postremo point of the sphenoid to tho spheno-basion, is 
markedly significant, and predominant on the left. The malar bone, so far as we 
can judge from two measurements, is predominant on the left side. The marked 
right predominance of tho fundamental vertical measurement (Mwi) of the maxillary 
bone possibly accounts for the nasal wryuess which is so common, le. the slight 
drawing up of the nasal ala or even the mouth on the left. On the other hand, the 
horizontal Meit is larger on the left, indicating that the left upper jaw is larger than 
the right. It is therefore possible that a correlated predominance of the left side 
of the mandible exists, and this point would be worth investigating. 

Of the seven measurements of the temporal bone, one difference is practically of 
no signifioancej the distance from asterion to auricular point, Tt being practically 
symmetrical. 

Of the remaining six measurements four are predominant on the right side and 
two of these very markedly so. The two measurements predominant on the left— 
both vertical measurements— are .significant but neither very markedly so. On the 
whole the temporal bone while not entirely dominant on the right side must be 
considered as part of that system of frontal and parietal bones which gives pre- 
eminence to the right side. 

* Quite reoeatty ut obtuw writei laboriously measond tha beads of Cb:eek statuos, and accused the 
sculptors of the Perlolean age of making their gods aejametricall 

t Hoadlqr and Pearson ; On Measurement of the Internal Plametere of the Sknll.” BiometHka, 
7ol. XXI. pp. 8fi— 12B. 
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TABLIS II. JDovwitMnci of Right and hoft OTXhnial BoneSf esUmaJted by Average Size. 


■ 

Dominanoe 

Left Bominonoe 

■ 

Bona 

Length 


Bone 

Length 




p.e. of Ab-ji 


Parietal 

Pt 

+21-49 





— 


— 

Malar 

MU 

-10-09 

■g 

— 

— 

— 

Occipital 

(h 

-16*76 


Temporal 


+ 16-36 


_ 


1 

Parietal 

Pi 

+ 14-84 


— 

- 

1 

Frontal 

P% 

+ 14-41 





Parietal 

Pi 

+ 11-49 



MB* 


Maxillary 

Mxi 

+ 9-87 






— 


— 

Sphenoid 

8i 

-9-40 

3 

Temporal 

Ti 

+ 9-00 

— 


MM. 

Frontal 

P ’1 

+ 7-85 






Occipital 



Maxillary 

JKcg 

-6-86 


Oi 

+ 0-03 

— 




Sphenoid 

3t 

+ 8-02 

f— 


B— 

1 

_ 

_ 


Temporal 

2*6 

-6-83 

Occipital 

0, 

+ 6-82 


— 

— 

^henoid 

Temporal 


+ 6-41 
+ 4-36 


— 

— 

|| 



HI 

Malar 

Ml, 

-4-06 


Temporal 




— 


4 



IHI 

Temporal 

T» 

IH 


‘ 



Maxillary 

Mx, 

-1-43 

Sphenoid 

Maxillary 


+ 1-22 


— 

{Zj'f 


+ 0-68 


— 

— 

^ a 
•s 




Temporal 

Pt 

-0-76 


Mean Bight +8*66 

Mean Left -7*49 


Now it is somewhat difficult to realise how predominance of one side can 
arise without a counterbalancing predominance' somewhere else on the other. 
We might possibly anticipate a greater predominance of the left side on the 
cerebellar and basal portions of the skull. Tbs occipital arc, from lambda to 
asterion, O7, is very significantly greater on the left, but not so the lower arc, Og, 
nor the chord from basioU to asterion, 0 $. S» is again, however, greater on- the left. 
It is clear that we cannot state any rule as to left predominance compensating for 
right predominance owing to their balancing on the skull. The asymmetries of the 
cranial bones do not equalise each other, ,80 as to produce a symmetrical total head 
form, rather they tend to give a distorted form to the i^ull as a whole. 

We can examine the problem fix>.m another standpoint, that of the percentage 
of oases on either side in which the right or left measurement is in excess. The 
BiomeMlta xxcc ^ 
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two methods, that of predominance of mean size, and that of predominance in 
number of individuals, need not necessarily lead to the same results. The reduced 
data will be found in Table III. It is needful, however, to consider first what 
is the probable error of the difference of two percentages in a population. Let 
the numbers corresponding to the two percentages p, and pi be n, and n* in 
a population of size N] then if pi_t bo the percentage difference 

p, = IQQntfN't pt » I00»t/I\^, 

100/ ^ 100 
Pi-t = (»• - and (Ri - tii) ] 

thus Spt-t ® ^ (S»» - Sne), 


But A»=»l‘(l-|). 

and ' 

where are the reduced parent population values which for want of better 
information we put equal to the sample values. Thus 


, /lOOW- 

6‘7449 / 1 

Probable error of +P{- (p, -jJt)*] 


approximately, substituting the observed values. 

We can now form Table IV (p. 886), corresponding to Table II, and arranged , 
according to the significance of percentage differences. There is not much change in 
the order or magnitude of the significance of the several cranial lengths, whether we 
judge dominance by average size or relative percentage of excess. The tendency when 
using percentage excess of size is to somewhat reduce the position of the measure- 
ments. Taking, however, the "significant’' and " markedly significant” differences 
17 out of 18 remain in the same group ; only the sphenoidal length S» has dropped 
out of the "significant" into the "probably significant " category. Mat has passed 
firom "non-significant" dominance on the left to the same category on the right; 
no other measurement has changed its dominance. In other words, whether we 
judge by percentage of excess in size, or by mean size, the bones on the right side 
of the skull possess a dominance in the ratio of about 12 to 5 in the classes where 
significance may he taken to be certain. Why the antero-posterior lengths of 
malar and occipital bones should be so markedly greater on the left, I am unable 
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TABLES III. Percentages and Significance of their Differences. 



* These are the pereentages of the oharaoters egnal, not to the unit of measurement, but to the unit 
of gtouping used in the correlation tables. The grouping unit was 1 mm. in 21 oases, 0*6 mm. in 2 oases 
(5i and 8^ and O'S mm. in 2 oaeea (Ti and T,). 


22--2 
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TABLE IV. Dominance of Bighi and Left Granial Bones, 
estimated by Percmtage Eicms. 



Bight Peroontage Bxoew 

Left Percentage Exoeee 


Bone 

Length 

hn-Pt. 
p.e. of a 

Bone 

Length 

^Pn-Pt 
p.e. of a 


Parietal 


+19-38 * 



— 

4A 




Malar 

Mil 

•'17*29 

1 

Tomimral 


+15*84 

— 

— 

— 

Frontal 

+16*16 


M.* 


'1 

‘S 


— 

Occipital 

Or 

-14*66 

Parietal 


+13*40 


— 

— 


Parietal 

pj 

+11*28 

— 

— 

— 


Maxillary 

Mxt 

+ 9*01 


— 

— 

1 

Temporal 

A 

+ 8*46 

— 


— 

Frontal 

+ 7*Y1 

M. 





MM 

Sjihenoid 

Maxillary 

St 

- 7*61 


— 


— 

Mxt 

- 6*06 

1 

Sphenoid 

St 

+ 6*70 



. rnu 


— 

.M. 

Temporal 

Ft 

- 8*86 

ca 

'1 

Occipital 

Ot 

+ 4*70 




Occipital 


+ 4*76 

MM 



09 

Temporal 

Ft 

+ 4*48 

•M 

■M* 


A 

Sphenoid 

St 

+ 3*97 

’Temporal 

Malar 



— 


— * 

Sli 

1 I 

£■1 

Temporal 

Ft 

+ 2*65 


MM 


J 

*1 

Maxillary 

Mxt 

+ 1*23 

VMM* 


- 

Maxillary 

Uxt 

+ 0*36 

Temporal 

Ft 

- 0*69 

MM 

St 

+ 0-20 

MM 



Moan Dominance Bight 4- 7‘M 

Mean Dominance Left - 7*29 


to say. The value of Mlx+ 2|+ 0?, which is very nearly the whole arc from sub- 
orbital point to lambda, via the asterion, is 1*62 mm. greater on the left than on 
the right side, while the parietal arc, Fi, from lambda to sphenion, is greater by 
1'41 mm. on the right ; this would seem to indicate that the dominance on the 
left side, if due at all to brain growth, is cerebellar, as the malar length can be less 
influenced by such growth. 

It is one thing for homologous lengths to differ in mean size, another for 
homologous lengths to be highly correlated, which signifies that their deviations 
from their respective means are closely related. It will be now of interest to 
arrange the twenty-five pairs of homologous lengths in their order of correlation. 
This is done in Table V. 
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The main feature of this table is that the facial lengths are those most highly 
correlated, while those of the temporal, occipital and parietal regions are leas 
closely associated. Suppose a typo skull formed with the average asymmetries we 
have shown to exist, then if any individual skull deviated from these type 
asymmetries on the right side, there would be a correlated deviation in the same 
sense on the left side, and these deviations would he in closer accordance on the 
anterior or facial portion of the cranium than on parts posterior to the coronal 
suture. 


TABLE V. Oojrelations of Homologous Lengths in order of Intensity. 


Length 

Correlation 

Length 

Correlation 

Length 

Correlation 

Mxt 

•9760 

To 

•8603 

P* 

•7909 

Mh 

•9399 

St 

•8316 

St 

‘7771 

Ft 

•9384 

Ti 

•8146 

Ti 

•7748 


•9978 

Tx 

•8133 

R 

•7112 

Mh 

•9219 

n 

•8061 


•6738 

Mxi 

•9134 

St 

•7902 

Tt 

•6729 

Fx 

‘9069 


■7964 

Ot 

•6379 

So 

•8778 


•7937 


— 

iiXx 

•8616 

Ot 

•7028 




( 6 ) YariaHofn,. 

If the right side of the cranium is on the whole significantly dominant in size, 
it remains to consider the distribution of the variahility, absolute and relative, of 
the skull. Is the right or the left side the more subject to limitation in its 
variation ; is either by reason of its functions more stringently bound to type than 
its opposite? Or, shall we find equality of variability in homologous lengths 
notwithstanding their divergence in size? 

The data for answering this problem are provided by the last six columns of 
Table I, In the first three of these columns absolute variabilities are dealt with. 
We have the difierence of the standard deviations on the right and the left, then 
the standard error of this difference, which is provided by the formula* 


and in the third column we have the ratio of the difference of the standard 
deviations to its probable error (i.e, *67449 x standard error). In the last three 
columns relative variabilities are dealt with. In the first we have the difference 
of the coeffidents of variation for the right and left homologous lengths ; in the 
second of these three columns we have the standard error of the difference of these 
coefficients provided by the formula* 




7s«+ 7/-2v>F|,7i' + ^(fa*+7i‘-2rF**F/>j 


* Here r is the correlation of the right and left homologoug lengths. Of oonrse these formnke are 
only approximations anitahle to large samples, each as they are in our oaee. 
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and the last column gives the ratio of the difTerence of the coefficients of variation 
to the probable error of that difference. 

From the ratio columne, Table VI has been drawn up. We can draw at once 
certain conclusions from Table VI. It will be seen that the coses of marked 
significance, which were so noteworthy when we considered dominance of size, do 
not occur at all. In other words, laterality is not a marked feature of variability 
either relative or absolute. Again, while the size dominance was on the right in 
the proportion of 1C to 9, the dominance of variability is on the left in the 


TABLE VI. Significance of ike differences of Relative and Ahaohite VariahiUty 

on the iwo sides of the skull. 
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proportion of 15 to 10 , Out of thoso cases for "whioh doioinance is either 
significant or possibly significant the ratio in favour of the left aide is 7 to 2 for 
absolute and 8 to 2 for relative variability, giving a 16 to 4 proportion instead of 
15 to 10. There seems little doubt therefore that the left side is somewhat less 
limited to type than the right side of the skull*. Confining our attention to the 
really significant group we remark that the chance of equalling or flv ft ftfldin g 
± 4'21 times the probable error in one trial is only about and therefore the 
probability that in 60 trials we should get six such values is exceedingly small. 

We see that the undoubtedly significant group consists solely of three lengths, 
one from the occipital with right dominance, two with left dominance from the 
frontal and malar bones. With one exception, Ta, the lengths with dominance for 
absolute variability have the same laterality for relative variability, so that we 
need not distinguish between the two. Of the 26 characters the dominances in 
size and absolute variability have the same laterality in 16 cases, the opposite 
laterality in 10 cases. Of these 10 cases (judged by variability) the difference is 
markedly significant in one, Fjf, possibly significant in two, and Masi, and non- 
significant in seven. In Mait the size difference is non-significant, but it is significant 
in Ft and 24 . Of the 16 cases in which the dominance in size and in variability 
has the same laterality, Ob has significance for both, the malar bone measurement, 
Mlt, bas significance for both, Mix has marked siguifioance for size, and doubtful 
significance for variability; of the six quantities which are possibly or just possibly 
significant for variability, Pa, 8a, O 7 and 0 » are markedly significant for size, Ti is 
probably significant for size and Moa is non-significant for size. There are six cases 
in which the variability dominance has no significance. Thus in the case where the 
dominances are of unlike sense there are only two measurements. Fa emd Ta, in which 
it is almost ctwtainly signi^toant for both size and variability. In the case where the 
dominance is of like sense, the lengths Og and Mia have adequate significance for 
both size and variability ; O 7 , O 9 , 8a and Mli have doubtful significance for one or 
other character, and Pj, Ti have extremely doubtful significance for variability. 
Accordingly we have left four lengths disferibixted over four bones, Fa, Ta, Mia snd 
Og, two of which have unlike and two like dominance in size and variability. Thus 
it seems idle to argue from these as to any correlation, positive or negative, 
existing between dominance in size and in variabilityt. It is clear that laterality 
has for less influence on variability than it has on size, and less on relative 
variability than on absolute variability. 

( 6 ) The conclusions of this paper are of the following kind: 

(i) The human skull is definitely and markedly asymmetrical. It is not 
a question of the bones of individual crania differing from a symmetrical type, 
but the type cranium is itself asymmetrical. 

* The odde against saoh an excess oi dominance on the left are about 29 to 1. 

t The ratios of signifioanoa for siae and tor absolute variability were correlated and gave the result 
0'29S9±-1989. Thns slgnlflcant greater variability was assooiated with significant greater rise, and not, 
as one might a priori suppose, a stringent predominanoe of siae with a lesser variability. But the 
oorrelation is under 2*6 timee its probable error, and it is too doubtful in itsdf for one to say more than 
that there is not enfilcient evidence to indicate a relation between dominance in sisa and variability. 



340 On the Asymmetry of the Human Skull 

(ii) Some dimensions of the cranial bones have dominance on the right side, 
some on the left, but on the whole the right side for size has dominance over the 
left. This is especially true for the frontal and parietal bones ; the malar bone is 
the only case in which the left side has dominance for all measurements taken, 
and this bone has less relation to brain development. 

(iii) The anterior homologous lengths, particularly those of the face and 
forehead, are those most highly correlated, right and left. 

(iv) The order of absolute variability is much the same as that of relative 
variability. There are no cases of markedly significant differences in variability of 
right and left bones. There are only three cases of definitely significant differences 
of variability, one on the right and two on the loft. No relation of any importance 
was discovered between dominance in size and dominance in variability. 

(v) Whatever causes, associated with brain growth, or otherwise, lead to 
dominance in size of certain lateral portions of the skull, these do not appear to 
restrict the variability of those portions in any sensible degree. That is to say, 
type is differentiated laterally, but not deviations from type. 
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TABLE Vn. 


Frontal Arc Meamemnl F^. 

Frontal Bono, F,. (Centeal Valm) Right. 



TABLE Vm. 
Frontal Arc Mcamrtmnt F,. 












TABLE K. 

Parietal Are Measurement P^. 


Pwietal Bona, Pf (Cantnl Value*.) lUght. 



TABLE X. 

Parietal Are Measurement P,. 

Paiiatal Bona, P,, (Oastiil Value*.) Bight. 
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Parietal Arc Meammeni P^. 
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TABLE XV. 


Temporal Arc Measurement Ti. 
Tompotftl Bone, r,. (Centra! Valm) Right. 



TABU) XVI. 

Tmporal Ohord Meamrmemt T^, 

‘Toinpotal Bone, 2|. (Contra! Valuea.) Right. 
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THE MEAN AND SECOND MOMENT COEFFICIENT OF 
THE MULTIPLE CORRELATION COEFFICIENT, IN 
SAMPLES FROM A NORMAL POPULATION. 

By J, WISHAKT, M.A., D.Sc. 



OuB knowledge regarding the sampling distribution of the multiple correlation 
coefficient has been very greatly increased in recent years. It has been known 
since 1924 that, for the special case of zero correlation in the universe, the distri- 
bution of B for samples itom a normal population is given by**^ 



where a is put, for convenience, for one-half the number of degrees of freedom due 
to the regression function (i.e, the number of independent variates), and h for one- 
half the number of degrees of freedom due to deviations fmm the regression 
function (i.6. the total number in the sample less the total number of variates). 
Tables exist for determining the probability of occurrence of a given jR from this 
distribution, and extend to six independent variates and for a size of sample of 
about 100 f. More recently the general distribution of B has been reached by 
Dr B. A, Fisher I, and a table, appropriate for large samples, has been furnished 
whereby the experimenter may, by suitable transformations, determine approxi- 
mately the significance of an observed B in relation to a given multiple correlation 
in the universe, exact account being taken of the positive bias of small observed 
multiple correlations. It is an interesting mathematical exercise, not altogether 
devoid of practical interest, to use Fishe/s distribution to determine the exact 
natiire of this bias, i.e. the amount by which the mean value of J9 (or I?, which as 
we shall see is the more amenable to analysis) is in excess of the true correlation 
p (or existing in the universe. The purpose of the first section of this paper is 
to determine the mean value of JR*. Later, the analysis is extended to the deriva- 
tion of the second moment ooeffioient, or variance, of R*, although the utility of 
this quantity, for a distribution which is &r from normal, is not so great as would 
at first sight appear. In both cases the results are compared with Hall’s large 
sample approximations^. 

* a. A. riaher, Phil. Trmt. B, Vd 218, 1024, pp. 89-149. 

t J. Wishart, Quart. Jown. Boy. Mtt, 8oe. Vol uv. 1928, pp. 2B9—S59. 

$ B. A. Bidier, Proe. Boy. 8oc. A, Yol. 191, 1928, pp. 664r-678. 

S P. Hall, Siometriha, Yol, xat. 1927, pp. 100—109. 
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On the Multiple Corrdation Goe^cient 


Fisher's general distribubion is 


df - (1 - p*)"** . f (a + 6, a + i, a, p'JP) . (1 - S*) w i (jji) 

( 2 ). 

and he notes that, when is even, we may use the Euler transformation of the 
hypergoometric function to obtain the distribution in the form 




(ir”T)i''(T~ 1)1 (1 


Jf-C-fi. -6, 0, 


giving a terminating series. 

The fact that, for 2& even, he has given the probability integral enables us 
without a great deal of difficulty to determine for the special cases h as 1, 2 and 8 
the first and second moments of the distribution (3), and thence to infer the 
general result for any b, which is probably true without any restriotionB as to 
whether 2b is even or odd. 


A. Determination of Mean Value of i?. 
We may conveniently put ^p*-as. 


Case 1, &a>l. The distribution is 




■"V)» " 


( 4 ). 


We now multiply by i.e. by <r/p*, and integrate with respect to x from 0 to p*. 
Noting that the indefinite integral of (4) is 


(p»)» 

we have 




( 6 ). 


on integrating by parts. Leaving the result in this form meantime we shall con- 
sider other oases. 


Oasb 2, &»2. The distribution is 


(1 - p*)"'*'* {a (a + 1) + 4 (a + 1) » + 2<i^} (1 - «j/p*) 

^ w 

and the indefinite integral 

(l-p»)“+« [ (u+2)(l-g/p«) l-2a?/pM 
(p*)« 1 

which may be written 


(1 - f(a + 1 + x) (1 - aj/p*) 
(p*)“ 1 (!-«)•+* 



da, ( 6 ), 
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We have, then, 

pa « (1 - P* „ ^ f (a + l + a)(l- «//>*) «!» . a!<H-i/pa ] 

(/)*)“+" Jo I ■^(i-'^)5+a} 

= 1 ( 1 - p”)«+» f P* (tt + 1 + a;) (1 -- fli/p») ., /I - fp’ ^ 

Jo (!-«)“+» i p* j Jo 

on integrating by parts, 

-1 f'’*n ) /i-pV+*P* j 

(p'r" (pa] Jo (l-®)»+a‘^' 

from the integral of (4) on replacing a by a + 1, 

r 0^*’ <’>■ 


on further integrating by parts. 

Cases. 6 =>3. The distribution is 

^ 2(p«)« 

X !£.(<» 1 1)(?-+ g) +1)^“ + g) »+ 18 (» + 2) e.^1 ^ 

^J. 

and the indefinite integral 

(1 - p*y^ ((a + 8) (a + 4) (1 - »/p*)* 2 (a + 3) (2 - 3®/p») (1 - «/p«) 
2(p*)* t (I- <»)*+* ~ 

. 2a-8®/p«+3«^/p«)l 


?hifi may be written 

(1 - pay*-** p(o + 1) (o + 2) + 4 (tt + 2) ® 4- 2®*} (1 - a/p*)* 


(1 _»)•+» 


0*. 


2(p«)» 


2®/p*(o-<r2 + c)(l-®/p>) . 2<t^/p« 1 

For the mean value of i£' we have, on integrating by parts, 

g»» X _ (1-P*)^ C” {(a+l)(a+2)+4(a+2)®+2g^}®»(l-®/p«)« ^ 

(l-pi)*faj-p*(o + 2+®)»*W(i-a,/pi) /i_pS^»HfP* 

Now utilising the integral of (6) and replacing « by a +1, we may write the first of 
these integrals in the form 

r(a + 2+®)(l-®/p«)®«* »^/p»l 

(iTSJSJ *>+ 8 ^ pt ; J, (!-.)«"' 

on integrating by parts. It follows that 

^ * (p^ Jo (X-»)« 2 \ p* / Jo (1 - •)" 
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The reduced integral may be Bimplified by using the integral of (4), in which a is 
now replaced by a + 2, and is 


fp* ( ao+a \ 3/1-pV 

2 ■~(p)a4« ' (1 - iC/p ) = g j 

on integrating by parta. Finally we have 


o+* fp* a)0+a 

Jo (1-®)'^ 


dai, 


dx 


.(9). 


It ia evident from (6), (7) and (9) that the general result for any integral b is 




.(10). 


Now when « ia lean than unity the denominator may be expanded in a con- 
vergent series, which when integrated term by term yields the result 

fp» fi ^ («+&)»(» + & + l)^ np* 

Jo (1-®)“-^^“ + ^ + l ’^2!(a + r+l)(tt+l)-l-2)‘^'’'*"jJo 

<=‘^^^^-F(a+b,a+b, a +6 + 1 , p») 

'*+^ + *’ P’) <”>■ 

using the Euler transformation of the hypergeometric series. The series in (11) is 
absolutely convergent even for p**-!, since a+fc-1 is always positive*. We 
therefore have 

J5*-l-^^(l-p*)i’(l,l,« + 6 + l,p*) (12) 

08 our final form, Since ® (or p*) may take the value unity in the limiting case, 
some consideration is necessary as to the validity of the solution we have reached 
for the integral in (10), where the integrand may become infinite. In this case the 
important part of the integral is the denominator, and we have 

-+-0 as p*->-l. 

Equation (12) therefore gives the mean value of valid over the whole range of 
p* from 0 to 1, We note that for p*aO we have 

agreeing with Fisher’s resultf from the simplified distribution (1). Also for p*«l 
we have S*»l. 

For comparison with our exact result (12) we have Hall’s approximate valuet, 
which in our notation is 



r 1 1 


L(i -«)“+*-*] 


I (l--p*)(a~p*) ct+(&~i)p*+p* 

^ a+&-hi oTFTj 

* Sea Wliitiaker and Wataoa, Modem Amlytit, p. 26. 
t B. A. Fiaher, Phil Tram. B, Tol. 218, 1024, p. 92, 
t P. Hall, loe. eit. 


.( 13 ), 
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Now (12) can be written 

~ a + b'^a+b-fi'' {^'''<1+6+2*’ '''{tt + S+2)(a + 6+8)*’'''’’"| — 

It is evident that the approximation in (13) consists in supposing that for large N 
(which is equal to 2 (<* + 6 + ^) in our notation) a + J and a + i + 1 may be safely 
replaced by a + 6+i, while b is replaced by 6-J and 6/(a+6 + 2) is replaced by 
unity, and terms of higher order are neglected. To give a numerical example, 
suppose there are 6 independent variates and the sample is of size 101. Then 
a = 3, 6 = 47. If we take p*=0, 0’5 and 1, we find S®=0'0694, 0'6248 and 1 
respectively from (13), and 0'06 (the correct result), 0*6262 (correct result 0-6263) 
and 0-9993 from the first three terms only of (14). (We would naturally, however, 
use (12) for preference for p* nearly equal to 1 ; for p*= 1 exactly we get the correct 
result from (12), or by using the well-known formula for the sum of the hyper- 
geometric in (14).) It would appear, therefore, to be desirable to improve the 
approximate formula (IS), as it gives an underestimate of the correct mean 
value, and we would suggest the use of the first three terms of (14), except when 
p* is large, when formula (12), using the first two or three terms of the hyper- 
geometric series, should be used, e.g. for p*<=0-9 formula (13) gives S®=0-904!l6, 
while two terms of the hypergeometric in (12) give 0*90434 and three terms 
0-90428, which is correct to the last place shown. 

It may be mentioned that the value derived for B* by Fisher in 1924* by 
averaging the numerator and denominator of the expression for B”, and which 
may be written 

differs from the exact value (12) by a term involving (F— 1), of the order of IjN. 

B. Determination of Second Moment of 

This involves a repetition of the procedure we have gone through for deter- 
mining the mean value. The second moment about zero is obtained by multiplying 
the distribution by B*, i.e. by co^Jp*, and integrating for » fix)m 0 to p“. 

OaseI. 6>«>1. 

We have 

^ (^) - (p*)<.+« Jo 1^(1 _ af+i) ” ^ (p*)»+» Jo (1 - «)^^^’ 

on integrating by parts. For comparison with the other cases we shall leave this 
result meantime in the form 


(1 - p*\“+» f c’ flP (0 - 2fl!/p*) 

A P* ) Jo (1-«J)«+1 ‘ 


* B. A. Pisber, loc. eit. p. 93. 



358 


On the Multiple C&rrdatim CoeffidetU 

Case 2. 5^2. 

From A, Case 2, 

\ p* ) Jo^^l (!“«)*+» ^(1- «)“+») 

, oa-pT+v* »“+* . 

i-(l^“|;.a-«.|,r 54 -.!!^'l,'(r?S,-. 


.1 
*1 + 2 


^va+lrp*<B«+l(l^- 3 ^ 


(^) 


Jo (I-®)*" 

Cases. &«3, 

From M Oaae 3, we have 




.(16). 




. 2a!*+^(a + 2+a?)(l~®/p‘) . 

+ ;:*i;i-ep"" *?<r 


2a«*» ' 

1 -»)“+*_ 


1 JlzJ^ f {(<t + 1) (ft + 2) + 4 (ft + 2) a» + 2a!«) - <p/p*)* ^ 

„A-A**f''(<»+«+«)»"a-»/p’).. od-p’r^f'’ «**• 

-H-r) (i - ® 7 «- ;r:^<fa 

. . (l~p>)*«f<’'(a+2+»)«»'*'Hl“a!/p*)(l*-4«/p») 

•*+ (p*y+i J,, (l-»)»^ 


’l~p*\«+»r''*a!»+*(l-4tf/p») 
(!-»)“« 




■on 


From (15). (16) and (17) it appearo that the general reenlt for any integral b ie 
Now we already have 
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while by a similar expansion of the denominator and integration term by term we 
have 

( 18 ). 

The same considerations as were examined in the deduction of (11) show that this 
integration is valid even when /j* 1, and the hypergeometric series in (18) is also 

absolutely convergent even for We then have, for the second moment of 

i2> about zero, 

1 + *-|^(l -?■) i'Cl, 1, a +8 + 1, 


Tor /3* “ 0 this becomes 


/ iM\ _ _ a(a + l) 

(a + 6)(o+6 + l)’ 


.(19). 


which may be derived directly Irom the distribution (1), whjle for p*» 1 we have 

The second moment about the mean, or variance, of JB*, may now be obtained, 
for, since 

S’=l-j^(l-(^i'(l,l,‘>+i + l,A 

we have 


.i(4+i)(i-rt|i|iJF'a.i.»+s+i,^-5:f|:j^^'(s.i.»+8+s.p'»} 

and this, on reduction, is equal to 


6 (h + l)(l-p«)« 
(a+b)(a + b + l) 


JS' (2, 2, ® + 6 + 2, 



( 1 , 1 , „ + 6 + 1 , ,.) ,,.( 20 ). 


An alternative form for this expression is 


(81). 

where F stands for the hypergeometiio series F(l,l,<» + 6 + l,p^), i.e. the same 
series which ooours in the expression (12) for the mean value of J?. This series is 
the only part of our results (12) and (21) which is at all difficult to calculate, 
although for values of /)• up to 9’6 and a reasonably large N a very few terms of 
the series should suffice, A table of the series F for values of a + 6 + 1 proceeding 
by balf-integers, and for a number of values of p*, with, possibly, a table of its 
derivative, would be useful in this oonneotion. 

The only result known hitherto for the variance of JB* is the approximate one 
of P. Hall (loc. dt.): 

a*^»4p«(i -pv/^-va -/»*)'/(»+&+ i) -w 



360 


(hi th& MuUipU Correlation Co&j^imt 

This result is correct to terms of the order of \ftl, but its weakness lies in the fact 
that for it gives o-V“»' 0, whereas in fact we know from the distribution (1) 
directly*, or from (20) on putting /»*=*0,^that 

Eorp*-0, 

This result is of the order of which explains wherein the approximation (22) 
is inaufficientf. The terms in llN involve p*, and when this is equal to zero the 
terms all vanish, while the part that does not vanish with p* is not given, being of 
the order of l/JV*. An exact formula is always to bo preferred to an approximate 
one, proceeding in powers of l/if. If N ie not really large the first term or two 
will not he adequate to give precision enough ; while a more serious objection, 
illustrated in the case before ua, is that in jwrticular coses the early terms of a 
series may Vanish, and the first term of importance may be a term neglected. 

The nature of the approximation in (22) may bo soon from (20) on expanding 
the hypergeometric series os far as the terms in p\ The p/irts outside involving a 
and h are nearly unity for large N. If we count them ua unity and replace the 
rt + i + 2 and a 4* 6 + 1 of the hypergeometrio series by i iV we find, approximately, 

ns in (22). 

As a numerical example let a «« 3, h » 47, and p* *• 0’6. From (22) we have 
ffS^ssO'00495. The correct result, from (20), is 0'0047241. A much better approxi- 
mation is obtained by retaining the exact values of the ports outside the hyper- 
geometric series in (20) and calculating the scries up to terms in p\ This yields 
0*00470. We have chosen the cose of => 101 for the purposes of illustration, and 
even here the approximate forma (13) and (22) are not good enough. For smaller 
samples the discrepancy will be even wider, and it is obvious that the exact forms 
(12) and (20) must be used in such cases to secure reliable results. 

C. JHean and iSfeeond Moment of R. 

We have dealt so far with as having a rather simpler sampling distribution 
than R, We know that the mean value of R, for the special case of no correlation 
in the population, is of the formj; 

^“(5:::irKaT?-l)i ™ 

where tfl is written for the factorial function, or r(a+ 1), even when a is not an 
integer. It is hardly to bo expected, therefore, that the more general form for any p 
should be simple. A similar method of attack to that in A does, in fact, lead to a 
solution for the special cases h » 1, 2 and 3, and it is seen that the mean value will 
in the general case involve a noiqberof hypergeometric series equal in number to h, 

* J, Wishaxt, Hem. Jtoy. Met, 3oe. Yol. xi, No. 18, 1038, p. 84. 
t Lidioated on other grotude by P. Hall, he. ett. p. 108, 

X 1. Wishstt, Ido, cit. p. 84; P. Hall, loo. eit. p. 109. 
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but it does not appear that the expressions are capable of any very great degree 
of simplification. The first three results are 


6 = 1. B = 




In view of this difficulty, and also bearing in mind that 22^ is calculated first before 
extracting the square root, it would seem desirable to apply the usual tests of 
significance to R\ and not to 12. The second moment of 12 about zero is, of course, 
identical with the mean value of 12", i.e. our formula (12), and we therefore have 

«*« - 1 - (1 -p*) ra. 1,0 +1+ 1, (M). 


Further than this it is hardly practicable to proceed. What we have done in this 
section will illustrate the difficulties experienced by other authors* in obtaining 
approximate expressions for the mean value of 12. 


* L. iBserlis, Phil. Mag. Tol. xxxit. 1917, pp> 206—220; P. Hall, loe. eit, pp. 108—109. 
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TMes of the Mean Value and Squared Standard Deviaiion 
of the Square of a Multiple Correlation Ooejfmeni. 

Editorial. 

Dr Wiflhart has provided in hie paper the formulae giving the Mean Value, 

and the Squared Standard Deviation of the square of a multiple correlation 
coefficient Let us suppose N « size of sample and « » total number of variates*, 
then Dr Wishart’s fonnuke may be expressed as follows: 

(i), 

where is the hypergeometiioal function. We may write these as follows; 

®“’’ 

WW" 

The only parts of these formulae which involve n, the total number of variates, are 
the coefficients of 71 and 71 ; these change with the order of the multiple 
correlation coefficient. 

Now and 74 =/a*'” 2 //j + 1 , of the paper in Biometrika, Vol. xi. 

pp. 384—385, and although the numerical values of and nf are not given in the 
Tables attached to it, they exist in the Archives of the Laboratory on the working 
sheets from which the fn and pn of the frequency distributions of r were obtained. 
It is therefore only a matter of picking out of those sheets the values of and in' 
and BO finding 71 and This has been done and Tables I and II below provide 
tbeir values. 

For samples of 8 f to 28, there is no need of interpolation for iV; we require 
only to interpolate for p. For most practical purposes central difierenoe interpolation 
to 8 * will suffice. Beyond 26, the two a^acent values of 71 and 71 are so oloso that 
linear interpolation for JV wUl as a rule he adequate. 

EluetraHon (i). Let us take Dr Wishart's example ilT® 101 , and 
or pw*7071 nearly. This lies between p=>'ll and ‘ 8 , 

* Widurt pqts aB|(anmber of Utd^^endtut vatistes) s} (Fisher's nj (our (n-l)) and 
t i (sin of sample - toUA awnber of variates) s (Fisher's ti,) = 4 (ovt - n). 

t For 2 Vb 3, ve oaa oaljr take fls2, i.e. otdioaty eorrdatioa and then sad ir*j|^=0. 
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First to find 71 using Everett’s Central Difference formula we have for 100, 
d=»' 0 n, <^**-929, 

^=•509,8429, ^ 1 ** ’860,9966, and '020,6732, *020,9680. 

Hence: 

= ’929 X -609,8429 + ’071 x ’860,9966 

-|(•929 X -071) {1-929 (- ’020,6732) + 1-071 (--020,9680)} 

* -499,2748 + ’010,993 x ’062,1264 
= -499,9678 « 71 for JV = 100. 

Similarly for N » 200 , 
gf =» ’929 X -609,9356 + *071 x ’360,6013 

- ‘010,998 {1-929 x (- *020,2884) + 1’071 x (- ’020,4738)} 

* -499,9970 « 7 i for iV- 200 . 

Clearly linear interpolation for If « 101 will suffice and we have 

7 a «= -499,9582 for 101. 

Thus « 1 - 71 a 1 _ ^ X -499,9682 

s ‘626,2922, 

agreeing completely with Dr Wishart's 

S» = -6268. 

We turn now to Table II to find 7 *. We have for N ~ 100, 

So = ’266,0640, zi * -188,7050, 

S»zp » + •016,6294, S*zi =» + -036,4198. 

The values of 9 and ^ are as before. Hence 
z, « -929 X -266,0640 + -071 x -133,7060 

- -010,998 {1-929 x -016,6294 + l-07l x -086,4198} 

» -264,9686 = 7 , for 100. 

Similarly 

z, = -929 X -262,6877 + -071 x -131,6374 

- -010,998 {1-929 x -017,8219 + 1‘07I x -036,2360} 

« -262,4867 « 7 * for 17= 200. 

Interpolating linearly for J7 = 101 

7 , = -264,9686 — (-264,9686 - -262,^67) 

-•264,9686 --000,0247 

- -264,9339. 

Thus - 8 * X X ’264,9389 - C474,7078)» 

= -2800,7660 - -2263,4760 
= ’0047,2806, 

= *0688. 


and accordingly 
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86 (> Tables for Use wUh Multi 2 )le Correlation 

IllustraMon (ii). Let p » *3, 315, n = a. We require to find R* and ctjjj. 

This is about as unfavourable an example os we can take for the Tables. It is 
easier to expand Dr Wiahart's Hypergeometrical 

S> - 1 - (1 - P*) P (1, 1, i(^-+ 1), A 

which gives R* =*'10108, in the present case. We will, however, compute S* by aid 
of Table I. The value N <* 316 occurs in a part of that table, where the argument 
does not run by equal intervals but logarithmically, i.c. 

log 26 ** log 25 + 0 X log 2, 
log 60 »» log 26 + 1 X log 2, 
log 100 «» log 25 + 2 X log 2, 
log 200 » log 25 + 3 X log 2, 
log 400 log 26 + 4 X log2; 

and we need log 315 » log 26 + 2 

*.log26+3-056,3616log2. 

Hence for equal aigumont intervals we shall need to interpolate at a distance 
4 - 3'655,3516 » '844,6484 - 6 

from the 400 value. Write down the terms in reverse order and difference them; 

A A* A* A‘ 

•908,1271, 

•806,2394, -'001,8877, 

•902,4191, - 008,8203, -•001,9826, 

•894,6904, -'007,8227, -'004,0024, -'002,0698, 

•878,1999, --016,8966, -'008,6738, -•004,6714, -*002,5016. 

The differences are thus slightly diverging, but the forward difference formula 
will suffice. Accordingly: 

s, « '908,1271 - -344,6484 x '001,8877 + *112,9329 x •001,9826 
- '062,8146 X -002,0698 + -041,3668 x •002,6016 
**■'908,1271 - '000,6608 + •000,2188 - '000,1290+ -000,1036. 

Clearly the required value is greater than *907,6668 and less than -907,6693. 
Taking It aS the mean of these we have 

-907,6176, 

R* *» 1 - X '907,6176 « 1 - *898,9183 
» '101,0817, 

in excellent agreement with Dr Wishart’s result *10108. 

Calculated firom the formula 

-P*)>J'(s,s, 1(^+3), 

we find ‘03124, 

again the quicker method. 
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But it is of interest to see how closely by aid of a logarithmic formula we can 
get comparable results from a table with apparently absurd stretches of argument. 
Our differences from Table 11 are : 

A A* A* A* 

•825,4397, 

•822,7688, -•002,6809. 

•817,3868, -*006,4220, -‘002,7411, 

•806,2600, -'011,0768, - 005,6648, --002,9137, 

•783,2410. -*023,0190, --011,9422, -*006,2874, -'003,3737. 

Accordingly: 

z, = -826,4397 - -344,6484 x -002,6809 + '112,9329 x -002,7411 

- -062,3146 X -002,9137 + 041,3668 x -003,5787 
= -828,4397 - -000.9240 + -000,3096 - -000,1816 + -000,1896. 

Thus lies between *824,7833 and *824,6437. 

Taking as before the mean of these values we have 

7, -'824,7136. 

Using the Equation (ii) we have 

- W X X *824,7186 - (-898.9188)* 

-•000,97666, 

or (Till — ‘03124, 

agreeing with the directly computed value. 

These results are interesting as showing that by the use of a logarithmic inter- 
polation we may cover by three properly chosen intermediate values the range 
from 25 to 400, with sufficient accuracy for most statistical purposes. 
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Table of Normal Curve Fu7ictio7i8 to each Permille of Frequency. 
Com]outed by T. Kondo^ PhD., Lond., and revised by Ethel M. Elderton. 
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•98379 32**6 
•9836008483 
•98741 10804' 
•98933 39331' 
■99*03 939*6 

■390 

:il! 

•6*15449398 

.63003 9*797 

•61837399*4 
•61708 93719 
•6136033m 

•99385750*3 
•9946783673 
•99630 17038 
•99833 78330 

POOOX3 66618 

•38s 

■384 

‘3«3 

•383 

•381 

•61413 *8067 

pooigS 831X0 

•380 
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Normal Curve Fmu^ions 


J(l+a,) 

X 

t 

1 (X i - Ot ) 

1(1-0,) 

X 





X 

X 

i (*+«,) 


id-*., 

•620 

*631 

•633 

•633 

•634 

•30548 078BI 
•30810 83035“ 
•3*073 774J5 

•3*33694389 
•3*000 33044 

•38075 55*03 
•38044 87458* 

•380139303* 
•3798a 7*496. 
•3795* *3634* 

i<63834 14610 
1'63338 30326* 
i> 63634 aaSot 
i*640ai 93381 
1'64431 43425 

099861 57343 
•996x930603 
•99437*3183 
•99*5564835“ 
•9907445397 

•61412 18067 
■61363 88500 
•6111564358 
•6096745500 
•60819 3*107 

I’ooxgS 82110 

1 '00382 24956* 
*•00365 953*9 

*•0074993359 

i'OOf)34 *9*4* 

■380 

•375 

•378 

•377 

•376 

■635 

•636 

•637 

•638 

•639 

•31863 93640 
•3313776390 
•3039*8x533 

•3165609374 

•3393059843 

•379T9 5*4*3 
■37««7 5*840 
*37855 *6863 
■3783a 74469 
•3778995637 

t-64821 74308 
X-63333 87417 

X‘6363a 84x55 
l■66037 65938 
i <66446 34196 

•9889364585- 

•987x3 *1195 
■98533 18006 
•983535*798 
•98174 *3349 

■60671 33877 
•60523 30830' 
■60375 *3907 
•60337 30046 
•60079 4**89 

roiiiS 73128 
*■0*30355187 

1 '01488 65584 
1-0167404487 
1-01839 72066* 

*375 

•374 

*373 

•37* 

■371 

■630 

•631 

•63a 

z 

•33*85 33464 
•3343030364, 
•33715 50769* 

•3398094910 
•34346 63014 

■377569034* 
•37733 38563 
•3769000373 
•37656 15453 
■3763a 04076" 

1 -66856 90374 
i*67a69 35937 
I'67683 7*357 
1-681D001136* 
1-6851823733 

•97995 3*443 
•97816 78860 

•9763S 6*385+ 

•9746083803 

•97*8339894 

•5993159*73 

•5978381230 
•59636 08038 
•59488 39578 

•59340758*9 

1-0204568493 
I'oaaai 93935 
1-034 i 848 s 69 
i-oaoos 33568 
i- 0379246 ioB 

•370 

*369 

•368 

•367 

•366 

'637 

*638 

•639 

•3431; 553*4 
•3477873043 
•35045 *343* 
•353** 797*9 
•355787**40 

•3738766118* 
*37353 01557 
'37318 10366 
•374S3 93533 
‘3744747998 

1-68938 41755 
I-69360 56675 
1-6978470067 
1-70310 83501* 
1-70638 98566 

■97106 33450" 

■969*963354 
•96753*9096 
•9657730764 
•96401 68047 

•5919316723 
•39045 62196 

■58898 13t<>3 

•5875066648 
•58603 35506 

1.03979 89355 

1-03x6763519 
*•03355 63747 

*■0354399*3* 

*■0373463153* 

•36s 

•364 

•363 

•362 

•361 

•640 

•641 

■643 

•643 

•644 

•358458793* 

’*5*23^2835“ 
•3638098389 
•3664893938 
■369*7 *36*4 

•37411 76771 
•37373 78814 
■37339 54*0* 
■37303 oa6o8 

•37*6634307 

f7io69 16865 

l-7t50X 40031 
1*7I935 ^73 
1'7*37* 07475“ 
f7*8iO 55103 

■9633640737 
•96031 4B633 

•958760x499 

•9570*69158 

•955*8 8l39a» 

•58435 8B705- 
•5*108 56184 
•58161 37884 

•580*4 03745 
•3786683707 

*•039*1 57697 
t-04i20 83047 
1*04300 39390 
x-04400 20014 
1*04680 45806 

•360 

•359 

■358 

•357 

•356 

% 

ti 

•649 

•37*85 60893 
•374543499* 
•377*3 36166 
•3799*04609 
•38363 30750 

•373*9 19173 
•37191 87176 

•37*54 *8393 
•37**64*495" 
•37078 *9755" 

*•73*5* *4*50 
*•7369386636 
*•74*3873959 
*•74585 77W 
*•75033005*0 

•95355*7998 

•95*8208770 

•95009*3505" 

•948367*999 

•946643405* 

•3771967709 

•3757*5569* 

■374*5 47594 
•37*7843356 
•37131 4*9X9 

f0487o 96359 
1-0506x78464 
*•0525393615“ 
*•0544438906 
I'05636 17534 

•355 

•354 

•353 

•35* 

•351 

•630 

•651 

•633 

•653 

’654 

•38533 04663 
•38803 1666* 
•3907a 57000 
•39343*5939* 
•39614*3737 

•37039 90044 
•37001 33336 
•36963 39601* 
•36933 ofiBia 
•36883 60940 

>•7548643*80* 
*■73940081154- 
*•7639596841 
1<76854 11302 
1’773I4 53365* 

■9449*69459 
•943*1 18033 

•94*4999541 

‘93979 13816 
•9380860649 

•36984 46223 
•3683753304 
•56690 63806 
•3634377967 
•3639695637 

X*05838 38698 
I'o 6 o 30 7*596 
fo63i3 49439' 
fo64o6 5940* 
f066oo 02717 

•350 

•349 

•348 

•347 

•346 

•635 

*656 

•639 

•3988550655“ 

•4015706954* 

•40438 93901 
■40701 08761 
•4097354801 

•36843 85053-^ 
•36803 83039 
•36763 54531 
•36733 98033 
•3608a 14304 

*•77777*4917 

i-7S*4a 37066 
X‘78709 64141 

1*79179 33691 

1*7965144493 

•93638 39B4* 
•9346831x98 
■93398943*1^ 
•931*9 69615+ 
■9296076385' 

•36230 16725* 
•56103 4 190J 
•3595668998 
■358x000030+ 
■5566334300 

1-06793 79580 
I-06987 90300 
i-o/iSa 34785* 
*•07377 *3547. 
i'07573 36697* 

■345 

•344 

•343 

•34* 

■341 

•660 

•661 

•663 

•663 

•664 

•41346 31393 
•4*5*9 38506 

•4*79*767*5" 

■4306646195" 

•4334047*** 

•36641 03313 
•3659965031 

•36557 994*6 
•36516 06467 
•36473 861*3 

*•80133 9*538 
i-8o6oa 61844 
l•8lo8* 14453 
l*Bt363934*3*l’ 
1*82048 17850+ 


•355*67*68/ 
•55370 *3150" 
•35**3 55638 
•35077 03062 
•349305*390 

r'07767 74451 
*•07963 57034 
f0«59 74633 

I'ogsso 37499. 

1*08353 13842* 

•340 

•339 

■338 

•337 

•336 

•665 

•666 

•667 

•668 

•669 

•4361480077 
•43889 43039 

•431644339a. 

•43439 7*4*** 
•437*3 334*3 

•36431 3636a 
•3638863153 
•3634560461 
•36303 30*56* 
•36*58 7a505‘'' 

*•8*5349*836 
*■8303**93*3 
*■8351600066 
1‘840io 36651 
*•84307 3*486* 


•547840355* 
•54637 584B7 

•5449* *6134 

•543447643* 

•34*98393*0 

fo875o 396B7 
ro8947 99857. 

1'09I4S 93979' 

*■09344*8483 
f09S4* 97599 

•335 

•334 

•333 

•33* 

•331 

•670 

•671 

•673 

•673 

•674 

•4399* 3*653* 
•44367 6*44* 
‘44544*506* 
*448*1 338x3* 
•4509854993 

•36314 87175- 
•36x70 74331 
•3612633640 
•36081 65369 
•36036 69383 

|i i 

•gxi32 7857B 

*9095749189. 

•9079*48898' 

•9062777521 

•9046334869* 

•5405*04758 
•53905 7*634 
•337394*9*7 

•53613 13356 
•5346690480 

1*0974* 03559 
1*09941 40598 
trioi4i 2695* 
i<i034i 44600 
IT0542 00563 

•330 

•320 

•3*8 

•3*7 

*326 

•673 

•676 

•677 

•678 

•679 

•45376*1901 
■45654*3838 
•45933 61108 
•46*11 34017 
•4649043874* 

•3599* 45648 
•35945 941*8 
•35900 14788' 
•3585407594 

*35807 7*508 

X'8Sd6o 17480 
1*8857861038 
*•8909983936 
*•89633 88659 

•9029930759 
•90135 3500S+ 

•89B084782S 
•8964s 46038 

■333*067626 

•5317446934' 

•330*828343 
•32882 11790 
■5*735 97**4 

i<xo742 94301 
X-t0944 26330 
i>txi4i 96868 
t<iX348 06x91 
1‘II350 54543 

•3*5 

•3*4 

•3*3 

•3*3 

•3*1 

•680 

•4676987991 

•35761 09496 

*■9015077721 

•8948271869 

•3258984553 

I-II753 4*174 

•3*0 
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■4676987901 

•47049 69679 

•4732988934 
•47610 44034* 
•47891 37341 

•4817a 68495* 
•48434 37M4 
•48736 45654* 

•49018 92317 
49301 78x45 

'4958503473 

•49868 68641 
•50152 73993 
•50437 19864 
•50722 06606 

•51007 34570 

•5x29304106 
•51579 15570 
•51865 69321 
•52152 65718 


• 35761 09496 
•337x4 18520 
•35666 99544 

•3561952531 

• 35571 77443 * 

•35523 74244 
•35475 42894. 
•3541683355+ 
•35377 93589* 

•35328 79358 

•35279 35320 
•35229 62538 

•35179 6x469 
•35129 3197s* 
•33078 74016 

•35027 87349 
•3497672533 
•34925 28937 

■34873 56688 
•34821 55774 


1-90150 77721 
i- 9 o 68 o 53665 + 
X- 9 I 3 X 3 19067 
1-9174876533 
1*93287 28700 

i *92838 78239 
1-93373 27850 + 
1'93920 80371 
i' 9447 i 38270 . 
1-93035 04630 + 

1 - 95581 82350 “ 
1*96141 73938 
1‘96704 82640 
1 - 97271 XI 380 
1-97840 62849 

1-98413 40370 
i-g 8989 46898 

1- 99 S 68 85530 
a-ooi5i 59403* 

2 - 00737 71692 


•89482 71869 
*8932025138 
• 8915805665 - 
'88996 13266 
•8883447763 

•88673 08971 
•8851196713 

•88351 10808 
•8819051076 
• 88030 17338 * 

•8787009417 
•87710 27130 
•8755070308 

•87391 38763 
•87232 323*3 

•B 7073 50810 
■86914 94047 
•8675061859 
■86598 54068 
• 8644070500 “ 


■5258984533 

‘3244373744* 

•5229764737 

•5*151 57439 

•5*005 51818 

•51859 47801 
•5171345326 
•51567 44331 
•51421 44752 
•51275 46528 

•5112949394 
•30983 53890 
•5083759348 

•50691 65910 
•5054573510 


1-1173342174 

I'ligse 69342 
i-i2i6o 36303 
1 1236443316 
I‘13568 90644 

1'I2773 78553 
I‘I 3979 07305* 
i-I3i84 77173 

1-13390 88428 

1-1339741343 

I-13804 36194 
I-140I1 73262* 
I-I4319 52821 

1-1442773164* 

1*1463640573+ 


5039982085 - i>I 484 S 49341 
-3025391570 1-15053 01733 
■ 50 x 0801903 1 'I 5264 98108 

■49962 13020 X-I 5475 38701 

> 4981634853 + I ‘15686 23833 


■5244005127 ■ 347693614 a 2 *oi 337 35614 * •8638310978 ‘4967037346 I’ 1 S 897 53807 

•5272787914 •3471667749 a-oigao 24439 ‘8612575327 *49524 504*7 i-i 6 io 9 28927 

• 5301614450 + •3466380552 a- 025 i 6 71435 “ •8596863373 ‘4937864034 I-I 6321 49502 
•5330485109 '3461064506 a' 03 ii 6 69975 + •8581174940 -4933278102 I- 16 S 34 15844 

■5359400266 •3455719567 2‘03720 33436 •8565509834 -49086 92566 i'i 6747 28265 + 


•53883 60303 *34503 45690 

•5417365601 •3444942831 
•54464 16548 *34395 10944 
•3473513533^ •3434049982 
•55046 56950 + *34283 39901 


2*04327 35248 
2*04938 06886 
2 ‘ 03 SS 2 47871 
3 ‘o 6 i 7 o 35769 
2-06792 36 x 94 


•8549867941 
>85342 49026 
• 8518652936 * 


•8487538537 


•3533847196 .... 

•55630 84670 ’34174 92191 I *’08047 39324 * 
■5393369776 • 34119 x 4408 I 2 'o 868 o 495 oo 
•56317 02923 * *34063 07435+1 3-09317 57146 
•56510 84520 -34006 71046 I 2 ' 099 S 8 56124 


•3423040653 I 3-0741792809 *8471999880 


■56805 14983 

•5709994731 

•57395 24186 

•5769103773 

•3798733924 


•33950 05250 * 
•3389309999 
•33835 85244 
•33778 30934 

• 337*047020 


•58384 15073 '33663 33449 
•58581 47657 •33603 90172 
•58879 32119 -33545 17137 

■59177 68906 *33486 14291 
■59476 58468 ■33426 81581 

. -3336718956 
* •3330736361 
^ *3324703742 

+ •3318631046 

•331*3 68317 

•6128129910 ■3306453199' 3-20780 34832 
■6158401887 -33003 11938 3-2I494 3x439 

•61887 30405-4 ■3294138377 3-323I3 88733 

•63191 15956 •32879 34438' 2'3a936 31739 

•6249559035- •328x700123+ 2'33664 55538 



a’io6o3 50348* 
a'lxasa 43786 
a-tigo5 40436 
a'i3363 44436, 
3-13233 sgBss"*" 

3'i3888 90902* 

3't4358 41833 
3-13233 16921 
3 -i 5 gio 20561 
2*16592 57x68 

*■17279 31227 
2’1797o 47290 
3 -I 8666 09970 
*•19366 33945 " 
3-30070 93961 


•8456493354 
•84410 08786 
’84255 46004 
•84101 04834 

•8394685104 
•83792 86641 
• 8363909173 * 
•8348552829 
•83332 17134 

•83179 02018 

•8302607307 
•8287332831 
•82720 78417 
•82568 43893 

•83416 29086 
‘82264 33836 
•8211257939 
• 8 xq 6 i 01254 
■81809 63599 

•8165844801 


•48941 07363 i-i696o 87085“ 
■4879532433, 1-17I74 92622 
•4864937685+’ i*i 7389 43*00, 
•4850353082* 1*1760443145+ 
•4835768549 1-17819 92787 

•4821184018 fi8o35 8845B f 
•4806599425" r-iBaS* 32494 
•47920 14702 1-I8469 25235* 
•4777429783 1‘X86B6 67022 
•4762844602 x -18904 58302 

•47482 59091 I'lgiaa 99123 
•4733673183 1*1934190138 
•47190 86813 1'I956 i 31604 
•4704499908 i-ig7Bi 33880 
•46899 12406 I-20001 67329 

•46753 24235+ I-20222 62319 
■4660735329 i‘20444 09*20 

•46461 45619 I'2o666 08406 

•4631555035+ I-20888 60235 
•46169 63510 I-21I11 63130 

•4602370974 




•81356 63088 
■81205 99829 
■B 1055 54739 


•4543989323 1’222349893S'1 

■ 45*9390684 I- 22461 30368 
•4514700613 1*2268817614 I 
•4500189039 1*2291361108 I 

■44855 85891 * 1-23143 61268 I 
•44709 81097 i '23372 18515+1 


•62800 60144 
' 63106 19790 * 
• 6341 a 38485 + 
• 63719 16743 ' 

•64026 53092 


■3*73433321 

•32691 39986 
•32628 14062 

•3236437489 

•32500 70208 


*■2439765343 
2-25135 66356 
3'35878 63913 
2*26626 63414 * 
2'a7379 70340 


•8075518367 
■B 0605 36742 

•80435 32594 . 
• 8030 s 95749 * 


•4436374586' 
•44417 66285 + 
■44271 56122 
• 4412544023 , 
•4397929916' 


1*23601 33287 
I '23831 06007 ' 
i> 24 q 6 i 37117 

I -24292 27058 
1’24523 76377 


•6433454054 -32436 52159 I *' 38 i 37 90353 • 8015656034*1 *4383313728 1'24735 85226 
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Normal Curm Functions 


1(1+0*) 

a; 

« 

iJliSa! 

f 

4 (t-«««) 

t 

1 fr^ a,) 

X 

i {i-o*j 

! (1-0*1 

•740 

•741 

•749 

741 

744 

745 
74 fi 

747 

748 

749 

750 

751 
75a 

753 

734 

755 

756 

757 

758 
739 

760 

761 
‘762 

763 

764 

765 

765 

769 

770 

'lit 

77a 

773 

774 

775 

776 
75,7 

778 

779 

780 

781 
78a 

783 

784 

766 

787 

788 

789 

790 

791 
79a 

793 

794 

795 

796 

797 

798 

799 

•800 

•8433454034 
•64643 i' 4 irn 
•6495a 35958 
•6536a 39983* 
•6537366788 

•638SJ 76937 
■66195 50963 
•6630789463 
■6683092997 
•67134 02149 

■674489750a 
•6776399649 
•68079 69188 
•6839606724 
•68713 13868 

•69030 B8340 

•69349 33463 
•69668 49171 
•69988 3600a 
•70308 94604 

•70630 25629 
• 709 Sa 89739 . 
•71873 07603* 
7159859896 
71933 87305- 

•7334790519 

•7357370341 

■72900 37178 
•73337 63048 
‘73555 75574 

•73884 68492 
•743x441544 
74544 95483 
•74876 31066 
•73308 49067 

•75541 50364^ 
•75875 35445 + 
•7621005410 
•7654560967 
•76882 03935 “ 

•77319 33142 

7755749438 

•7789655644 

•7823651649^ 

•7857738315+ 

•7891916527 
79261 87x77 

•7960551x73 
•7995009431 
•80295 62883 

•80642 X2470 

•8098059x77 

'8133803882 

•8168747653“ 

•8203791459* 

•8238936303 
•82741 83207 
•83095 33205* 
•83449 S7348 

•8380346698* 

•84162 xa33s‘ 

•3343653x59 

•32373 03280 

•3330733510 
•32342 13787 
•3217671049 

•3211098233 

•3304494374 

•31978 59109 
•31911 93673 
•3184494901 

•3177765737 
•3171003084 
•31643 X3903-* 

•3137389133 

•3130533669 

•3143646474 

•3x36737469. 

•3x39776583* 

•310873x933* 
•3101652812 
•3054541449* 
•308739777a 
•30803 21705“ 

•307301317a 
•3065773098 
•30584 98406 
•30511 930x8 
•3043853859 

•30364 80841 
•3039075893 
•303x6 37530 
■30x41 66874 
■300G6 62640* 

•2999135146 
•399x5 54313 
•29839 50049 
•29763 12273 
•29686 40S90 

•39609 35838 
•29531 97004 
•3945434309 
•39376 17663 
•3939776970 

•2921902x56 
•29x399311a 
•2906049750' 
•289807197a 
>28900 59700 

•28820 12820 
3*213 

•28656 14S09 
•2857663602 
•3849477341 

•38+1*55985+ 

•2832999434. 

•28247 07384* 
•28x63 80333 
•28080 17573” 

•37996 19204 

a< 28 i 37 90353 
a-a8iK)i 28793 
3-29669 9x689 

2- 30443 84756. 
3*31333 13893* 

2*32007 85092 
a-31798 04413 

3 - 3359 . 1 78089 
3 ’ 34395 13337 . 
2 ' 35302 13511* 

a-36oi4 88104 
3*3683 343667 
a *37637 8 i 864 
a‘3848S 18461 

3*39334 3 333a 

2 - 40 I 66 95461 
2‘4ioxs 51936 
2-41870 19963 
3 ' 4373 i 36859 
3'4asgS 80062 

2*44473 67 X 35 ’‘‘ 
3 * 4535 , J 05737 

2*4634003667 
2-47133 68874 

2- 48034 09405+ 

3 - 48941 33450- 
3-49855 4933 * 

3-50776 65515" 
*•5170490599* 

3-S2640 33306 

2- 53383 03605* 
*•34333 07461* 

3- 5549057096 

2- S64S3 60860 
a‘57438 28263 
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1*35946 27455 " 
1-36580 53627 

•16239 06278 
•16x04 6783a* 

•159696733** 

•1583404193 

•1569777897 

5-60377 16730* 
5-65074 12916* 
5-7108243946 
5-7660377398 
3-8224797405' 

• 554 * 1 9x764' 
•5526344401 

•5510444591 

•3494490946 

•547848303* 

•17845 12393 
•17678 02253 
‘17510 60673 
•1734*87177 

•1717481287 

1-80434 03088 
1-8095144410, 
1*81473 50051* 
1-8300048191 
i' 8353 a 31336 

-000 

■080 

•088 

•087 

•086 

•913 

•9x6 

•917 

•918 

•9x9 

x -37320 38001 

1-37863 B7286 
1-385x7 16082 

1-3917437794 

1-3983766208 

•1556087897 
•154*333632 
■1518s 14529 
•15146 30002 
•1500679451 

5-88013 0563s 
3-93905*2329. 

5- 99928 87383' 

6- 6108881488 

6-1238927423 

III 

•1700643510 
•1683770340 
•16668 64263 

•1649933749' 

•16329 48260 

1-83069 16430 
I-83611 14665' 
1-84158 37698 
1-84710 97586 
1-85369 06805'^ 

■085 

■084 

■083 

•082 

•081 

•920 

1-40507 15603 

•14866 62263 

6-18835 91369 

•33811 81860 

•16159 37*43 

1*83832 78284 

•080 
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1*40507 15603 
1*4118300774 
1*41865 37061 
I- 4255+ 40371 
1*43250 27208 

1*43953 14708 
1*44063 20671 
1*4538063589 
1*46105 62601 
1*46838 37982 


* 14584*5444 
*1444204512 
* 14299 14335 * 

•14155 54**4 
•14011 23467 
•1386621337 
•1372047087 
•1357399933 


i (i-f-o.) 


•53811 81860 

•5364741989 
. - . ^ ‘ 3348233625 + 

6*39106 i 6 o 25 *+ -sasie 34 B 58 
6*46192 53649 * * 53*50 03711 



i (i-*.) 


*16159 37 * 4 * 1*83832 78284 
*15988 90128 1*86402 25420 
*1581806339 1*8697762104 
■1364685278 1 * 8755902747 * 
* 15475*6337 1*8814662309 


6*53454 3039 a 
6*60898 
6*68531 46939 
6*76361 62673 
6*84396 66452 * 


*5298278140 
•5281476027 
• 3*845 95176 
• 5*476 33311 
•52305 88071 


* 15475*6337 

•15303 28891 
* 1513092297 ' 
*14958 15897 
*1478499017 
*14611 40961 



1*8874056318 
1*89341 oogoi 
1*89948 12832 
1*9056209547* 
1*9118309192 


1*4737910282 *1342679144 
1*48328 01*74 * 13*78 83859 

55*49085 3355 * * 13130 13*63 
i* 498 sx 30679 *12980 66504 
1*5062617234 * 1283042703 “ 


6*92645 00320 •52134 57013 
7*01115 53337 * I ‘51962 37573 
• 5178927123 * 
• 5 x 615 22912 
•5144022078 


* 1443741015 + 1 * 9181 x 30629 
*1426298452 1*9244693607 
*14088 X 2514 1*93090 18370 
*13912 82426 1 * 93741 269*1 
* 13^707393 1*9440040980 


1 * 51410 18877 * 
1*52203 62418 
1*53006 75881 
1*53819 88586 

1 * 5464331**3 


BBi 


•1237499916 
*12221 58668 
• 1206733595 * 


1*5547735946 *1191229632 
1*5632236470 *1175639758 
1 * 57 x 78 68165 + *11599 64802 


1 * 57 x 78 68165 + *11599 64802 
1*58046 68184 *11442 03633 
1*58926 75570 * *11283 33063 


•51264 21643 •isseo 86592 * 1*95067 84061 
•5108718506 *1338419181 1 * 9574380517 * 
•3090909436 *1320704286 1*9642655812 
*50729 91061 *13029 41011 1*97122 36586 
•50549 5986 ^ -1285128430 1*9782550747 

7*8910037227 *5036812163 *1467265587 1*9833827531 
8*0041525763 *3018544123 *1249351497 1*9926097598 

8*1209360702 * 5000151720 * *1231385140 1*9999393136 

8*2413399938 * 4981630749 . *1213365464 2*00737 4794 * 
8*3661606906 * 4962976799 * *1195291380 2 * 0 x 49197556 


1 * 598193 x 399 * 11124 x 7865 * 8*4950001988 *4944185248 * 117716 x 762 2*02257 7937 * 

1*6072478919 <1096390770 8 * 6283103085 + *4925251242 *1158975444 2*0303532773 

1*6164363711 *1080272462 8*7663069380 *4006169681 *1140731216 2*0382499283 

1*6257633863 >1064061581 8*9092587998 *4886935207 * 11224*7828 2*0462722703 

1*63523 40<34 * 10477567 x 5 * 9 * 0374481**6 * 486754**73 *1104063978 2 * 0544 * 493*3 

1 * 6448536*70 *1031356404 9**111708093 * 4847984836 * *1085638320 2 * 06271*8074 

1*65462790*3 •1014859128 ———II-**— .*11-11- M 

1*66456 28611 *09982 63310 
1*67466 48890 *09813 67313 
' 1*6849407677 *0964769433 


9*2111708093 
9*3707587012 
9*5365620484 
9*70896 22581 
9*88837 29856 


* 4847984636 * 
•48282 36323 
• 480 B 3 30613 


10856 38320 
10671 49431 
■10483 95914 


*47882 60505+1 *10299 7619 s 
*47679 78588 * I *10112 887 x 4 


2*06271 28074 
3*0711410766 




1*6953977100 * 0947867895 " 10*0752436616 
1*7060433967 * 0930860850 - 10*2700634581 
1 * 7168860181 * *0013746371 10*4733658131 
1 * 7*793 43 *** *0896322444 10*6857335964 
1*73919 76650 * *0879186967 10*9078050013 

1*7506860710 *0861737741 xrx 4028 03288 
1*7624102977 
1 * 77438 19102 * 


1*78661 33654 

1 * 79911 81067 


*0861737741 
*08441 72460 
*08364 88710 
*08086 83956 

* 079075553 * 


X 1 ‘X 4038 03388 

11*38392 977*9 
11*6396024344 
11*90823 67314 
X 3 ‘X 9 o 87 26685 ' 


1 * 8 x 19106729 
1*8250068211 
1*83842 36691 


•07727 00634 12*48866 38227 
* 0734516306 * 12*8029042138 
1*83842 36601 *07361 99429 13*13302 78467 
1 * 8321798586 * *0717746702 13*4866520044 
1*8662957434 * 0699 x 54633 X 3 * 8393949 a 3 » 


1*88079 36081 
1*8956979240 
1 * 9 x 10336476 * 
1*92683 65733 
1*94313 3751 X* 

1*9599639846 
1*97736 84283 
1*9953933102 
2 .< 0 I 409 08121 
2 * 0335201492 * 


*o699X 54633 X3*83939 49*3* 

• 06804 19 s 14 I 4 '* 539 X 09446 
•06613 37406 14*67793 03948 
*0642504111 13*1283078674 
•06233 * 3 x 49 X3*6 ioo8 10466 
*0603965726 16*1267439263 



*10299 76 x 9 s 2*08844 10924 
■10112 887 x 4 2*09732 48546 ' 

*09925 318*7 2 * 10637 30998 
*0973703818 2 * 11559*8409 
* 0954802895 + 2 > 22499 15596 
■09358 27186 2*13457 7*476 
•09167 74731 2*14435 8457 X 

■0897643480 2-15434435x4* 
*0878431280 a>i6454 47690 
*o8wi 25872 2*1749702893 


*08591 35873 
*08397 54886 
•08202 S5821 


2*1856323123* 

2 * 196543 x 438 


,•0800726046 2*2077160974 
•0781072781 2 - 2 I 916 56074 
•0761323091 2-23090 73605 “ 
•0741473866 2<24293 84444 
•0721521809 2'25533 75253 


*0584450698 

*0364764533 

• 054490 x 262 
* 0524834425 + 
*05046 17007 


16*68233 10033 
17*28153 84696 


2*05374 89103 “ •04841 81359 



4331677166 
•43048 80042 

*4277320771 

• 4*49538640 

■4221948199 

■ 4 x 9 x 638469 

■4161571984 


• 070 x 463417 
•0681a 94960 
•0661012460 
•06406 11664 
'06200 88014 

■05994 36B13 
■05786 52185 
•0557729030 
•0536660967 

• 0515441*74 


2-26806 50473" 
2>a8ii6 34692 

2-2946575399 

2-30857 46*75“ 
2'3**94 6x001 

at3378o 27919 
*■353x855534 

2 - 369 I 3 59 * 15 ' 

*•3857019334 

2-40293 81298 


■4130683602 |'•04940 626 ll 2 * 4209067947 * 
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1(1+0.) 

X 


1 (1 « a«) 

i(i“«.) 

f 

MBM 

4(1-0,) 


s 

s 

1 (1 +0,') 


•t)8ci 

•i)Ri 

•t)82 

•1)84 

3'0537+89lfl,r 
3-o7+fl5+7341 
3-tl9693 74393 
a-i30O7 18897 

S<I444I 

■04841 81359 

•04615 39107 

•64426 « 1043 
•0421596988 
■04(K)2 75839 

20*24034 96517 

2t‘l6ll6S912K 

22‘IH 101 45166 

21- 1161058115' 

24‘5Hiu(i 04688 

■41 106836112 
•4098891)039 
■40661 1 inu7 
•40322 86868 
•3997a45l«»5“ 

■0494062611 
•04725 16929 
■0450795159 
•04288 88uH6 
■04(817 84176 

3*42090 67947* 
3‘43967 95101 
3‘45U31 91270 
2'47998 22848 
2'50173 26833 

■020 

•019 

■018 

■017 

■oiC 

•m 

•987 

•988 

•989 

2-17009 01778* 
a'i<)7*8Cti7W' 
a 22631 17693 
2'257« 9a+45' 
S‘290 .i 6 78779 

•0178704110 
•0156868772 
•0334733821 
■03133 37903 
•0289602511 

26'0<I97 381286 
27-62910 47219* 

29'48444 1416? 

316324080738 

34 •15025 63932 

•3960H 71857 
•39230 1«6‘/0* 
•3883462395 

■18415192877 
•37983 09609 

‘O3844 71380 
'0.1619 35874 
•03391 6192H 
‘03161 31481 
■0292823570 

2',5246o 53982 
2'54<)(l6 26562 
2-57S02 171,57 
2‘fK)28l 5K617 
2‘63275 00991 

■015 

'OI4 

•013 

*OZ2 

*011 

.990 

•991 

■993 

•993 

■09+ 

2'39634 78740 

2- 36561 81368 
2'4o89I 5545') 
3*4573633903 

3- 51314 43379 

■02665 31433 

■02430 64606 
■0219195866 
•0194869510 
■OX 7<W 28705+ 

37- 14523 17976 
4O-77I03 3310? 
45-*56 i 6 91596 
50'95717C474I 
S8>46a7i 69201 

•3752043616 

•3702719262 

•36497071*10 

•15931 47.IS5 ' 
•3528815911 

•(>2692 13358 
■02452 72055” 
•0220963)73 
■019624.3212 
■01710550354 

2'6652t 42202 
2'70071 784RO 
*•71994 58309 

*•78385 01399 
*•83381 17525“ 

•010 

■009 

'008 

•007 

•006 

'995 

•996 

"J97 

•998 

•999 

3'57.582 OIOSS'* 
3-65306 98079 
3-74778 11854 
3-878i 6 17391 
3-09oa.i 23063 

•01445 97410 
■01184 70585+ 
■00914 91911 
•0061401932 
■00336 70901 

68‘8it7i463lo 
84 '07150 14744 
ioU>97138 1780 
157'4 o 845 1465+ 
a96‘69535933» 

•34578 76112 
•33763 05521 
■32789 78389 
•31544 7798.5* 

•2969923516 

•01453 24051 

■0118946371 
■0091767213 
0063s 38990 
■00337 041*054- 

2‘8rjl94 86054 
2-9617646364^ 
V04971 01779 
1'i 7009 66203 

1- 16709 00771 

*005 

*004 

•003 

*002 

*001 

— 

L.. N. . . ^ 

L . . - * 

^ .... 

. .. 

. ... 




Note. Wo believe that x and z may be taken aa correct bt the ligures tabled. 
They were worked of oourae to more figurea than are ahown. The poasibility of 
error in the ratio j[ (1 •(> a«,)/z is greater, and may amount to iWc unite in the tenth 
decimal. It aeem^ bettor to leave tho lost two iigure« etanding with this warning 
rather than destroy the eymmetry of tho table by cutting thorn out. Wo fool com- 
pelled however to show only twelve hguree in the loot three ontrico of thiu ratio. 

A more extondeti system of symbola than heretofore has been adopted in this 
table to indicate the nature of the laat figure. 5'*' and 5~ signify as usual that the 
real number exceeds 6 and falls short of 6. The symbol denotes that the number 
is exactly 5 io the extent of the edcuUUum, i.e. •6.W19, 16745® denotes that x for 
i (1 + a*) * ’738 was found to be '63719,18746,00. It does not necessarily indicate 
that the value terminated at the tenth or twelfth decimal. Another innovation has 
been- made. Consider <60076, 67742^ ; the usual interpretation of this would be that 
the number as actually worked was tenninated by 6, 60 or 600 as the case might be, 
and the computer was unable to settle whether to enter it as '00075,97742 or 
'60076,97743. In tho present table there may bo doubt as to tho correctness of the 
twelfth figure and the affixed 6 has been used when the final figures are 48, 49, 
60, 61 or 62. Thus '60076,97742,48 or '60076,97742,61 would not be printed as usual 
'60076.97742 and '60076,07743, but as '60076,97742*, precisely iw -60076,97742,60 
is written '60076,97742®, This seems safer when we cannot bo sure of one or two 
unite in the twelfth decimal place, and is more accurate when tho 5 is actually put 
on the machine in computing, 

We have to thank most heartily Dr W. F. Sheppard for tho original loan to the 
Laboratory of his twelve figure tables of |{1 -i- a,) to argument x, and more recently 
for extracts (»•= 2*1 to 3-1) from his sixteen figure table of log, i (1 — «*) to argu- 
ment X by intervals of *1 . We have also to thank Mr Frank Eobbina for determining 
a large number of the values of x. 







THE DURATION OF PLAY. 

By E. C. FIELLER, B.A. 

§ 1. The Problem and its Equations. 

Two persons, A and B, play at a game in which their chances of winning are 
respectively p and q, where 

p + <? = l. 

A starts playing with a counters, £ with b counters, and after each game the loser 
gives the winner one counter. Tho set finishes when one of the players loses his 
lost counter. 

These arc the conditions of the problem that we propose to discuss. 

Let pm,n be tho chance that after n g&mos B will hold in counters. 

If 1 <wj<a + A'“l> 5 must either hold (w + 1) counters after the (fl-l)st 
game, and lose the nth, the probability of which is pxp,„+i,n..i, or else hold 
(w~l) counters after tho (»-l)8t game, and win the nth, the probability of 
which 

If m* 0 or 1, B must hold (m + 1) counters after the (»- l)st game, and lose 
tho nth; if or (a +6), he must hold (nt-1) counters after the 

(n-l)8t game, and win the nth, 

Thus 

(1) OT«0, 1 

wi=a+6“l, a + 6 

Since B starts playing with b counters, 

( 1 - 1 ) 

In n games B can win or lose only n, or (n - 2), or (n - 4), . .. counters, and the 
number of counters he holds must always lie between 0 and (a +6), Thus 

(1*2) ** 0, (i = 1, 2, 8, . . . tt) 

and 

(1‘8) = 0 
unless Max ((6 - n), 0) < w < Min ((6 + n), (fl + !»)). 

(1), (ri), (1’2), and (1*3) are the equations of the problem. Instead of solving 
them analytically, we may regard them as defining a quantity pm,n whose values we 
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can set out in a diagram somewhat similar to Fascars Arithmetic Triangle, which 
gives the values of the quantity defined by the equations 

+ A“1; *Cf,«0 unless 0<r <71. 

We take a rectangular array of (a + 6 + 1) rows of points, and starting from the 
bottom, number the rows 0, 1, 2, ... (o + 6), and starting from the left, number the 
columns 0, 1, 2, 8, .... Against the point (n,m) common to row m and column n 
we write the value of p*,*. It is not necessary to take more than (a + 6 + 1) rows, 
by virtue of (1*3). 

§ 2. THB Soi/TJTIOK WHBN a IS InPINITB. 

(a) TAs IrwittaciEuall PT'ohoWttrM. 

For simplicity’s sake we consider first the case in which A’s fortune is un- 
limited, and so, consequently, is the number of rows. By (M) and (1*3), the number 
at (0, b) will be 1, and all other entries in column 0 will be zero. By (1'2) and (1*3), 
the entries in column n will be zero above the (6 + n) th and below the (6 - n) th rows, 
and also in the(6 + n-l)8t, (6+n-8)rd,...(6-n + l)8trow& By (1), the entry 
at ( 71 , m) is obtained, for m > 1, by adding p times the entry at (n» 1, m + 1) to q 
times the entry at ( ti - 1, 1), and for 0 , 1, by taking p times the entry at 

(7t - 1, m + 1). Hence (Figure 1*) until n becomes greater than b, the non-vanishing 
terms in column n are, reading upwards, exactly the successive terms of the 
binomial expansion 

(? + ?)"• 
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Figure 1 


For n >6, these binomial terms become modified on account of the modification 
for m B 0, 1 in the rule for forming the entries in row ?». The terms in the columns 

* Iheflgnte is drawn for if t hai not this valne fho last oolnmn will atuid, bnt the upper 
portion of it will not M on Qie horlaontal tows nuurked lij the left.band aeale, as more rowa will oeoor 
1ietween3andb-8. 
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immediately succeeding the 6th are easily seen to be those shown in Figure 2, and 
generalising from these we obtain for the entries in column (6 + 2i) the values 
shown in the first column of Figure 3 ; from this column the next three columns 
are formed in accordance with equation (1). Since the entries in the last two columns 
of Figure 3 differ from those in the first two only by having (t + 1) in place of i, 
the correctness of the assumed values follows by induction. 

Thus for (n + m - 6) even, 

(2*1) Pm, tt = {fi Pn+m-b — nC »-m- b) P * ? ® ^ (n^m + b>b) 

a T" 

»-w+6 ii+wt-6 

(2*2) Pm,n*= nOn+m-h p * ? * . (ni$6, or n<m + b>b) 

3 

n+6 H-t 

(2*2) ~ 2n-lQ n-6-a) p * g * (w > 6) 

2 3 

Equations (2-1), (2*2), (2*8) give the solution of equations (1), (I'l), (1-2), (1-3). 

In Figures 2 and 8 the remaining terms of the unmodified binomial are shown 
below row 0 in rows numbered - 1, -2, - 3, .... It will he seen that, for wi > 0, the 
binomial coefficient at (», m) is modified by the subtraction of that at (n, -m); 
this result we can obtain directly 

In any particular sequence of n games, at the end of which £ has m counters 
(we suppose (n + m - 6) even), B must lose |(n - m + 6) times and win J (n + m - 6) 
times, so that the probability that this particular sequence will occur is 

n+m— t 

p * xg * 

Pfn,n probability multiplied by the number of permissible sequences, and we 

can find this number by means of an elegant geometrical representation, used by 
Borelf to determine po,^. Any sequence of n games con he represented by a 
zigzag path of % steps starting at (0, 6) and finishing in column n, and going £mm 
(a,j8) to (a+],y9 + l) if B wins the (a + l)st game, and to (a + 1, /9-1) if he 
loses it. For the sequence to last effectively n games, the representative path 
must never cross or touch row 0, except possibly at (n, 0). Without this restriction, 

there are nOn+m-b ^iigzeg paths joining (0, b) and (n, m), for this is the number of 
8 

ways in which we can assign the positions of the 4(ft+m-6) upward steps. Now 
consider any path from (0, 6) to (n, m) that comes into contact with row 0. It may 
have several points (vj, 0) in common with row 0; let v = Min (tj). Then if we 
substitute for that portion of the path that lies between (», 0) and («, m) its 
reflection in row 0, we get a path joining (0, 6) and (n, -m),. and conversely. Thus 
the paths joining (0, 6) and (n, m) and intereeoting row 0 aie in one-to-one corre- 
spondence with the paths joining (0, 6) and (n, — *»), so that the number of the 

* We have indicated the indnotire proof, beoauee we helieTe that it wafl by this method— which 
Laplace oharaoieriBeB somewhat oontemptnously as “en ^oel^we sort m^oani^ne”— that De Hoivre 
arrived at his resolts (see § 4). 

t Priueiget et Farmuia Cfoisiguei du Oalcul tki ProbaMUtib, 1036, Oh. r. 
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former ia equal to the number of the latter, or Hence the number of per- 

tnissible patha ie * 

■■ >“■ It '* 

leading to while by (1), 


(2'31) 


6f6 + 2i-l)l . . 

1.0. ii^s+or^^’’ 


(2‘3) and (2'31) are cosily soon to be in agreement. 
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Figure S. 


(i) B'h Ghance of Euin. 

Let nPi be the chance that B will lose hie last counter on or before the nth 
game. The chance that he will lose it on the (b + 2i + l)st game being aero, we 
have, by (2'31), 

(3) t “ »+if-P> »» p* 1^1 + 6 . fw? + p* j* + . . . + — pY j • 

It is convenient to transform this result by noting that B, if he has not 
previously lost alt his counters, roust have, at the end of (6 + 2t) games, either 
0, 2, 4, or (26 + 2i) counters, and at the end of (6 + 2< + l) games, either 
1 , 3, b, ... or ( 26+21 + 1) counters. Thus 

(3'1) 

whence 

b+t i 

(3'11) S i+«Cj+rp*^g^+*'~ S 

r<*l r>»l 

or 

(312) “ 1st (i + 1) terms of (p + g)^ + let » terms of (g +p)‘+**. 
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Similarly 

•(* + P8,i+SJ+l+ • .* + ~ 1| 

whence 

6+<+l f+1 

r*l f.l •* ^ ’ 

or 


(3-22) 


muiPi ~ lat (» + 1) terms of {p + g)»+»w + ist (i + 1) terms of (g + pf^. 


6 

9 

4 
3 

5 
1 
0 


• P*'’'“V''*{64-«tlO't+J-4 + «tl^7i~*) • ?*+^-^3***(6+«+3Ci+4-i+a+s0i-i) 

, • ?»*V**(6+«+3^7n.8-34M+30i) 

P’*‘^i''^3'^K3+»A+l-6+«C'f-.i) * i>‘‘^*S‘**(H'»t+»0i+2-»+W+*<?i) • 

• • i>*''‘*'*"*3*'‘’*(n.M+8^^4+a-fc+M+sCl+i) 

• p****‘9‘^H6+«+s04H.3-23+«+ia4) . 


-1 


-3 


-8 


-6 

-a 


JP*+‘* V~‘ t+wCi-l * p**'*VB+«+aCi • 


(p+gy*** (p+3?+*+‘ (2>+jr®+‘ (p+g)^-'**** 

Figure 3. 

Now* 

(3*3) Ist a terms of (« + (! — «)}" —Jg(n-a+l,8) 

= 1" «?’>-» (1 - aiy-^ {I -ay-^d^, 

so that (3*22) gives 

HtM-Ph “ /jj (& + 4 + 1» 4 4* 1) + /p (6 + i + 1, 4 + 1), 


• This theerem is due to Frofeasor Fewisoa {Jilovuiiika, Vol. xvi. p. 802). It can he proYed thus; 
If m be iategrslt and «-py, 


Jy (I - 3))» dte= J V^P* {{1 -F) +F (1 -»)}*• «*!/ 


5 iiM ru n -w ”*1 r({+l)r(m-r+ll 
r-o^ r!(m-r)I r(i+m-r+2) 


r(l+l)r(i)i+l ) » (f4-m+l) (i+m)...(I+w-'>‘-)-2) pl+m-t+i _ jj)r 
r(i+m+a) tZt rl 




X mun of let (m+ 1) terms of {pH- (1 -p) }•+»'+>. 
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whenct!, using the firnl of tHinatioiiM (3), 

n r + ^ + l n-fe + U , /n^ /Jt + 6 + 1 «-6 + l\ 
(4) J -.--J + 2 - sf -j. 


or 




n+b + 2 n-& + 2N 


n-& + 2\ . /pV. /n + 6 + 2 n — 6 + 2\ 
■ 2 


according as « - 6 is odd or even. 

Equation (i) expresses in terms of pro|>ortional areas under a Pearson’s 
Type I Curve. The mode and moan of this curve are at, respectively*, 

*-rcJrr) '-2in+ 1) 

n-i-b j « + 6 + 2 .,, ... 

““ a," «‘<i*-2j^+2j-f(»-i)bes»en. 

* As n increases, the curve becomes more and more nearly symmetrical, and the 
area under it is concentrated more and more closely round the mode, which tends 
to the limiting {Xisitiun 

Thus 

(5)_u lr-‘+?).o, i, o, i, 

according as a; < ^ , 0 » or « > I . 

Let Pj be the probability that B will ultimately bo ruined. Then by (4) and (6), 


( 0 ) 


\«f/ 


ml 

Anybody, thorefore, who plays continually at n game in which he has not a 
definite advantage is morally certain f to be ruined. 


<o) The Vdw of Ft FiopeotaMon, 

Lot B's expectation, when it is agreed to limit the set to n games, be Then 

( 1 ) 

If P has m counters, his expectation on the next game is m + '-‘P, snd accordingly 

i+n 

(TT) »+iP\- 3S (♦« + g-p)pw,«««Pt + (?-‘p)(l •-«?>). 

Ifpaqsl, is constant from game to game, and equal to 6. 


* See p. 1 of *'^e Nemeitioiil Enlnetlon of the Isoomplete B>FnnoUon," by H. E. Soper (Traett 
for Computert, Ho. tu). 

t "Ea repr4«ant»nt, oomme on le left oidinaftement, par I’aniti 1» oertitnde ebeolue, oelle per 
example qulrtolted'nne ddmonetration rlgonrenee, on ponriaregarder oomme une oertitade morale foute 
fraotion variable qoi, eane derenir jauaie igale AroniM, peat en apptoobet d’aeaez pras pour earpasaet 
tonte fraction ddterminde.” AsrSiut. 
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2t‘+i 


■ 

Accordingly, if a man embarks on a career of inveterate gambling at a fair 
game, his expectation at the outset is equal to the amount that he has decided to 
risk, and at any subsequent moment, to the amount that he has still in hand. This 
result does not contradict the fact that he is morally certain to lose it. The chance 
that he will have anything left after % games becomes infinitely small as n increases, 
but the amount that ho can expect to have, if he has anything, becomes corre- 
spondingly infinitely great. The objection to inveterate gambling lies in the 
practical consideration, that it is not worth while to &oe a very strong nek of being 
penniless, for the sake of a very slight chance of becoming a millionaire. 

These remarks apply only to the case of For Fb expectation on the 
(h+ 2i)th game, when p and q are not equal, we have 

- rf+i (1 - «)< dr - I”’ (1 -«’)'<!» ■*? (*) 

2 ((6 + 2i) 5 -• t) (1 — Jji (h + 1+ 1 , t + 1)) 

- 2 ^2^ \{b + 2t) gr - (6 + i)} (6 + i + 1, i + 1), 

or, by (4), ^ 

(^'2) = 2 {bq + i (q - p)) {1 - + ^ ( |) b.Iq{b+i + l,i + l), 

whence, by (7*1), ^ 

m »+K+x^»«2{J2 + (t + i)(q-p)}{l-.+«P»} + 2(^) bJ,ib+i+l^ + n 

For j > Lt 8+aiPj = W . 

iH»a» 'a/ 

and and infinity with 

♦ (j-pXl-t+KFt). 

Forq<J, Lt (l-j+jtPi)® /^(b+t+l, t+l)*Oi 

it-^oa r-^co 

and accordingly 

Ijt ““ Lt 8+»4ijBj “ Lt * (j “p) (1 ■" H**-^*) ~ 

iH^OO i^cp <-►« 

since i {q - p) (1 - 8+atPj) is negative for q < 4 , while the expectations are essentially 
positive. 

Denoting by Fa expectation at the outset, when no limit is imposed on the 
number of games, we have, therefore, 

(8) JBj «a 0, b, or CO according as q <, », or > 4- 


26-2 
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(d) The PrtAttble Ijingtli of the Set. 

If q Ixi greater than p, there ia a finiti* proUbility that B will never he ruined 
and the probable length of the set i» iniinite. 

the probable minibtsr of games ia 

S (!,+2i)?.,.,.-¥ pV- 

Tho mtio of the tth and (t+ l)8t terms of this scrira is 

pq0 + 2i'Sl)(b + m ^1 2t Wr 

for p»ff, and the seriea therefore diverges,®) that tho probable length of 

the sot is again iuhnito. 

for q<pi the series converges to the limit 

.h. 




this, when j<p, is the probable number of games that will bo played before B is 
ruined. 


1 8, The Solution when n and b are Finite. 

(a) The Individml Pr(d><iMlUte^^ 

Wo proceed to the general cose, in which A, oa well os B, starts playing with 
a limited number of counters. Further modifications must now he made in our 
table of probabilities. In the case first considered, the set stopped if B lost h 
counters; now it stopi also, if he wins a counters. Tho path representing any 
permissible sequence of games must now Uc below row {a+b\ as well as above 
row 0. The binomial coefficients in our table, instead of being modified, as it were 
by rofleetion, only in row 0 after column 6, will now bo modified also, in the same 
way, in row {a+h) after column a. Then, after column («+ 26), (we suppose 6<a), 
the modified coefficients will again be modified in row (a 4- 6), after, column (2a + 6) 
and again after column (2a 4- 86) in row 0, after column (8a + 26) and again after 
column (8a +46) in row (a+ 6), and so on. 

Let Fho the point (0, 6), end let di, dt, dj, .... 5i, jS*, Bt , ... be its two sets 
of reflections in row 0 and row (a +6), so that di, d», da, ... are the points 
(0, 2a+6), (0,'-(2a+6)), (0,4a+36),.,. and Bu B%, S^, ... the points (0,-6), 
(0, 2a+86),(0,~(2a+36)),.... 

We have seen that, for ii^6, the entries in column 5 arc the terms of the 
binomial expansion (p + qY. We call thm array, starting from F* of the terms of 
the successive powers of (p+^), the binomial table ^(p + ^)^ F}. For rows above 
row 0, the modification of table {(p + g)”, F) in row 0 consists in the introduction 
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of the table (q +;p)’*, 5i| ; accordingly, for rows between row 0 and row 

(a+ 6), the modification of these two tables in row (o + 6) will consist in the intro- 
duction of tables |-^iy(p + g)» b*|, the modification of 

these, in row 0, in the introduction of tables 

and so on (see Figure 4). 
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fht, Duration of Play 


For tho entry at (fc +2i, 0) we have, naacwiatctl with the tables whose vertices 
are at V ami Bi, a term 

6(6 + 2v-l)r 


i ! ( 6 +• » ) ! 




with the tables vertices and ilia tenn " 


and BO on. 


(tt + 6 + t)r 

Bi and & * 4-21 -^1)1 ^ - 

„ iTianaiJ, „ (»-tt-6)l(a+2i+t)!^ 


The probability that it wilt lose his last counter on the (& + 2t)th game is 
therefore 


l»+2t*(a+b^ 

C 91 ) Jb.»+w“(&+2»-l)H Z /TrwTTMMThrrKr 


1 rmo <»-f{tt+6))Ub+r(a+li)+t)! 
^r(^U24(+6 2r(a + b)-b 

rmt (»^-r{o+b) + 6)!(r(tt+b)+'») 

a result which we may write 




/fto\ * 6+2r(fl+fi) „ 


I 




HTg-r^ 


r(A4-i)<Si^ 

V * fl+(2f «»l)(a+&) ^ 

" A ■ ■ fMn-l 

if 71 - b be even and non-negative, and aero otherwise. 

The probability that JB will have m ooanters left after n games have been 
1 is zero if (n+m-6) bo odd; if («+!»»- b) bo even, it is, for 0<m< tt+6, 

(9'8) Pm,n 

Br{«+ft) ija -•1-6 -i B+m-6 




P Sr(a+i)<ti-Hm-fi 

2 iitO Ww-6-a((»+6) ■" 

fasO ^ „ , , , ^ 

8r{a+6)<n+*+6 SrCa+SjAn-w+t 

- 2 #C?ii+,«+6-»rfa+61 + A «f7|i-m+6-lr(«+6) 




(b) Theorem. 

Since H grn.K-6 » nO *-m+b > tbe second member of (9'8) is unaltered by inter- 
changing p with q, b with w, and a with (a<f b - to) ; thus in the course of .the set, 
during whioh the sum of il*s and 2*8 possessions must remain constant, the 
probability, when B holds b counters, that after n more games he will hold to 
counters, is tho same as the probability, when A holds to counters; that after n 
more games he will hold b counters. This symmetiy is readily explained by the 
geometrical representation; for if we take any path pennissible in one case and 

reflect it first in the line « = ^ and then in the line y ^ , we arrive at a path 
permissible in the other case. 
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By { 2 ' 1 ), a like aytntnetry exists when a is infinite — player B\ whose chance 
of winning is equal to B’b chance of losing, stands the same chance of having h 
counters after n games if he starts with as S does, of having m counters after 
n gomes if ho starts with b. It is clear that if we use column (n-r) in the table 
of 2f’s chances as column r in a table of ii'*s chances, any path joining (0, b) and 
(n, m) represents corresponding sequences of games, and i ts chance of being described 
is the same, whether we are considering B's or B*‘b possessions. 


(o) Oilier Eespreasioiia for the Prohab^iUea, 

We return to equation ( 9 ' 3 ); it gives, for {n + m — b) even, and 0 < m < o + b : 
Pm,n 


~ Sr(«+t)!Sn+w -6 


2 »*(o ^i)^n-w+6 


^ 6— 2r(<»+i) "h 2 

r^O 8 rssl 


n^n+w~ 6 + 2 y(a+t) 


2 


SKa+AXn-m-fi 2r(a+i)4n+i»[-S 

* X nPn-m-b-iflit+b) 2 adn-m-b+bHa+b) 

rnO ^ a 


«-»»+6 n+ro— I 


P 


2 


or 


»-»+& «+w-& 
2 • 


tT tt-wt+A 

2 nO n+nt -rmHa+b) S 

hence 

[ n ft-f 6 1 

X n~lQ w-i*2r<tt-ft) " S w-lt 7n-2-6*^r(fl+6) I p * 3 

( 9 * 6 ) Pit+t,n*“ 9 • 1 S n-aQi i>gA8r(ff+t) — X P * 9 

L 2 2 -J 


«+i n~b 
2 


»-« n +g 
2 


In (9'4), ( 9 ' 6 ), and ( 9 ' 6 ) the summations extend over all possible integral non- 
negative values of r. ^ 

Now the term independent of cb in the expansion of ® ® (I + *)“ is 

or zero, according as (n + m — - b) is even or odd. Accordingly, if we give ® the 
(a + 6) values 


cos 


4-^—1 sin (rBiO,l,2 ... (a+b — 1)), 


a + b 


a + b 


n+m-b 


» *■“ (1 + ff )«, we get (a + 6) X X ng n+m-&*2r(g+6) Of zero, according aa(n + m-h) 

2 

is even or odd. The snm is 

a+A-i/ Orvr / 2rir 2 nr /—r . Srw ^ 
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The imaginary jjart mnat vanish, and 
1 b^vi 


1 V V ^ r\ 


similarly 


i+5 i. “a+J^r^a+ij ” «■ 

according as (n + m—b) is even or odd. In tho latter cnacji^B,,^ vanisheB, and the 
last two equations, with (D‘4), (9*5), Mid (9‘6), accordingly give 


nr V 


(9'?) Mn- 


n^j-w+t M wt-^ 

2 »+i« « « •‘“rt+t-i _ i)rrr . iivnr / nr S’* 

^ S 810“- 1 ain ““'i (cos “-7 7) , 
a+o H.o a+w « + 6\ a+bj 


*+4 >»“6 


/nox » o * . nr f nr V 

(9*8) Po.n=“ S Bin am — (coa ) 

'• tt + 6 r«o a + o a + o\ a + o/ 


and 


«-“# n+a 

zy2.{}y±-^ 

o 4* h r«iO 


. hnr . a+6' 
Bin —n, am 

fl+ 6 


(9*9) P#+fc, n ■ ^ a + 6 

(9*7) holding for all values of tn in 0 < m < a + i>. 


nr 



nr 

a + W 


In (9’7), (9‘8), and (9'0), the Bums may be token from 1 to (a +6'-!), eince 
the terms corresponding to r «« 0 vanish. 

If we give to a any value larger thatn, then equations (9*4) and (9*5) reduce to 
(2*1) and (2*8) respectively; (9*4) and (9*5) thus contain the solution to the problem, 
both when a is Unite and when a is inSnite. The equivalent equations, (9*7) and 
(9*8), accordingly give, in an infinite number of forms, the solution to the case dealt 
with in §2. 


(d) B's ohanoe of Rttin. 

As before, let nPt bo J9's chance of losing his last counter on or before the nth 
game. Then 

{ 

(19) 4+tt+l'P4"'»+»P»“ S Poi4+V* 

/»0 

where i3o,|i+i|/ is given by (9*1), 


By (3) and (3*22) we have 

pH# Ist (i + 1 ) terms of (p + g)W*»H» 

+ l8t(‘i4-l) terms of ^ (g+jp)H*Hi, 
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Thus (10) gives 
(lOT) i+ai-Pfi = a+si+i-P# 

» Ist (i + 1) terms of (p + qf+a+i igt + 1 ) terms of (q 

- Ist (i - a + 1) . . . (p + g)6+«+i - let (i- a + 1) . . , {q + p)‘+«H 

+ Isb (i - o - & + 1) . . . (p + 

+ iBfc (t - <t - 6 + 1) ... +p)‘+«+i 

- Isb (a - 2a - 6 + 1) . . . + g)‘+**+* 

- lab (t - 2a - 6 + 1) . . . j (j + p)»+K+i 


or, by (3*3), 

(10*2) a+jj-Pa^B+af+i^e 

r(atj)8« /rt\r(a+M _ 

■I S [•*) i]p(f (ft+ b)+ 6 + 1 + 1, 1 “ v(a + 6) + 1) 

rmd \p/ 

+ (£)‘’^‘T'(£f'^I,(r(a f S)+»+.-+l, i-r(a +») + !) 

Vff/ r"0 \ff/ 

- /.(..(a + 6) +V+ 1, •■+ 6 -r («+5)+ 1). 

From (10*2) we can derive the well-known expressions for Pj, the chance that 
B will ultimately be ruined. 

Forifg<i 

(£)''‘''f‘“(£)'‘“^J,Cr(a+i)+i+<+I,<-r(»+S) + I) 

= r S /j'vM*«+‘ (i + 3i+l)(i+2i)l j^B+«+Hi(i _ „)<-.»+>) (J» 

<f(a+S)+t+.')l(i-r 5 .+ 6 j)l"’ 


f! <»+ 2 .- + 1 ) (i)‘(i (^y [(: 


PzJ 


\af«+n? 

") i 


*"►00, 


Similarly, the last sum in (10*2) tends to zero if qi<i, and the first two sums 
tend to zero if 
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Lt + + &+i + i— ^*(<1 + &) + l)| “ 

/, ()* (a + i) + 6 + i + 1 . t - f* (a + &) + 1) < (£) 


rtB+i) 

] 

r(a+l| 


and I ^ 

rwt \? 


(0 


P 

rl«+^ 


convergi» to 


w 


Henoo, by Tannery's Theorem *, 

r{a+»<i /gyte+H jr^ ^ ^ J ^ _ y (a ^ ^ j j , 

tmO \J / 


l-(s 


^ as v-^oo. 


(£)"• 

Simlliirly, for g > i the last sum in (10*2) tends to , and for g < ^ the 


first two sums tend to .. .i r„J .,, j».^M , ^ and respectively. 




-© 


Thus for g < 

and forg>}, 

BO that 
(11*1) 


>-ffl -«)■ 

-ffl' 


Pt- 


"(r 
®‘-(r (I)*- 




^-(ff (r-^’ 




(p+g). 


P» must clearly he a decreasing function of ^ , so that its value for jp m g must 

IP 

lie between the limits to which P> tends as ^ tends to unity from above and from 


below, But these limits are both » Accordingly 


( 11 * 2 ) 


(p«g). 


^ ft +* 6 

The values given in (6) are the limits of those given in (11*1) and (U‘2), when 
0*^00 . 


* Bee B»m«iob, InfitiiU 8erU$, p. 1S6. 
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§ 4. Some Approximate Results. 

So far wo have been concerned with exact results. B's chance of being ruined 
in a given number of games, when A’s fortune is unlimited, is given very simply 
by equation (4), and until n and b become considerable its numerical value may be 
found from the Tables of the Incomplete Beta-Function shortly to be published* 
Outside the range of these tables, the integrals can bo evaluated approximately, by 
Weddling, by Dr Mailer’s continued fraction, or by the methods dealt with by 
Dr Wishart*. 

If y e 2 *s i, B‘a chance of being ruined in n games is, if n + 6 be even, 

(1!) 

We proceed to examine some methods of approximating to this chance, when n is 
large compared with b. 


Metfiod A. 

The mode and the mean of the Type I Curve 

r(ft+ 2 ) *+» 


(121) 


y' 


p (I-®) 


being at i+^. i + tbo median ie et »PP»ri- 

mately ; accordingly we write (12) in the form 

r(n + 2) fr’^'an n±i «-» 


i(l-nP*)^ 




r an n±2, « 

® * (1— a) 
l-'i 


1+-^ 


f " ' On w-i \ 

"I i/o « * (i'"<®) * <^r* 
J,. b(0n+2) ^ ' J 

*‘^67i{n+a) 

The second member of Dr Wishart’s equation (2^') (BiomefriXra, Vol xix. p. 20) 
gives an approximation to the modal integral t of a Type I Curve in a series of 
Incomplete Normal Moment Functions. Using his result we have 

(18) 4 («»)], 

, 6 a/w 4 6 Vn 

where T-#=a » .ow/T'Ti * 

vn*— b* 3 (tt + 2) v«* - £)• 


* *' The Approzinukte Qiudratan flf Oertain Skew (Jnrve*,” BiornttrOuif Vol. xn. 
t Not, M Dr Wirhart atatea, to the Inoompleie Beta-Function. 
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aud Af(u)«=»7Wo(«)+ 
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Ms » % 3 "* "t* t 

3“V»(n’ - iSj “in (>- 1^) 


as + ,,.5{ W 3(ii< + 10n*(i* + 6t‘)l ,, 

{h (n* -• Jr)}* 32 n*(a*^ i*)* 

512 /7» 105 6>(n*+36*) , , . 8Rr) 6* 

■" ¥ 18 

hero mo(u) * j e“ and »«»(»), »«i («), ... aro the 8rd, 4th, ... Incomplete 

Normal Moment Functions tabled in Tables fat ISUitisHcians and Biomeiriciana. 

This expansion is valid only when and «« arc not much greater than 1, 
that is, roughly, when n>b\ In this case, since the coefficients in Af («) are given 

only ns far ns terms in we Iwe nothing in accuracy by taking 


n* 


(18-1) 

and 




31 


1 r? &»N 1 


m) + I (l + 

.61 , , J05 1 , . 

- 8 55 

Method B. 

If we replace the I?ypo I Curve (12‘1) by a normal curve of the same mean and 

h 1 AflTW— ^ 

slMdMd dewtion, i + rad --i-g- rmpeotively, then 

instead of (12) we have the approximate result 

/ w+S 


(14) 

Method 0. 

Bertrand* has pointed out that if we approximate to the factorials in (2*31) by 


means of Stirling's Theorem, and make png then that equation becomes 

25 


(16) 

thus, approximately, 




V27r(5+2t)^ 




I* 


26 j'lp e *t + 3i 


* Oaleuia<$ ProbMUiit, Oh. yl 



K (X Fikllbr 


303 


Writing 6 + Si n. hj,* wt* Hmi 


^ « v2Tr 


(16) 

i>. 

We have nceti tljal (O H) gives thi* value of pt^„ when a ia infinite, if in that 
oquation we give n miy valnt? > ». ARenniitigly 


,?b® A- ^ 


wu A •„ fT . rhr { rnf y- 


nil 


tt + h 


iT) 


Tv 


1-.2Vhoos^ 

When » in large eoin|»mxi with we may rejfiaee the sum by an integral, and write 


Mil 


w Jo l — V4jP5C08iji 

Putting w, wt' have.inU«grati]igae|iHmtclyovcr bheranges 0 to ^v and ^Trlow, 

f ' «in 4t »in cob ** ^ ***” 1 a in b^* (~ 1 f cos” </»* , ,, 

iw h l+V^^oos^' ^ 


•V^ooa^' 

V 

, f ^ I f * dd, 

io 1 + V^oo»f 


whence 

b « 

/T»\ rj »> /» **^*/P^*2 f*8in^ain6^co8'‘'+^0 jj 

(in - («) 

whore n ~ I or », according on ti Hh & ia odd or even. 

For j}«« (It) liecomea 

(IH)* 

IT J0 «3Ii <p 

tf 

Let <I>i«f ^^^alnhtjtd^, 

h 8m^ 

The integrand in (p has ita maximum value, 6, at (^«0, and if s is large 
decreases very rapidly in numerical value oa ^ inoroaaea The value of the integral 
ia thoroforo duo alnuait ontircly to the contribution of a small range of ij> near 
^■*0, and for this range wo have, neglecting powers of ^ above the fifth, 

0 “ I +|j)-log^~log (l - 1 f jIg) 




— i - i log ^ 

« - - i) + iog (I i?s)} ~ l®g i’> 

* The method hy wbtoh we ptooeed to equetion (19) ie doe to liaplece {TMorit dnolptijiu do 
?ro»a6{»l(ri). 
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60 that, approximately, 

iin>- - * U-A*‘(-A)l- 

The aecond merabor of this «iuetion deerwow very rapidly sw ^ increases ; accord- 
ingly, treating 




(1 -‘■^(9- ■^) 4>*l mtibtfidifi 


as negligible, we have, approximately 


(18) 

whence* 

(181) 


«-r 


(1 “ A (» " iV) ^*1 ®‘3 ei btj) dip, 


(181) ^ a - *) #} C08 H 

5X 

Now I 

whence | ip*^^*^ tstxbtpdip^^ 

Thus we have from (181), writing i(»- J)««X*«ier*, 

S ^ ^ + i^) (^ ■ y * n S)} • ' 

"I v^{(* - w ■ w) + ?(2? i^) ■ I il 

Now 

Jo tt* in 

thus the equation 

*“ - »-5J?)+3(^+ife!) -S?(^+ J 

gives, after some reduotion, 




-4n 
■e «* 


f4+ 2 4.4s)U‘‘^d5. 


(18*2) + — 7 ^^ 
Jo V2‘?ro‘ 4or®\ 16a*/ V 3(r*/ V27rir 


* Th$ ditforenUbtion under the intesnU elga is legitimate U the nsnltiug integral ia uniformly con- 
vergent; hat thie is so, for the integml obtained by omitting the trigodomel^oal faotor in the integrand 
is aheolutely oouvergeut. A ehnilar tmnark applies to thedUIersntiatione that follow. 
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In (18-2> take «« a' + l, or <r* =.?!,' +|; substitute in (lYl), and we have the 
approximate result 


(19) i(l-„P,) = |' 


Vft' +} 1 _ 






iTT 


/i , ^ ^ Vi 1 ft® \ 

4»' + |V ■^’iSnTPiA 


1 


v2w(a' + 1) 




(19) is a more accurate form of the equation given by Laplace (Hoc. dt, p. 269), 
which is, in our notation, 


= If (l - 1 jf,)- 


•i — 
■e *n+l. 


V27r (w + l) 

If we sum from 6 to oo the expression for given by (9-8), and then 
a infinite, we got 

i i 

(4pqy { sin hif) (cos j ^ 

w \7i) Jo l~V^cos^ 




whence, as for equation (17), 

(40) ft - 

^ l-4pjcoa*^ 

If we substitute from (20) in (17), makeps;, and then approximate to the 
two integrals by means of (18'2), we arrive at 
b b 


Ij-Ail 1 Vi » ^ 1 t 

"56-}U'*'i6r^A 

- fl + i-i-Vi-i 

■ J\ 16 n^+|/\ 8 n +|/ V 27 r(n^ + 1 ) 


-4-^ 


+ ■ 


e 


where, as in (10), n' »» « - 1 or », according as » + 6 is odd or even. 

Except for small values of 6, (21) will not give results differing significantly from 
those provided by (19); for 6 >« 6, n =« 78, the true value of nP» is *499897 ; (19),give8 
•499896, and (21), *499710, so that (21) appears to be less accurate, as well as less 
simple, than (iQ), 

Incidentally, by comparing (20) with (6), we have the analytical theorem 


(22) 


Jo l-\COS*^ T' V r-/ 2 


where 0 < X < 1, and /t is the greater root of 

4/i* •“ 4/* + \ ** 0. 



,‘}9ti jT/wt' Duration of Plaij 


Vf(ei turn mm tfi ihu convome pn»WeMi: wh<»n H'n fortune i« known, A’« un- 
Itmik'd, mdpmq, what number of games must we assign to make F& chance of 
ruin asHumc any given value? 

In general, of course, the iiufjalion cannot, strictly 8j>oaking, be answered: all 
that we can hope to do is to ftncl an inttiger n, even or odd with such that 
nPb<P< n^iJPb, where P is the given value. 

Approximately, n is given by the e(|uatiuii 



?n + 6 + 2 n — 6+2 



outside the ninge of the Incorapleto Beta>Functiou Tables, approximations to a can 
he found by replacing (28) by equations (14) and (10), which can l)e solved by means 
of tables giving the abscissa of the normal curve in terms of its area^. 

For P«i, the case discussed by Laplace (foe. dL pp. 257 — 260), the problem 
is the same as that of finding a Type I Curve, with a given dlfTcroncc between its 
indices, and having one quartilo at 0 » *5. If, as in equation (14), wo replace the 
Type 1 Curve by a normal curve having the same mean and standard deviation, 
we reach the approximate result 

« + 2 - (1 + 1 + ^ + ^) (t « -6744807502) 

». 1-09903467 6* (I + Vr+2-8470i429F*). 

or, slightly less exactly, 

(24) n m 21981098 6* - '545064. 

If we put nP^s i in equation (13), take Aiq to be unity, neglect M (us) because 
Ui is small, and retain only the first term of M (ui), wo get 



whence + + 

or, approximately, 

(26) n- 21981098 6»+ •464988. 

a result differing by 1 from that of (24). 

If we put «Pi=«i in (16), we have, at once, 

(26) n« 21981093 6* -2. 

Finally, we may apply the equation of Method D to the converse problem; 
there we take n' »n, because the value of n required is even or odd with b. 


* Tailtifor StatUtteia/nM and SiomttrMani, Fait I, Table m. 
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Ifi 8fl iip iirst {vpproxiTniition, 'wo t6tQ>iii only the intogrAl toini in tho socond 
member of (19), we obtain, for the value of n which makes equal to a half; 

h 

f'/STi 1 

Jo V 27 r * 

whence 

(27) n = 2*1981093 6* - § approximately, 

an equation not very different from (24), (26), and (26). 

If we substitute this value of n in the remaining term in (19) we get 

- 1 r H S - §**) 5 TS*'*' (<-8>«89f608) 

« - *0206807 6-* - *0026089 6-*. 

We have, therefore, for a second approximation to the value of n that makes 
nPb equal to a half, 
b 


m 


/ -26 + •0206807J-H *0025089])-*. 

Jo V27r 


We may solve this equation either by means of Table III in Part I of T<d)les 
for Statistidam, or by the following approximate process. 


Lot 

so that 
Take aaa’5, so that* 


aBs2 f duo, 

Jo V29r 


® = *6744897602 = f, 


= *3177766727 say. 

V27r 


and 

V'Zt 

Then for small e, tf + e » 2 

where ( + = « + 


('*"1,-4- da 

lo V2w 


Take 

Then as far as terms in 


6 


« 3- 


< + 


. 4 jS-Zf Zl 
+ + 288 6‘r 


* These valQOs are taken from Kondo and Blderton’s Tables of the Normal Curve. 
Biotnetrika xxn 
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bhftt (21) gives 


la 6 *v^i 6 W^ atia S') 

V 8-(* ^3-f. 3-l^\ 

‘(1- r —6 6ni6+'34 8 J 

l'“^T tig- ¥4 

whence 

(281) n -21981093ft*- 1-090H44 + '0006219ft-*. 

In the table of numerical illuebmtioDS, the second and third columns shovir, for 
different values of 6, the values of n provided by equations (24) and (28) respectively; 
the approximate constancy of the difference between these values indicates that for 
our purpose (281) is just as good as (28). To estimate the degree of accuracy to 
which (281) gives the value of n satisfying 
_b\ 

(29) ifl-i**d«-'2S 

Jo V27r 

"i nil R nil) (* ‘ 3 n+l) ./2?(n+|j*' 

we vmte - t+n, where ti will be small. 

Vn + I 

By Taylor’s Theorem. 


and 




1 ^/9-6J* . 4 16-rt»t^ 

*T* Tk irt 


1 p/t 

’ll?[ 


a 


16 




1 1 /9-10<> . 






as far as terms in i}*, therefore. 
1 



(, 1?/S 

16 W 

"’r's^r 

Mi+4i 

rl8~41<*+14P 

2] 35*' 

^ 3 


1 ^/9-8f»4-P . 4 15-10t»+i*t* 


3 


16 


3 




1 

Neglecting terms in if and we find from this equation 

n - 21081098 ft* - 1'090844 ; 
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flolving the qurulratic, we get, as far as terms in 6 “*, 

« 08507944-* + •24397334-*, 

whence 

(30) « « 2*1981093/1*- 1*090844 - 1 ‘6287884-* 

The ternm that we have neglected in finding the last value of arc of the order 
17 *, or 4“*; the value, of t) «nny thea-fom be regarded os accurate as far as terms in 
4 -*, so that (30) gives the solution of (20) as far as terras in 4-*. 

In the arnimpanying table, Columns 2 and S show the approximations to n, for 
different vnhms of b, given by equations (24) and (28) respectively. Equation (27) 
would give values iax by * 122 , equation (26) values greater by 1 , than those in the 
second column. Except fur small values of 6 , the values from equations (28‘1) and 
(30) coincide with those in the third column, and those from equation (26) are 
less than the latter by '901. In the fourth column are given the values of n that 
we set out to find, in the remaining columns the values ofJPh provided by equa- 
tions (16), (13), and (19) respectively. 


1 

Apptoxlmallooi to 11 

n 

Ai^roxinuitonB to 

(9 t, {>4} 

(U)by(a8) 

(1)67(16) 

(U)by{18) 

(ill) by (19) 


l*e»3 

1*114 

1 





8’*47 

7*7(M 

6 

— 


-*• 


I9'S38 

18*898 

17 


'i^omk 

*4806481 


34-OS& 

34*078 

34 

— > 

•49m98 

•4996620 


54*406 

53*863 

63 


'4966174 

*4866140 

6 

78*e67 

78*041 



•4998968 

■4988963 

7 

107*182 

106*617 

105 

•49859 

*4967030 

‘4967634 

6 

140*134 

139*888 

136 

•49896 

'4976330 

•4976636 

9 

177*808 

176*856 

176 

*49873 

•4976108 

•4976290 

10 

8I9*S»6 

818*780 

818 

*60018 

■4892860 

*4892970 

SO 

878*699 

878*183 

878 

•60018 

•4989620 

*4998827 

30 

1077'783 

1977*907 

1976 

*49997 

•4988680 

•4898691 

40 

3816*488 

3818*863 

3614 

*49094 

•4998860 

*4998851 

fiO 

5494*787 

8484*188 

8494 

■60003 

•4999928 

■4998828 

60 

7818*647 

7818*101 

7918 

•60008 


•4988972 

70 

10770*189 

10769*643 

10768 

•49995 


*4998673 

ao 

14067*388 

14066*807 

14066 

•49997 

•4898876 

*4909877 

90 

17604*138 

17803*603 

17808 

•499980 

‘4098809 

■4999808 

100 

81980*648 

81980*000 

81980 

•600008 

•4988989 

>49999996 


Until n+4 beootnes, greater than 100 , we can find the true value of from 
tables of the Incomplete Beta-Function ; these true values are shown in italics in 
Column 0 for the values 8 , 4 , 6 , and 8 of 6 . It will be seen that even for such small 
values of 6 (19) provides a very close approximation, and we may expect it to improve 
as h increases. The approximataons to «P> provided by (16) and (13) diverge some- 
what widely from the true valnes when 4 is very small, but the close agreement 
between the lower portions of Columns 6 and 7 indicates that the error in (13)y®>^ 
quickly disappears. 
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Hiimu int,<‘n‘8t Ni tlii' valuii' of n comfRiurtiditig to t* 100. It in for this 

vahi« uf b that Ijaplwo mvs: "11 y n dona alow dit th’mvtvmago it ptriur tin contre 
tin f{u<' A gagiK'm la pirti»* daiia 23780 ctmpw; miiiw il y a do ravaiitagc h parier 
la gagiiera dans 23781 coti|m.” The difference botwoen Laplace’s result and 
our own is due in part the fact that he wa« not able to refer to the tables that 
are nowa«lays available; but in any case tHplace wouhl appear to have lost sight 
of the approximate nature of hi» result, since the odds nr«) exactly the same that 
the set will be ended in 23780 games, as in 23781. Actually, we find from 


equation (10), 


* 8719 ‘ 518687 , 


|S. HrswRiCAL Nwb. 

The problem of the Dutatioti of Play is one of the oldest in the Calculus of 
Probabilities*, and several of the results given above arc by no moans new. Perhaps 
the hcait known of them are the expressions for 11*8 chance of ultimately being 
ruined, namely 



>-(!)* 


(U‘1) 


(Vi^q) 


‘-(1) 


(IH) 


(pm(j) 

(6) 


(a-co, }>p) 


1 , 

(ttwoo, 5<cp) 


and the expression for Fa chance of being ruined in a given number of games, 
when a is infinite, in the form 

(8) 1^1 + 6. + ** +^T|^4r^^P^9*]’ 


* 1 bave to tbuk Pxofenor F«<urMa for poinUng oat tbat tt «m In Hujrgens' «mall tract, Fan 
Kckeningh f» Spekttviin Qeluek, in tho OQum ot wbiob he Dopiidem the somewhat similu Frohlem ot 
Foittls, that the Uelonlnt ot FrohablltUee originated. Hnjgttni' problem is thist Seven! playore ongnge 
itt a set, be that flret gaine a effirtain nnmber of gamei Mng the winner ; given the nombor of gatnee 
etlU required by the varlone playetw, determias tbeir ofaanoes of winning. Hnygene oomnmatoated bis 
Irwt to his twshM, Fnneleeae van BoUooten, who pnbiUbed a Iiatln ItaaeUdon of it to 1M7 m an ap* 
pobdix to bie ExereitcMonun Uathtmtiearum Libri Qufngus | tho vemaonbir veraton appeared in 1600, 
and English Iranelationa wore publlsbad to 1$W or eo by Dr Ajbnthuot, and in 1714 by W. Browne. It 
ia true that Fasoal and Fermat were dieoueeing qneetiona of ohanoe to their oorreepondenoe three or four 
years before Huygens^ tract appeared, and Hvygene himself saya to Wa pretaoe, “Solendnm vero, quod 
Jam piidem inter praestantisslmos tota (SalUaQeomettaa ealonlna bio agltataa toezit, ae qnie todebltam 
mlbi primae toventionie giorlam hac in re ttibnat.” But the Faeoal'Fermat letters remained nnpubllsbed 
for another twenty yaare, and it was Huygene* tract that inepired tho work of Mootmort and de Moivre. 
In bis piefaeq to Z'Ae Doc trfnc e/ Chances, de Moivre ezpUtitly states that when he wrote bis “ Speobnen ” 
he “bad not at that time read anything eonoeraing thie Snbjeot, but Hr Hnygene’ Book de BatioeiniU 
in Lvdo Aleae, and a litUe English piece wbioh wsa properly a OTiwuIation of ii** 
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This last result was first given by de Moivre, in his discussion of Problem lxv 
in The Docirine of Chances (Brd edition, 1756). The equivalent result ((3*12) and 
(3-22)). .-ind the expression (9*1) for the probability when a is not infinite that B will 
lo.so his Ifwit counk:r on the (6 2i)th game, were also given by de Moivre {loc. dt 
ProbleiiiK LXV and LXtv), although thoy were developed for the present paper 
before his work on the subject was consulted. De Moivre’s solutions to Problems 
LXIV and lxv are given without any demonstration, but his solutions to Problems 
LViii to Lxni, which also deal with the Duration of Play, leave little doubt that he 
reached his results by the inductive method indicated above (§ 2). Lagrange (see 
below) supplied proofs for equations (3), (8‘12), and (3*22), but we have not been 
able to find any previous demonstration of (91). 

Lagrange discusses the problem in the latter partdf his “Becherches surles 
suites rdcurrontes..., on sur I’integration des Equations lindaires aux diffdrences 
fillies ct partiellcs; ct sur I’usage de ces dquations dans la th^orie des hazards” 
{Nouveaux Mimoires de I'Acadmie Royale, Berlin, 1776*). In his solution to 
Problfeme v (pp. 253-~2S6, and pp. 258 — 261), Lagrange obtains de Moivre’s two 
values for iii the case of a infinite; in Probl&me vi he finds for the general 
case the probability that either A otB will be broken in a given number of games, 
and indicates, without actually arriving at, a solution “qui rdpond h la m4thode du 
Prob. LXin...de Moivre” (pp. 261 — 286), lAgrange’s solutions undoubtedly have, 
as he claims, the atlvontago of being ” plus analytiques” than de Moivre’s, hut whether 
they are also “plus directes” seems a more open question. 

Following lAgmngo, Laplace demonstrated our equation (3) by means of his 
generating functions {TlUorie Analytique des Probabil-Uds, 1847 edition, p. 266) 
then Atnj^rc, saying "j'ai banni de ces ddmonstrations les mdthodes d'induction, 
dont on fait, h ce qu’il semble, trop d’usage dans la thSorie des probabilitSs,” es- 
tablished equation (2*31), and thence equation (8), by purely algebraic considerations 
of the possible combinations of gains and losses (Considirationa sur la Thidrie MaiM- 
maiique du Jeu, Lyon, 1802). The probabilities (equations (6), (111), and (11‘2)) 
that B will ultimately be ruined were first given by Ampere in this same memoir, 
bub it is worth noticing that they follow immediately from one of Laplace’s results 
(fee. oit. p. 264, equation H). He finds 


»+** * jp«+s — a -h 6 


X X 

r-o 




a + 6 


• 2(r-f-l)w , « 

ff«-2pgooa. 


t. 


* Lagmtgo’a paper wu read in 1776 and published in 1777. 

t Laplace gives the upper limit of r in the sum, when (a + b) is odd, as Ka+i - 1), bat this is wally 
the upper limit of (r+l). 
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For all non-viuitfihing terms in the sum, 

accordingly, iwi i-^so each term of the sura lends to zero, jEfiving (ll’l) and (11'2), 
and thence, when we make «-♦■!», (6). 

What seems to me to be the moet elegant discuasion of the problem is contained 
in Robert Lcalie Ellis's paper ‘’On the Solution of Equations in Finite Differences *' 
(Oamhridge Matiimatical Journal, No. XXII, Vol. iv, 1844j reprinted in Mathe- 
maJtxcal and other WrUdngt, 1863, pp. 203--2U). Ellis obtains equations (6‘7) and 
(9*8), but restricts «» in the first of these equations to the range l<m<:ttd'b-l, 
(9‘7) p)K8C8hCB the same symmetrical character as {9*3), from which we have derived 
it; Ellis remarks on this symmetry, jidding “the result, however, which is the inter- 
pretation of this symmetry, may probably be obtained by general considerations.” 

From (9*8) and (11*1) we have 




-(r 


s 




or 


1 


(31) 






nr . 
8»n *, am 




1k*fl k 

i4, - ‘M J (£)*■ 


Hew / rrr N** 

Tt) 


rbir { 1 

■— “-'s I COB — 
tt+o\ a 


r*l 




The sum of the rth and the (o + b*-r)tb terms in the second member of this 
equation is 

. rir . rbir / 


ry Y 

a+bj 






1 


, rvT rbw 
sm— rrsm- 
a + o 


/ rtr Y 
d+b[^a+b) 
ifw' 


p*-^00B^+9« 

X ■ 1 + 2 Vpg COB ^ + (- (l - 2 ^55 coa ^ . 

Thus (81) is equivalent to 

1 - (iY s:*i s sin Bin ^ fcos —Y' 

(3V1) nPs^ I L. 

1- sr A 


where a' « » + 1 or », according as (» + b) is even or odd. 
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If we write (b + 2i) for n anfl (r + 1) for r, (31*1) becomes Laplace’s equation H. 

Let nQft ^ the probability that A will lose his last counter on or before the 
7ith game. From (31) we have, by interchanging a with b, and p with q, 

-iir 


n«. 


in'! ii 


“ a + b \pj rti 


_ .nr . rofjT / rw 

5 Bin — n sin — ? cos — j ) 
* *1? ‘ a + b a + 6\ a + b/ 


l~2Vwocos 

a-t-b 


this equation, with (31), gives, for the probability that the set will end before the 
(n+ l)th game, 

»|4I 

(%)1 

\qj 

nr 


(3.) 






X % 
r»l 


l^ZVpqcoH^ 
rbrr 


Since sin J^^*«(-)'‘~^sin , (82) reduces, when the necessary changes in 

notation are made, to Lagrange’s second eolation to his Problfeme vi (loo. dt. 
pp. 266—269). 

If wo make 6 « n, we get, from (81*1), 

.'+1 ' 


. rbtr , /c 

f\ * . raw 

• sm ; + - 

a+6 

)) ®^“o + 4 


\n'-l 


(32-1) aP«+nQa«l-|(|y+(P* 


2a 


»— 1 


p* — ^g^cos— + ^* 


a 


so that the probability that the set will not end in n games is 

.2^ r®z?l(— l)*8in^^-^w(coB 

(.nY 

if we now make ^ i, we get 


2a + 1 
2a V 


I tt n H* 1 I 2 

#• 1 ) pB - 2^2 cos w + g* 


(32-3) 


l-tJPa-nQa-"- S 

» ««0 




. 2a+l 

sm-g^TT 


De Moiyre gives the last of these results Qoc. dt. Problem Lxvm), but instead 
of (32'2) he gives, if we do not mistake him, 

, , , 2a + 1 f 28 + 1 V 

1 p n + ? ® — — - 

(m)'" 


■’ft « Cl 28 + 1 o 
»“0 p*— ’2pg cos — — w + g^ 


(2oo. ctt. Problem LXix). 
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Except for thofK‘ nicntioneil alKJve, I bclif*ve the njsiilte t>f this pip.r to be 
new; in the case of the othenj, the niothwls by which I have ewtablisht'd them 
Kcem to me to be aimplcr than thow; ptt:vio«»!y tiw*(hnn(i to link togcthernwilts that 
until now have appeared aomewhat diaconneckd. The »I8C t»f the Incoinplebs Beta. 
Function, in partictilar, renders atinoat intuitive, the transition from /I’s chance of 
losing all his possessions in a given innnbur of games, to hin chance, of doing so 
ultimately, a transition previously effected only in the cjwe a *• so , and hy Ainpbrc's 
very elaborate algebra, 

This paper originated from some remarks in Professor Pearson's Iccturca on 
Laplace; X wish to thank hitn for his suggoations and advice. 



ON THK NATI'HE iW TIIK HEUTIOKSHIP BETWEEN TWO 
OF “STrOKKTS" XMllATm <z, ANB z,) WHEN SAMPLES 
AHE TAKEN KUOM A WVA III ATE NORMAL POPULATION. 

Hr KAKL FEASSON. F.E.S. 


(I) It is H««ll knnwn that ‘'.Sludf itt” first introduced the study of the variate 
Mmn if«f Kamji!*' - Mean of Parent Population 
Jstiiiithiiil Om iatlon of Sample 

as a of whether a small sample has been drawn from a parent 

popttlftlmn «»f wbirh the ftn an ha« Iwrn iwKcrtainod *. The method has been 
devdoppti by »N’v«'rtil wrikr» the npjufftntnce of “Student’s” original memoir. 
The mine >4 r will rrjiflifjJy ih'lerttuni* wheldjer it be exceedingly improbable that 
the sample drawn fmm ibe |wment population, but in my opinion it does 

not justify m a»^’rtini« it ppulmbly him k-en/if wo find the value of ir has a high 
dcjprec of pmUabilUy. Th?‘ ntt»mTni«r and denominator of g are— at any rate in 
the proof |trnvnlw| by " IStud«*nt ” i,f. sK'lwtion from a normal parent population— 
indt*pen«l»‘ti» tvirmbb*. Th«'n(* i« tmlhing to check their variations being in the 
same direction, and thoir mim i may take n very probable value, although indi- 
vidually they might Ht* highly iinprr»bable as aelcotiona from the given parent 
population. Further* if the mean of the parent population be so well known that 
it can be safely tiw’*! in the mimeml«ri then tt would appear that the standard 
deviation am nl*»i \n* sjifeiy detemoinini, and we have two variates instead of a 
single one to comjittiv with lh»»#e «f the awnple. Such a comparison has always 
seemed to me safer than arguing from a single ratio. But "Student” uses his 
fonnula to «*nijjaiii? two sHti)p)<'a fmm two populations. Let these variates be given 
by X and y with itandard deviaUuiwi and means <rj, <r», ® and y for the samples, and 
2^, S,, mu m for Urn coits’tpofldmg parent populations. 0 and y may be correlated 
with corrcUuon c«>efliejent in the parent population *»p, and in the samples =^. 
Now if a and y b*:»lh follow a imnual dbldibution, so will the difference of their 
difieruncua from their meana. In olhor words the ratio will be 




If now we ask whether x and y am samples from the same popu ation, 

then we may auppoae m* »wii and r wO ^ ™ 

pendent siitnploa% we may pul ia}«i mt hut are not justified in putting r- . e 

and ^•*7ffi*+e^*-2r<rnr* 



406 


Oil Va}‘iatp« mid 


may us to vury difforetit winchmionH. Roth 2 aurl z* get rid of a possibly 
unknown m of the parent iwpulation, but the sceond docs not really get rid of the 
unknown r by the simple prtK'.efla of finding the standarrl deviation of © — y. The 
wide range of the coefficient of correlation r in small samples fn)m a population of 
correlation p is well known, and appears only to bo screened in t^ing the standard 
deviation of the difieronce. It seems necessary therefore to be sure that our two 
samples are wholly independent before using z. If they turn out not to be, he. if mi 
is very improbably equal to m%, then we certainly are not justified when dealing 
with correlated samples in using 2' where wii is pul (spml to m.%. 

We may illustrate this in the following manner by asking whether the older 
generation is of less stature than the succe^ing generation. We ttike a sample of 
fathers and a sample of sons, not sons of those fathers, and find » is enificiently 
small fur it to be probable that mi« mt. W^e now take the fathers and sons to be 
correlated individuals, and find owing to the term in r. that z* is so large that it is 
unreasonable to suppose that mi may be put equal to mt in the case of sons of the 
same fathers. It will I think be clear that 2' cannot determine what will happen 
in the case of t. For example, if we test for the relative efibetivenees of two drugs 
or two methods of factory production on the same groupe of individuals and find 
a significant differonee, we have not obtained evidence that there would l>e a 
significant difference had the same drugs or same methods of production been 
tested on different groups of individuals*. 

Notwithstanding the need for caution in the use of 2, and the undeeirabiUty of 
exaggerating the efficiency of 2 teste, it seemed to me werth while to inquire into 
the relationship of two variates measured by "Student's" ratm 


( 2 ) GorreloHon Surface of tt and 2t. 

Using the same notation as in the preceding section we take 
2i « ( 2 f - mi)/<rj, H"{y- 


and we suppose the normal parent population defined by wh. mi, 2 i, end cor- 
relation p. For brevity wo may write 21 «« 2 i dl - «i * 2 * where 

n is the size of the sample; r will represent the correlation in a particular 
sample. Z wilt denote the ordinate of any frequency surface or curve and Zz a 
constant independent of the variates of the particular sample. The constants of 
the square brackets following a frequency curve denote the appropriate element of 
volume. The correlation surface for the five variables S, p, ori, 9% and r is 


Z^Zf^e 




, V fail!' 

2 l 2 | 


=} 


X e 


W fffl* ttfpgitf, .Ti*) 

z,s, 


n-4 


ZiSt m <1 -r<) * [d^#d<ridcr,df] 


.(i). 


* Vat farther iUoatratioo eee Biornttriia, Yol. xxn. pp. 268—370. 
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We will first integrate this expression with regard to r between the limits - 1 and 
+ 1. The result is given as Equation (v) of Biometrika, Vol. xvir. p 177, and sub- 
stituting for 2 ~ 7% and ~ , we have • ’ 

lU2n~2)s;«I,»‘*‘ 2!(2S^(2tt+2)siV'^“' 

a^afi \ 

jpl (2u — 2) (2n + 2) . . . (2» + 4^3 — 6) ***■••] ...(ii). 

To obtain the surface of Irequency of z^, s, we need to integrate this for <n and a,, 
from 0 to cc in both cases. It is necessary first to expand the exponential term 

e '»** , and we have 

p'-c p i\ ^ SisJ XsisJ 

„ ^ 1 (<ri\ . /ouN"! 

pZt> pi ^^’►<2a-2)(2« + 2)...(2n + 4p--6 )rUy IWJ 

Take o's*f then dvi^B iTidcri—^-^ , say, 

Md doi -ffj&Ti -X, 3 W7, 


z~z.'m )' s s a''**'”-* ^ 

pi pi 


^ {tn^Tiln + 2) .... (2» + 4rp - 6) ^^ilp'+ap+n) ^Mp'+ap+n) 

Integrate for vi and 0| from 0 to qo , and we have for the sur&ce of frequency of 
sxandsi , 

s. ^y 


X 


, r*(Hp'+2p+”)) 


‘(2n-2)(2n + 2)...(2n + 4i3-6) 

We may write this in a somewhat different form, namely: 

. 2V(Hp'+»))* . 2* P*(^(/ + w)y(Hp'+w)+l)» . 
lIXi\i(2n-2) 21(X4Ai)‘(2n-2)(2»y2) ) 

* WashaU however pay no sttenUon to the changes m the ooMtaot^,. 
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But by Euler's tmuRfonuRtiori of the hypcru^'ometricftl function 

J-(i (P‘ + «). J(f' + "). i O - 1), - x^,) ” 

X f(- 1 (p' + 1). - Kp' + 1). 4 (» - 1 ), xfj . 


anil accordingly 




V X,X,- p* } 


+ XxX,-p» 

X p(- i<p‘ + !), - 1 (y' + 1), 4(» - 1), , 

or, substituting for the X’», 

X P'(- 4 (p' + 1), - Kp- + 1), 4 (n - 1), j j~ ...(!«)• 

When p aO, this roctucos^ «h it shouid do, to 


' a ^ (I +#;•>«’ 

for the ease of ti and ft indepondent. 

I have not succeeded in reducing (iii) in the general case to any more concise form, 
and it appears too complicated for any numerical reduction for particular values of 
n and p, I leave it in the hopes that a stronger algebraist may possibly achieve 
something with it. We need not, however, despair of learning something about the 
nature of the Jti, Si ^^uency surface, for we can calculate its principal characters. 
I shall now proceed to detennine (a) the coefficient of correlation of zi and sg, 
(6) the regression curve of xi on rg, and (c) the scedasticity of tho arrays of zi for 
a given t\> 


(3) Beterminatwn qftitx QorrelaHon bxtwm Xi and 

We have seen that the frequency surfece of r, <ri, <rg, 18, ^ Is given by 




(o-i(rg'l'‘~*(l — r*) » 


with the element dV of “volume’* - eZadydoriiikrgdr, Now to obtain the correlation 
of zi and ;rg we need, if N —number of samples, 


p 
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or the product monuiut of ii, the luto^roil being tsiken over the whole of space. 
But 

r« rwM l - J + „_4 

Jo Jo ] . / ' ‘ (o-iff,)"-® <1 - r«y 8’ dffjdffgdr. 

Now the integral with regard to dl dp con be taken at once. It 

^ n n 

Hence 

§ Sir </l^ p 

* r r I*/' * (<^«)- 

But if 7 » 1 ~ ^)” “ known to be* 


I IS 


®(l-r*)*3 dffido-g 


k 4^ •»• 


. 2^ 1 . \ 

2? ! ( 2n - 2) (2n + 2) . . . (27H- 42> - 6)' ' V • 

Hence, writing as b©forei«i«»Vl — p*Si/V»» s*=»>/l— p*S»/Vw> the second integral, 
J%, in the value of reduces to 

V'^’llWi/ 2n-2'^2lUiJ»/ (2a-2)(2»i + 2)''''” 

p*p /flri<ri\^ JL X \ ^ 

(2»-2)(2n + 2)...(2n + 4p-6) / si So 

... 1 O'!* 1 

Now put 

and we have ^ ^ 

- i? (i. fsis*)"-^ /" 

,(2p)* W _ . 

21 (2»-2)(2« + 2)^ 

+ («iVjP (2n - 2} (2w + 2) . .. (2n + 4p - 0) ^ ‘ 

• SiomOriJia, V<d. xvn. p. 177. 
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. (2p^ L „ ^ 

^ ai \ 2 /(2«-2>(2« + 2)^ 


2k -2 


^/n-.2+2p\ 

4. (^A)» M 2 ; . \ 

^ V '*■ 1 ! A“*2 'J ‘2b- 2’^ 2! V 2 7 w (2 k-2) (2»T2)‘ 

/u - 2\* /n\* /K + l\"<2p)* 1 \ 

2 j V2j \ 2' / 81 C2H“2H2n + 2)(2n + 6)^"*j 

-a-B (i, ’*--*) (...,r*r* (’‘^) F(i^* , ?-* , »-l . p.) . 

But by Euler'a Theorem 

■?'(«» A % «) - (1 “ - 0. 7 - 7. P*)' 

Accordingly 

- S’-'i! (}, (,.„)-*r* ( 5 ^ (1 -p')-"t' (i , 1 . 5 p*) . 

Thus we have 

•* 

x(l-p*)-TJF(i,l,5^,p») ...(iv). 
We must now find from the relation 

N^jgdV 

■ '0 5? /*•* r+l »>4 

The integretion with regard to r gim the same result as before, end the sol< 
difference is the term (<ri<r«)*^ inete^ of (oi<ri)’^. Accordingly 

ff~Z,2r ./r^ ^ (Vi)"-‘5 (l, 

ffflOiV 1 , )trir f<rt\ <r» . ftr»\ 

(2n-2)(2»+2)'^*"j«i*Uy^t U/ 
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Or^ making the same transformation as before, 

H-ZJh, (i. ^ 

Jo io \ 1! 2n~2^ 21 (2a-2)(2n + 2)'^ "* 

+ I- I \ ^ ^ 

jjl (2«-2)(2ji + 2)...(2n + 4^p-.6)*’'‘** j*'^‘**'* 

/ (2p)« ^ I 2 ; .(2p)« M2; 

V 2 1! 2tt-2 '^ 2! (2a + 2) 




vf- (*• ("-r ) 


,M 

3 1 {2fi ■— 2) ^2wi + 2) (2a 4- 6) 
n-1 


+ 


■) 


Thus 

Or 


/■ ft-1 p* fl~l »+l p* a-1 W4-1 « + 3p* \ 

^ "2' ir “2" 2 2r 2 2 2 3r-j' 

asr (<!«,)■£ (i, 2"-*r* 

^ (T=7P 

jrq-py/* 


• 

Eetuming to Equation (iv) and substituting we have 

P« - if f' (i. i. . />■) r* (!^)/r* {^) . 

But wo need to divide by x <rj^ to find r,^„. Now * 
Aooordingly wo have 

• Sm Bto»M*rt*o, YoL n, p. 12. 


.(v). 


.(V). 



412 On, Student' 1 


Cm'elation of zi and xtfvr 


Sample 


fl£: 

4 

6 

6 

7 

/l-0*(> 

•0000 


■mm 

tKKlO 

0‘1 

•0038 

•0786 

■0860 

•<JH84 

0‘2 

•1282 

•1679 

•1706 

•1773 

0-3 

•1040 

'2384 

•2570 

•2671 

0-4 

•2620 

•3200 

•3463 

•3584 

0-5 

•3333 

-4063 

■4300 

•1617 

0*6 

•4097 

•4960 

•5302 


0*7 

•4936 

•6919 

•6293 

‘0482 

0‘S 

•6033 


•7367 

•7641 1 

o-» 

•7129 

•8204 

•8640 

•8687 

1-0 

1-0000 


mm 

llliil 

UK 

13 

14 

16 

16 

naO'O 


•0000 

•0000 


0‘1 


•0086 

•0960 


0*2 


■1914 

•1021 

•1927 

0‘3 

‘2806 

•2877 

•2887 

•2896 

0*4 

■3831 

•3847 

•3869 

•3870 

0‘5 

•4808 

•4826 

•4841 

•4863 

0*8 

•6709 

•6818 

•6834 


0-7 

•6807 

•6826 


•8864 

(>•8 

•7839 

■7868 


•7879 

0‘9 

•8900 



•8926 

1*0 

I'OOOO 

fSm 


I'OOOO 


22 

23 

24 

26 

Mji 

•oooo 

•0000 

•0000 

*0000 

■Kg 

•0974 

•0976 

•0977 

•0978 


•1960 

•1962 

•1066 

•1987 


•2928 

•2932 

•2936 

•2038 

0*4 

•3911 

•3916 

•3920 

•3923 

0‘6 

•4900 

•4906 

•4910 

•4914 


‘6896 

•6902 


•6911 

0‘7 

•6902 

*6907 

•6912 

•0916 

0-8 

•7919 

•7924 

•7928 

•7931 

0*9 

‘8961 

•8964 

•8086 

•8968 

1*0 

1-0000 

1-0000 

l-OOOO 

I'OOOO 

n» 

60 

62 

100 

102 

ffiH 

•0000 

•0000 

•OOOO 

•oooo 

•0*1 

•0900 

•0990 

•099S 

•0986 

0-2 

•1980 

•1980 

•1990 

•1900 

0-3 

•2971 

•2972 

•2086 

•2986 

0*4 

•3964 

•3966 

•3983 

•3983 

0*6 

•4960 

‘4962 

•4981 

•4981 

0-6 

•6969 

•6960 

•6980 

•6980 

I^^EQ 

■6961 

•6963 

•6981 

•6082 

0-8 

•7969 

•7070 

•7986 

•7986 

0-9 

•8981 

•8962 

•8991 

•8891 

1*0 

1*0000 

l^OOOO 

1*0000 

1*0000 


and IS, 


.E L 

mrioluf Values nf ft and «. 
« of n. 



12 


•0000 

•0040 

•1800 

•2860 

*3813 

■•1787 

•S 776 

• 678 B 

•7810 

•8887 

1-0000 


21 


■0000 

•0073 

•1947 

•2924 

•3906 

•4894 

•6800 

•6898 

•791B 

‘8048 

1‘0000 


Dl 

87 

28 

28 

30 

•oooo 

•OOOO 

•0000 

•oooo 

•oooo 

•(»78 

•0980 

*0980 

•0981 

■0982 

•1060 

•I960 

•1962 

•1063 

•1965 

*2841 

•2843 

•2946 

•2848 

‘2960 

•3027 

•3930 

-.3933 

•3936 

•3938 

•4018 

•4921 

•4924 

•4927 

•4030 

•6916 

‘6918 

•6022 

•6026 

*6927 

■6920 

•6U23 

•6026 

‘6929 

•6982 

•7034 

•7837 

•7040 

•7842 

•7944 

•8960 

•8962 

•8964 

‘8966 

‘8966 

1*0000 

1*0000 

1*0000 

1-0000 

I'OOOO 

400 

402 

1000 

« 


•oooo 

•oooo 

*0000 

•oooo 


•0999 

•0999 

•1000 

•1000 


•1898 

•1998 

•1999 

•2000 


•2997 

•2997 

•2999 

•3000 


•3986 

•3906 

‘3998 

•4000 


•4996 

•4996 

•4008 

•6000 


'6096 

•6996 

•5998 

•6000 



‘6996 

•6908 

•7000 


■ 'iKM 

•7906 

•7099 

•8000 



•8988 

•8988 

*8000 


1*0000 

l-OOOO 

1-0000 

1*0000 
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BM by BbmstriH, Vol. XI. p. 336. the «,l„e of e eoneUtion ooeffidenl 
8ftmple» of n is given by 


in 




p r ^ > p") 


.(vi), 


n to (tt - 2) and wc have the result that: The mean value of the oorrelaiion 
coe^ent m mmpl^ of («- 2j from a parent popukition of ooirelaUan p is eqml 
to the cotrelaiutn of and gx in samples of me n from the same parent pepulatmi. 

This is a Homewhet remarkable theorem ; it enables us at once to provide values 
of r,^^ from those already calculated for r„. These are given in Table I. 


(4) /)eter>ni nation oftite Regression Equation, 

A knowkflgo of the correlation coefficient of gi with sx is, however, of small 
service, if, the regression being non-linear, we have not some measure of its approach 
to iineanty. Wo will therefore find the true regression of on rg- 

Let ii lie the mean value of the array of zi for a given value r* of Zx. We have, 
if Jijj denote the frequency of the array of si's for the given sj, 


|'4«0 f09 f» 

Zzidffidaxdsi, 

where Z is the ordinate of the frequency surface. Hence 

X Ii- ('d,. I'd,, [“r 
Jo Jo J -« 


” ' * ({*' t ■ a) 


whore Q is the series 

-h 


p*(rt*gg* 


1 1 (2n -2)«iW " 2 ! (2» - 2) (2n + 2) 




pi (2ft - 2) (2n + 2) ... (2n + 4ip - 6) si^s^ 


+ .... 


Writing 1 + «** (1 - p*) and zi^-pzx^’=* ft. we 

<1 Sf 






lit 

f**-« - sir 


But j e ^ udumiti md [ e ^ du=sd27r. Thus 


J —CO 


J 6-CO 


X 2i “ Zg dkrj dex pzx ^ ^ (<^1 exf^^Qe 


’ ».■ 


a 


Shmetrikn xxa 


27 
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Now pul » t)j nnd i » t>i and we find 
« »*“«!%'* ft* “* f“f* “®i 


x'SW 1 

p-o\*/ 


tt-4+%1 H-l + 8jp 

t^ -T- ^ dv,dv, 


p! (2n~ 2){2 b + 2) ... (2n + 4p - 6) 

« VS''"”*!”''?, -y 1 ^ ^ ^ ^ ^ 

.«,V2rr »,^8 '’'*,2.1,7] fl(2n -S)(il + S) ... (8n +ip - 


ptmd 


6) 






by Euler’s transformation. 




(vii). 


It remains now to find n,,. We have 
r« f» f+» 

Zdoidtrtdzi 


nt. 


0 Jo J-<9 


m .^co 1 /SiS » “4^ "4^*^ 

5 ‘\»i ' •«/ i,,tf ’•?« W <2(crx<r*)"-'id.rid«r,. 

-w 


Integratwg out for dtx, there results 
JO Jo <>"1 

Changing again to Vi and v% we find 


Q dtfi cf<r*. 


"j"- + P + P 


«» - ^. vs j” ■ ' r r < ■ “' »' ’■ 5 w -- TT-'^-aL-A—Ts-^- 

** “ * s* Jo Jo o\«/ p I (2ft ~ sy {Sn+ ~ 6) 

~®V7] fi ;s-i)(S ' + ' i): ' . ' :(s+ ' 4j.-i) 


X\ 1 + 


n-l n 
2 2 


n— 1 «+l n/jv 


11 (2n 


W' 


2 




il(2n~2)(2n + 2) (l?) 


I •+■ ...^. 
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Tho eerips reduces to 


Thus 


2«> '^nrrr 




Dividing (vii) by (viii) we reach, on substituting for **, 

fl - J_ _p!_\ 

Vl +(1 Vw- 2A n~l 1 + (1 w- 

This may be put into the simple form 

Vl + (l-p«)^,*l ^n-2 l + (l-p«)s.«/ 

This is tho regression equation of on sj. 

We see that if n be finite it is by no means linear. As n grows indefinitely 
large, it tends to 


but, if we remember that the standard deviation of S| is l/'S^n - 3, S|* will be negli- 
gible before S|, and accordingly we have 

a-^-oo, St-*’ peg. 

The form of the curvo is algebraically somewhat complicated. It has a point of 
inflexion at the origin and for asymptotes has the horizontal Ibes 


There are further points of inflexion ^ven by 

^.y 3p»-(a-l) 

'• (n-l + 2/){l-,V’ 


bu t these will be imaginary if » - 1 > Bp*, which it will be if n » 4, and for practical 
purposes it is hard to conceive a problem where correlations could be based on 
santplas of 2 or 3, The tangent at the origin, i.e. that at the point of inflexion, is 




n — l—p* 
»— 2 


pxg 


,(x). 


If ft — 1 > 3p* the tangent (x) does not meet again the curve (ix). The general 
form of (ix) is given diagrammatioally in Kg. 1 on p. 416. 

Clearly linearity increases more and more as n approaches nearer to infinity. 
Our figure of the regression line is drawn for the case when n is = or > 4, and 
accordingly the two other points of inflexion vanish. 

The accompanying Table II, prepared by Mr E. C. Fieller, indicates how, for 
various values of p, the oidinate jgg and the size of the sample «, the me^ value of 
2i, differs (i) finm the Sj of the tangent at the point of inflexion, and (ii) from the 

27—2 



(M Varieties z, ami s, 


4tf} 


lino tho regression straight lint*. Threo vnlui's of r* m* taken respectively 

equal to once, twice tinel thrice the stnndarri deviation, will 

cover the really iraisn-tant i»art of the regreasion curve. It will Vk* wien that the 
deviation from linear regresHton can he fairly conaitlerahle even for a saiJiplo of 50. 



Flg.l. 


( 6 ) SoedaxtwUjf of Airaya. 

We sbaU now show that the arrays of zi for a given value of *i are hetero- 
acedastio. In order to obtain the variance of an array we require first to determine 


f+« fo# 

the symbols having the same significance as on p. 413. Hence 
X hI^\h ** ^0 |j do"* ^^27r + pW ^ X (cricr*)’^^ 

^ «-o pl(2n~ 2) (2n4*2) ... (2n+ 4p~ 6) * ‘ 

2.-t jj A, 


xS 


I p 1 0-6 . a-® . 

-jW * 0, ^ 


(2n— 2) (2n + 2) .. . (2n + 4p “ 6) “ 



table il 

m Values ofti o»x». 
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On ^'StudmVs^ Variat&t s, awl ss, 


Now 


2V 


m 


(2h - 2) (2h f 2) . . . (gn + V - 6) ^ - 1 ^ 


hence 


Vgir 




But 


thus 


<n 

Xib' 

0 


r(«ji+p) ^2 ^iWp! 


+ — rn-T ■ . ■ j- 


** 

’n~ 1 






X5 ^ 

0 n“8 


2 

^ a S"- • r (”-r.i) r (?) (i - . 


We have two aeries to oonsider, namely 




Karl Pearson 

Thus we have, if we write the first series S, 



Now y, P*. + 1 ) p« 

ft-3 (n-l)llie»^ (»+l)2! 



The series for % converges, since if f, be the jjth term 
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t + 


n \ / 1 \ p« 


and the first factor can be made to approach as near to unity as we please by 
indefinitely increasing p, the second and third factors are always less than unity; 
thus the series approaches a geometrical series of radix />*/**• It converges, however, 
far too slowly to be of service for computing. We need to transform the integral 

into a more rapidly converging series. We put ^ and find if vo be given 


Vo 


('JL.V 


|J*VB il+v)idv. 

Integrating by parts, raising the power of v, we find 

'<1 +••)*«>'*■’ (i 

(n l)(n+ 8) U + VoJ (n— l)(rt+ l)(n + 3)(n + 5) U + »o 

a sufficiently converging series for practical purposes. 

Substituting for «o we have 
V I 1 /. 1 1 p* 

'"n*-8 / piS V ""«-l I?~(«-l)(n+l)(f? 


n — ll+^o (w- l){7i + l) \l+vo/ 

1.3.5 /Vo 


^ -etaj, 


1.8 p* 1 . 3.5 . \ . . 

‘{n-l)(n + l)(n+S)** (n-l)(n+l)(» + 8)(n+5)*» J ^ 


n-8 


-—5 X say. 

/>*\‘r 


(* «*. 

Accordingly we have fifom (xiii) 






+ 



TABLE III. 


Measurement of the Sc&lasiicitt/ of zifor a given xt. Exact Value and Approximations, 



,= ■2 


P~ 

•4 


*1 

True tfr,.rj 

FonuttU (txi) 

. A. I 

V «-« j 


1 

Truo tf/, ,, 1 

Porrauls (xxi) | 

V n-8 1 

Vlif' 

»-10 


•371688 ! 

•371645+ 



•361067 ! 

1 

■361273 j 

•36024 

•34G4I0 



•375670 

mm 


•366940 

■307142 1 

91 

tl 


•37#l)85+ 

•379106 

mm 


‘381990 

■3H107O 1 

99 

tl 

»»60 





‘149918 

‘133983 

•133923 

•13392 

•133087 





3» 

•136195- 

•13619.5+ 

It 

tl 

Ww 

•143808* 

•143B0S* 


l> 

•137066- 

■I370i59+ 

»k 

tl 

»»=100 

l/V'n-5 

•098004 

■089004 

•09860+ 

•U99483 

•093136 

•093130 

•09314 

•093058 


•098688 

■099638 

H 

»» 

•093581 

•093681 

9* 

tl 

3/V«-a 

•O90BO5-*' 

•099806+ 

H 

tl 

•004874 

*094874 

l| 

It 

n»000 


yfn-l 



•04396“ 

•043960- 

•041118 

■I— 

•04118 

•041111 

iifn-Z 



Y\ 

1% 

mmm 


» 

II 



■043979 

tr 

11 

liiiB 


II 

II 



PV 

■5 


fix’B 

«»>10 

1/V»~3 

'311304 

•311647 

•31033 

■809372 

•838098 

. 

■838486 

*23639 

•226779 


‘346178 

'346658 

1} 

l> 

•888839 

•889899 

II 

It 

I2H 

•378483 

•378837 



•360878 

•361496“ 

H 

11 

?t»60 

i/Vn-a 


•117160+ 

•11714 

■116099 

•0B81SS 

•068188 

•08818 

•087519 



■119686+ 

fl 

II 

•091670 

•091671 

II 

It 

njgjii 

IB 

•193503 

»» 

If 

•000091* 

'096908 

tl 

II 

tt-100 


•081860 

<081380 

•08138 

•081888 

•061183 

•061183 

•06118 

•060921 


•088880 

■08SS60 

II 

fl 

•068807 

•068307 

It 

II 

3/V«— 8 

■083663 

•083663 


II 

■064826+ 

•004886+ 

II 

H 

«»liOO 

i;V^ 

•036887 

■036897 

•03590 

•036886“ 

•080081 

•086931 

•02693 

•026914 


■036976 

■036976+ 

It 

It 

•087086“ 

•087036“ 

ft 

II 

9/V»-« 

•086108 

•038103 

if 

» 

'087806 

•087806 

41 

II 
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and for the variance of the array of 21 a for a given Zt by (ix) 

(xvii). 

It ia now poasihle tn compute for given values of p, z^ and n, remembering 
that ia given by 


“ ^ tt-l»c* (a-ix 


1.3 


(a - 1) (11 + 1) K* (ft - 1) (a + 1) (ft + 3) K® 


1.3.6 


: - etc. 


.(xviii), 


(ft--l)(ft + l)(7i. + 3)(n+5) K® 
and that x® » 1 + (1 - p®) 2 **. 

It is clear, however, that is a fairly involved function of 2 a, or, in other words, 
the system is for from horaoscedastic. Table HI gives the true values of for 
selected values of p, zt and n in the first column of each section corresponding to 
ft given p ; in the third column is given the homoscedastic value, i.e. 


Is- Vl—r*; 


*»*»> 


« 

where r*i,, ia the corrolfttion of h and 2 », and in the fourth column the homo- 
Bcedaatic value 

where p is the correlation in the parent population. -Finally in the second column 
is given the approximation to now to he found, where we assume that terms 

of the order neglected. 

To find an Approdmation for a\,^ in terms of l/(n - 3). 

We first find iA ^ , „a 


Now 




1-h 


ft— 3 


1 + 


1 2 1 . ^ 

^ + ;;r:r3"(S^*‘^(ft-3)»’ 


u— 3/ 


and 
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On ^'SiudmiY Variates ami 


Combining these we have 


In the same manner we find 


1 

n-3 





Substituting (xix) and (xx) in (xvii) we reach, after some reductions, 

j 1 (l-p«)(l +xt>)« 

vli ^ . l-tfg-P*) . 1 p*(pH2(Up*)(l.f(Up»)x,»))’ 

r“n-3^ U(f.“7)?'^(n-3)* 

(xxi). 

I 

This is the expression of up to the third order terms in * -g, 


It will be remarked on examination of Mr Fiollor's table, Table III, that after 
fl«60, the approximate formula (xxi) agrees with the true value of practically 
to a unit in the sixth decimal place. For statistical practice it is really eibcient down 
to a» 25, U. it will only differ in the fifth decimal place, For lower values of 11 it will 
be needfiil to evaluate the full series X' of formula (xviii). We note fiirtber that 
the distribution is not adequately hom(»cedastic even for n^fiOO, the distribution 
of Si for a given si continues to increase in variability as we increase Xt. Of the two 
suggested formulae for homoscedostic values that for which we use the correlation 
of Si and x« gives a bettor result than that for which we use the correlation of the 
parent population. 

Clearly the non-linearity of the regression and the heteroscedasticity of the arrays 
are not in favour of using Si and H ss variates in samples drawn from a parent 
population with correlated variables. The investigation of the probability that an 
observed Si should be associated with an observed X|, if the parental ppulation 
had known means and a given correlation, would require much arithmetical labour, 


1 have to thank heartily my colleague Mr £. 0. Fieller for his help in the 
preparation of this paper. 


* Thii Eqnslton for urtiplea of 95 ind ow iriil give vsrjr lOounUly Ui« neu vain* of f, for a 
given 
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ti Koto on Totti Ibr Normality. 


1» an etrliw part of the piwent volume of Simetrika I have given certain approximate 
tables of tb® B*/# anti 1 7. pwlota for and ^ in eampling from a normal population. The 
reeults were besod cm expansions in eeries of inverse powers of n, the sample size, which it 
had been poroiblo to derive as far as the terms in »“**. Since the publication of this paper 
l)r R, A. Kaher has been able to obtain exact expressions for the moment-coefficients of the 
sampling distribution of these two coustants in the case of a normal population t. The quantities 
with which he deals ate 


K.d (1), 

and from these relations, and making use of the value of k (4^) given above by Wishart|, it is 
poasiblo to obtain the following reaults: 

^ 

(n+ii(ft 4.3) ; (2). 

Wth) ®+(»-2)(^+6)(„4.7)(ft-4.0) i^h 

»/./«* , «4Ol«»+00a''-131tt*-8798tt*-3fl29»i*-|-2l362n»+32943»-7007O} 

Bi{ -s)f(tt+6)(n+7) (n+9) (ft+U)lft+13) (»+lB) "‘W’ 




.a ^ 24n(n-«)(ft-8) 
(»+X)*{ft+3)(nf5) 


^ T (wZsJIft- 2) (n+7)*iin+9)» 

36(iatt»*.36?>*-^628nH982a»-H3777n«-e402 ft+90Q) 

-- Ji^.;8)(ttZ2)(n+7Kn-b8)(»+U)(»+13) 


(6), 

.(7), 


A« A oheedt on the previous work it Is satisfeofcory to find that the expressions (2), (3), (6), (7) 
and (fi) give on expansion os far as the terms in »"• exactly the same ooeffioients as those 
Qoatained in equations (10), (U), (21), (22) and (88) of my earlier paper, For the standaid erroze 
of and 0i the approximate expresaions that I had used at »wW) and anlOO respeo^dy are 
identical with the true values to four places of deoimals. Further the values of are as 


fhllowa: 


^fruo n. »•* 

Value used in makiug tables 


n=:60 

n=78 

nslOO 

3'458 

3'361 

3'284 

346 

3'35 

328 


• The teialti were based on the investigations of R A, Fisher, Proo. lend. Matt* Soe, (2), Vol. m. 
(1929), pp, 199-288, and J. Wiahart, Biomtrika, Vol. xxn. pp. 294-988. 

t ProMdiniit the Rvyd Society f Series A, Yol. 180, No. A 812, pp. 18—28. 
t P. 288, Equation (1^. 
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A»d for tho diotrihiitiou of ; 

nalOO >i»;i60 n=;100 n^lSO 

IViwfl, 1-631 1*102 TrucZfj 0*774 5*828 

VaUuiUMOd 1*03 1*10 IfalueuoiKl 0-80 5*84 

Although I havo not roAltotl tim ourvn, I liavo lUtIo dotiht that tlio orrttr in fit Oi) for hm 100 
mtld only affect the vnUnw tabled for the 0*/. f 7. {Ktiiibi at the intint by twi» unitn in the 
aecond doointal ploooi and probably only by one unit. Any approxinmtion which may (wt ftiiind 
tn exist will therefore not be due to the use of the first four temui in the kciiph instead nf the 
true A'oluu of the niomont-oocfficiento, but U> the oiwuinptinn that Ty]io VU and Tyjra IV 
curvea may be used to find the two probability limita. This ptuiit cannot l>e completely solved 
until the actual frequency laws for ‘Jfi and fit have Ireen found. 

ISooN B, Pkaroom. 


IX. Soin« i*«oent ReMftrotisf in tlt« Theorsf of Biatlttioi and Actuarial 
Soienoe. By J. F, Steppbnseh. Cambridge: imblished fur the Inatitiitu of 
Actuaries, at the University Press, 1930. Price 5s. nut. 

This little volume givoa, in a somewhat extended form, the mihstance of the throe lectures 
delivered by Pitdess'jr Bteffensen for the Univonity of fs^ndon in the epring nf 1030, and will 
Qtiablo them to reach, as they deserve, a much wider audience. Its modoet bulk of fifty.two pages 
is packed with matter. 

Profeesor Btefeilsen took as the general subject of his lectures mnno of the efihrts ho hod made 
"to introduce more rigour into oorUun queetions of theoretical statistics ami actuarial scienue." 
In niathematioB we havea soienoe whiob Inveeiigatoa the rolatioim Iwtweon numbers. Olweryatiuns 
may contradict each other, but matheinatioal relations are nut allowed to contain cotttnuliotinns ; 
theory must be presented in such a form that the theoretical relations or assumptions contain 
no contradictions. The first lecture is devoted to showing how we may be led astray by neglect 
of this principle The opening aoctions make a critical examination of the notion of Simtlrio 
FuMtioTu (Life Table fimotlone). A number of interesting inequalities aro obtained, end eome 
common but loose modes of statement or oseumptioD, e.g. the assumption of an "oldest possible’* 
age at which the Ig column abruptly terminates, come in for usefiil discussion. The author then 
turns to the thorny question of "presumptivs values" of firequency constants, taking as an illus^ 
tration presumptive valu» of the moment>coeEficiente. Here we are brought up rather sharply 
by an apparent paradox. The mathematiool wepeotation of the second momont-eoefficient about 
lh« mam in a sample of w is (n - l)/n times the second moment-oooffleient in the universe aanipled : 
honoo the noUnf^uently used formula n/(n-l) timea the sample value for the "presumptive 
value*' In the universe. But the matbomatlool expectation of a luontenUxmffioient of any order 
a5<m( afiaad origin is identioal with the value in the universe; and the value about the mean 
la expressible in terms of the values about a fixed origin. The presumptive valuee are therefore 
identioal with those in the eample. Professor Stefonsen conoludes (p, SO): "It appears thus that 
neither of the two systems of preaumpUve values of iVequenoy>oonstantH...Ui free from oontredio- 
tiuns, and that a etrong case oan be made even against the time-honoured (laussiaa formula 

If, on the other hand, we use the unoorreotod [sample momenta] as the best 

available approximations to [the moments in the universe] we are at least sure that no oontra- 
diotiona can ever be met with." The oondusion is comforting to one who has always worked with 
the sample values. But in this case it looks as if preoiBely the same aeeumptions led to oon- 
tradiotory oonolueiona, and Profeesor Steffensen does not seem to show how they do so. What ie 
the aotnroe of the ^sorepanoyl 
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In thf* ws'oml Icrtnre the evithor ctmsidera problems of Approximation and intei'polation. Two 
objerU .<f nitori»rilAlioii Arc diskitiguwhod. When the problem is to Bad the value of a defined 
funotimi fttr a rnrtain value of the argiunent, the fiuiclion being tabulated for certain other 
arKtin»eu(is Hu* problem i« one of approximntim. When the problem is to fill up in a reasonable 
way a gap in a wnea of vaIuw of an undefined function, the process is more analogous to gradua- 
tiim mill, it is HUja^nsUitl, might l»e toHUod interealation. We are here on different ground, and it 
is » question of ‘"plmisibiUty" rather than “accuracy” of the itssult, lUustmtions are drawn from 
the lifn-tahttt mid Agniii mune twefid inequalities are obtained. 

MatheniatitA Are nlso ntted for describing facts of observation. Formulae used for the purpose 
may lie empirical, nr may be based on theoretical considerations, and theoretical reasons may be 
given for Iwlieving that one formula is likely to fit tbe facts better than another, Theoretical 
foundatiimn arc theroforo of itnpotianoe, and frequency-functions are chosen as the subject of tbe 
third locUtrc. Frofessor Karl Fearnon’s methods and those assooiated mainly with the names of 
Thii'le, C’harlier ami Bruns are discussed and contrasted. One of the earliest pupils of Professor 
Pearson may iierbB].is lie allowed the pleasure of citing from the fifth paragraph of the lecture 
(p. : “it is the lasting merit of Professor Karl Pearson of the University of London to have 

{Kuntprl out convincingly that the natural source of practically useful types of fiequenoy-funotions 
is the elementary calculus of probabilUiee. What nature docs in producing a new individual, 
practically comes to the same thing as drawing from various urns and mixing up tbe results. 
This expliiinH the great Hiuxsess of Pearson's types.” And again ficom tbe oonduaion (p, 4B) : “ We 
arc ttierefon* ineliucd to think that the apparent generality of (28) [the general series] is rather 
a diaadvantagn than olhorwiso, arid chat Pearson's types are as a rule preferable.” 

Kvery statistician who ia interested In theory should possess the volume 

G. UuMY Fom. 


XIX. A Brot>lem in Probability. 

Positive qiuutUtiea ... sw taken at random subject to the conditions 

11 OiSiVi + (i|ass;i + Usosaig + ... + *nan»« = 1 

What are the moon values of Xt , ... «« 1 

Bopnwent the set of quantities x*,, *i, ... by tho point P aij, ... *■») in ^n- points 
onrroepotiding to sola satisfying the given conditions lie in r, tho (n - ij-dimensional simplex out 
out by the primes 

OjjBj ■« dfXe 
OgS!} «■ etta'g 


(1) 


a,^e!^lmO, 


fitim the prime 

If wo omit the rth of equations (1) and solve the remainder with (2), we get for the coordb 
nates of tbe fth vertex of r, ^ 

(3) 

Subject to eondiUons involved In I, 

detenninea by II. The ohanoe that should lie between and »» between ^ anq 
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••• * 11-1 botwften and » proportional to otfirfri ... ttt«. i, which is the 

oonbent of the bjr|ver*nw(angle in which the projection of F on muet lie» Bat the content 
of thhi hyper^reotMigle i« proportional to the content of the {wrtion at t at which it ia the ortho> 
gonal projection. 

It followa that all poHitioiu of P In V are equally likely, no that the mean taluce 
of Xi, Xf, ... are the coordlnatm of the centroid of r ; tbua 

*•) 

OoroUaiy, If we put oi <■ oj •• ... >■ a„ ■> 1 ■> si •> «s » ... •> Bk, we get, for the mean values of 
positive quantities «i, ... x^ ehnaen aubject to the oonditiona 



This is the roeult that Laplaoe uaoe fbr hie theory of voting, when ho saya*: "Donnoiis h 
ohnque votant, une imio qu! reufwmo un nombro infini do bouloa; eb auppoeoue quMl 1o« dis' 
trihueeur lee divoraee propositioue, en ruscii dee probabilitde reapectiveH qu’il leurattribuc.,,. 
lio problhmo so rdduit done it ddtennlnor lee oombinniaons dans loequelloit loe boulea eeront 
r^partiee, do inatiihro qu'il y en ait plus sur la pretnihre proposition du billet, quo stir la sooondo; 
plus sur la seoonde quo sur la iroisihine, etc, ; b fkire lee sommee do tous lea nombros do boules, 
relaliSQi b ohaque propoaition dans oea dlvoraos oombinaisons ; ct b divisor oetto Bomnio, par lo 
nombro doe oombinaisons : les quotiens seront les nombroe do boulos, quo l*on doit attribiior bux 
propositions sur un billot quelconque. On brouvo par I’analyse, qu’on partant do la dornibre 
proposition, pour romonter b la ptomibro ; oes quobions sont entro oux, comtno les quantitds 
suivautes; ri’uniiddivis^ par le nombro des propositions; St’laquanUtdprdeddontoaugmontde 
dol'uuitd dl'risbe par lo nombro des propoeitious meins uno ; 8* oebto aeoonde qaanUtb augmontde 
do I’uniW divisdo par lo nombro dee propositions moins deux; ot ainsi du rostA" 

It is worth notioiug that Laplace’s wording, as it stands, is somewhat ambiguous; moreover, 
as Professor Pearson points out, the assumption of equal probability for all modos of division is 
hardly likely to be justified in pntotioe. 


* pMlonfphiniu tur Ut proMdUUi, 
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Lftplnce inQwta on his voters* dividing up all their balls between the various proposals, but 
the result holds without this condition. An argument similar to that used above shows that the 
mean values ar, of quantities Xt chosen at random subject to the conditions 

and ir <ii#i*i + Ois*Jfj + ajosars+ ... + a„a,ia!„^l 

are the coordinates of the centroid of the n-dimensional simplex OPiPg ... Pr ... Pn> Thus 

so that Iho generalisation of condition tl does not alter the ratios of the mean values. 

£. C, FieLLSR. 



